Google 



This is a digital copy of a book that was preserved for generations on Hbrary shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http : //books . google . com/| 



BIBLIOGRAPHIC RECORD TARGET 

Graduate Library 
University of Michigan 

Preservation Office 

Storage Number: 



ACM2071 

UL FMT B RT a BL m T/C DT 07/18/88 R/DT 07/18/88 CC STATmmE/Ll 
010: : I a 02021086 
035/1: : | a (RLIN)MIUG86-B26266 
035/2: : | a (CaOTULAS)160431650 
040: : | c MnU | d MnU j d MiU 
041:1 : |aeng |h ger 
050/1:0: | a QA303 |b.H28 
100:1 : I a Harnack, Axel, | d 1851-1888. 

245:13: | a An introduction to the study of the elements of the differential 
and integral calculus. | c From the German of the late Axel Harnack, With the 
permission of the author. 

260: : | a London [etc] | b Williams and Norgate, |cl891. 
300/1: : | ax, 404 p. |bdiagr. |c23cm. 
500/1: : j a Tr. by George L. Cathcart. 

505/2:0 : | a 1st book. Real numbers and functions of real numbers. "2d book. 
Complex numbers and functions of complex numbers.~3d book. Integrals of 
functions of real variables. -4th book. Integrals of complex functions. General 
properties of analytic functions. 
650/1:0: | a Calculus 
650/2:0: j a Functions 



Scanned by Imagenes Digitales 
Nogales, AZ 

On behalf of 

Preservation Division 

The University of Michigan Libraries 



Date work Began: _ 
Camera Operator: _ 



y Google 



AN INTRODUCTION 



ELEMENTS 



DIFFERENTIAL AP INTEGRAL CALCULCS. 



FROM THE GERMAN 



OV THI^ LAT] 



AXEL HARNACK, 



ISSIOti OF THJ.! ATJ'i'TfOE 



WILLIAMS AND NORGATE, 

U, HKNRiBTTA STREET, COVENT GAHDEK, LOKDON; 

AMD 20, SOU'm FEEDEEIOK STREET, EDmBUKGII. 



y Google 



y Google 



PREFACE. 



The present work owes its origm to the special circumstances of 
the Professorship which I hoki at the Poljtecbnikum. Having to give 
instruction in the Differential and Integral Calculus to ckssea of 
technical students, who require a knowledge of Analysis chiefly as an 
instrument for the solution of mechanical problems, I have had to 
adopt a strictly limited conception of a function in order that the proofs 
of the general theorems might be simplified. But I could not avoid feeling 
it all the more due to such of my hearers as desire to devote themselves 
to the study of Mathematics, that I should put within their reach a 
supplement to my lectures, giving greater prominence to the systematic 
pai-ts of Analysis, 

Such a supplement may not, I think, bo altogether superfluous 
even for a larger circle of readers, since most treatises on Higher 
Analysis {one exception is the recent work of Or. Lipschitz), are so 
occupied with its practical applications that they enter but inadequately 
into any discussion of the principles on which Analysis is founded. 
The student first realises the necessity of discussing these fundamental 
problems, when he comes to study treatises introductory to tlie Theory 
of Complex Functions, where much that he had probably become 
accustomed to regard as established by Analysis appears once more 
called into question. That the scientific discussion of its principles 
should thus be severed from the practical applications of Analysis has 
no justification in the nature of the subject, and any such severance 
is quite unsuitable in teaching it. 1 cannot indeed claim to have 
wholly avoided this in the following Essay. Even in the necessary 
division of its contents into four Books a separation is apparent 
which is based upon the fact that in the Theory of Real Functions 
the data are much more detailed than in that of Complex Functions. 
But besides the purely didactic aim, my guiding wish has been that 
my work might contribute towards laying the foundations on which 
tlie Differential and Integral Calculus may some day come to be 
treated with perfect unity of system. 
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Ill the selection and ultimate limitation of the contents it was not 
always easj to decide: there may be a diversity in judgments vespectinjf 
what belongs to the ''Elements" of the Calculus. My purpose will be 
fulfilled, if this Introduction be found useful as a preparation for the 
study of differential equations, of algebraic curves anci of algebraic 
integrals. The theory of these integrals might have been joined on 
immediately to the last chapter; but I had to omit it, since a short 
sketch would have been of little use, and an investigation in detail 
would have completely displaced the centre of gravity of my work. 

I desire here also to express my thanks to my friend and 
colleague Dr. Voss for all the benefit my work has derived from the 
interest he has taken in it. 

Dresden, February 1881. 



NOTE BY THE TRANSLATOR. 



An acquaintance of some years with Prof. Hariiack's work: "die 
Elemente der Dilferenzial- und Integralrechnung", Leipzig, B. (r. Teubner, 
1881, led me to desire that the subject should be made accessible to 
English readers ia the manner in which he has presented it. 1 
therefore wrote to the Author, on March 12, 1888, aud asked his 
sanction to publish a translation. 

In his reply dated Dresden, March 15, 1888, Prof. Harnack gave 
me his permission, and proceeded to sij — ■ 

I must add however that my book wiittBU lathei raj idly ai d witl 
somewhat jouthtul hghtnesa uf ie'tit Pi^ht yais a^o seem? to iiii, now ii 
mdnj places not sufficiently exact * * Since its pubhcation I h ive in idt ii 
considerable hat of coirectiona ind noted many points on which attention 
should be bestowed in any fuluie Edition These poifions of the woik 1 sh<ill 
theieioie iflk \ou to allow aie to lectat for your English tditioa 1 Bh^l! 
mike the alter itions a concise as possible, so is to enable jou to inseit them 
into yoir maijusciii.t with no great lobwi oi lots of time I hope to be alio 
tD hPnd you as a sample next week the alterations I propose to make in the 
tist Book rhose m the second Book 1 cinnot send for about six weeks as 1 
shall be in North Italy dnnng the Easter Vacation The lest will follow soon 
after BO th*it the prmting of your wcik need not be delayed 

HipiQg tl i ^o\i will le al !e to it, eit my jipjosal as it will cond ici, W 
the innioicmuit 1 tl i, woik 
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Note by the Tracelator. v 

I replied, stating ihat I too was starting for Italy, and suggested 
that we might possibly meet and confer upon the subject. But in 
London, I received a post-card from Dr. Harnack, as follows: — 

Dresden, 21 III 88. 
1 ciVQ propose no definite oagagenicnt to meet you in Italy, as 1 have beon 
ill for a week, and my journey has therefore heconie uncertain. Hence also I 
have heen able to work out very little as yet of the supplementary matter; but 
[ hope to be able to send you the notes to the first Book by April 16, and the 
rest as you i-equire it. 

Soon after my return from Italy, I was shocked by receiving the 
following letter ' — 

Ml Ai 1 888 

1 Hill h hi tl i th 1 t dl dd d tl f Prof. 

\ H knAilSAfwd I Ijlhlisll bain 

p d th y b t tl p b! t n f a b gh 1 tran 1 t f hia 

■w I tl D fl nt 1 d I t g al Cal il Bd 1 ad p lly £ d hie 

w h to b II w d t m k m df I mp m ts I alt t I the 

pap h has 1 it wh h I 1 j t I j i 1 W 1 w th ace 

nf tun t ly a!y thbgnnD fa is asf isxag4 

D A \ 
I'rof. d. Mathomatik. 

In answer to my reply to the above, Prof. Voss wrote as follows, 
on May 6: — 

I lend >oii now tht iew she ts m> de<ii fueid iit together shortly before 
his dKSth {mostly in connexion ■with his edition ot Seiiets (.ours do calcul 
lifieientiell Ihey show thj,t he c ntcmplated consiteiahle i.hanges 'in the 
subsequent p uta ot hia woik 1 ut nothing tuitl et has Veen f ji nd 

These notes by Pro! Hamack, as well as a tew of his own 
referring to the same jart ot the woiL, whi^h Piot Voss sent along 
with them, I have adopted and incorporated m the translation. 
He kindly offered also to take part in more extensive alterations, but 
on full consideration I determined to adhere to the work in its original 
form, and my decision was confirmed by the receipt of the following 
letter from Prof. Voss: — 

I have come to the opinion tJiat the work slioiiM be kept esiictly in its 
present form, and in this my friends, Frof. Klein in GOttingen and Prof. NOther 
in Erlangen, also agree. Only I should regard it as due to the author, that it 
should be stated in the preface to the English Edition, that Prof. Harnack 
contemplated essential changes and improvements, which after his death could 
not be made save at tlie risk of losing somewhat of the admitted freshnesB and 
originality of the work, I believe that Prof. Harnack, in the further courHO of 
luld have given up the idea of recasting it. 
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vi Note by the Translator. 

In conclusion, I most thankfully acknowledge my obligiitiona to 
the Rev. George Salmon, D.D,, Provost of Trinity College, Dublin, for 
much kindly counsel relative to my work, of which I have availed 
myself throughout its progress. 

25, Trinity College, Dublin. 
June, 1891. 

(icorgi' L. Cathi'art. 

Carl Gustav Axel Havnack, eon of the distiuguielied Piotessor of Theology, 
Theodosiiis Harnaok, Wiw born May 7, 1851, in Dorpat; in the autumn of 1878 
he became Professor of Mathematies at the Hochgchule, Darmstadt, and a yt'ar 
litter at the Polytechnikum, Dresden. 

In the Mathematische Annalen for July 1888, vol. XXXIi, Dr. Voss lias 
published a ahoLt eketish of Barnack's life and works. 
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Real numbers and fniictioiis of real mimliers. 

The conceptions of space aud of number are the subject matter of 
mathematical investigations. These investigations accordingly diverge 
into two main branches: Geometry and Analysis. It thus appears that 
Mathematics are of fundamental importance to all our knowledge of 
Nature: for our representations of space contain the simplest properties 
which are common to all things in the surrounding world; and accu- 
rate comparison or measurement of quantities leads always to concrete 
numbers of the units employed: in order to understand the result, we 
require a knowledge of numbers and of their combinations. 

Nature in its phenomena is perpetiially exhibiting change; the 
simplest changes we perceive externally are changes of place, motions. 
The representation of motion is necessarily combined with that of con- 
tinuity, i. e. of an uninterrupted connexion in space and of an unin- 
terrupted sequence in time. To describe thoroughly the phenomena 
of motion is to assign every circumstance in uumhers of concrete 
units : so that if the series of numbers is also to enable us to describe 
motion, it must contain a continuous series of quantities. Thus the 
first problem of Analysis is: to develope the conception and the pro- 
perties of the continuous series of numbers. 

First Chapter. 

Kational nuuib9rs. 
1. The natural series of numbers, which arises by adding on a 
thing to others in counting, advances always by unity; each number 
is defined by the preceding number and by unity. This series of in- 
tegers starting from unity can be continued on indefinitely. Now as each 
several number is a sum of repeatedly added units, such a sum of units 
can be composed of different given numbers. This arithmetical ope- 
ration, merely a eontintied reckoning up of groups of units, is called 
Addition; it embraces all other operations, from it all others arise. 
The fundamental proposition for addition is: the sum of given numbers 
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2 Rational numbers. Bk. (. tli, T. 

has alway the same value in whatever order the summands he reckoned 
up. The truth of this proposition cannot be deduced from simpler 
conceptions; it is immediately perceived from the intuition of an 
arbitrary but finite number of units, which form the sum. Addition 
is always possible, the sum is continually greater than any of the 
summands. 

The problem of Subtraction follows from inversion of 
addition. What this requires is, given the sum and one summand to 
calculate the other summand (difference); that is, to reckon off from 
a given number (minuend) as many units as the other number (sub- 
trahend) contains. This is only possible when the miuuend is greater 
than the subtrahend. In case they are both equal, i.e. contain the same 
number of units, we denote the result by 0. The numerical conception 
is therefore defined by the equation a — d = 0. Hence we obtain 
for calculating with the equations: a-f-0^«, a — = ((. 

2. To forin a sum in which the several summands are equal to 
the same number a and the number of summands is i, is, to Multiply 
the number a by &. The result is called a multiple of a. But without 
distinguishing a and 6 they may be called factors and the result simply 
the product, since for multiplication of two or more numbers we have 
the fundamental proposition — which can be proved from the conception 
of summation: The product of given numbers has always the same 
value, in whatever way the factors may he interchauged or combined 
in groups.*) Multiplication is always possible. 

The problem of Division follows from inversion of multipli- 
cation, when, given the product and one factor it is required to 
calculate the other factor; that is, to find that number (quotient) which 
multiplied by one of the given numbers (divisor) yields a product equal 
to the other (dividend). This is impossible unless the dividend is a 
multiple of the divisor; calling « the divisor, h the dividend, then if 
' ffi ^ 6 there is always au equation of the form : 'b <= a .q -\- r, where 
r (the remainder) must be a number of the series 0, 1, 2, ... a — 1. 

Two numbers can be multiples of a third number, this is then 
a common divisor of both. Two numbers, which have no common 
divisor besides unity, are relatively prime. A number is called 
absolutely prime which is not divisible by any other except unity. 
This distinction of divisible and prime numbers leads to the important 
theorem: Any number can be expressed only in a single manner as a 
product of absolutely prime numbers; but the investigation of iJie 
divisibility of a number rests on the following rule (employed by 

*) Tke proofs of the theocema for rational aumbera cannot be presented 
herei tLej are found in liaUzer, die Elemente der Mathcmatik, Vol. 1. 
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g 1. a. 3, Positive and negative iivmil)Cts. 3 

Euclid): The greatest common divisor of two numbers a and b (where 
6 > a) is found by forming by continued division the equations: 

h = aq-\'r, fi = r3, + r,, »' = )-|g,j + r5 etc. 
The divisor of tlie last division, which leaves no remainder, is the 
greatest common divisor of a and i. 

3. The first three arithmetical operations, performed on sums 
and differences lead to the following equations; 

f(„ _{_?,) 4, (c + t^J = « + ?! + c + (^ 
|(a + &) - (c + (f) = « + & - c — c? 

[(.a + h^ — ic — d'j^a + b — c + d 

Ua — l>} + (c — d)^a — i-\-c~d 

\(^a — b) — (c — d)^a — b — c-^d 

(II.) (« + &) c = ae -|- he, (a — b) c = ac — he 

(^a -{- H) ie-\- d) = ac -{- be -\- ad -\- bd 
(111.) ia -\- b-) (c — d) ^ ac + be ~ ud — hd 

(_a — h} (c — d) = ac — he — ad -\- bd 
The differences on the left band sides in these equations are assumed 
to be possible; some of them may be zero. A product which contains 
the factor 0, is therefore, as we learn from (II) and (III), itself equal 
to 0. It follows conversely from the same equations, that a product 
can never be unless one of its factors have the value 0. 

The similarity of the results in calculations with sums and diffe- 
rences, suggests the advantage of regarding from the outset the difference 
aa a sum, for instance the diiFerence a — b a.3 a sum of a actual 
units here to be reckoned up and h to be taken away, or as it is 
better expressed, of a Positive and h Negative units. The intro- 
duction of negative unity enables us to calculate also with differeuces 
in which the minuend is less than the subtrahend. Thus when a < Zi 
the number a — b expresses an excess of negative units, of so many, 
in fact, that (6 — «) + (a — &) = 0. 

In nature there are neither positive nor negative numbers in the 
abstract; there exist only things which can be counted. The distinction 
of positive or negative numbers — epithets which can only be under- 
stood in contrast to each other — has a meaning only for the process 
of adding and thence for all other arithmetical operations. But 
it is often of great advantage in applying calculation to physical 
problems, to distinguish the quantities we calculate with, in the sense 
of the positive and the negative unit. 

Every subtraction ia possible when we employ the negative unit, 
since there is now introduced an unlimited aeries of negative numbers 
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besides the series of positive ones; zero separates the two. The 
remaining operations with negative numbers are given by the equations 
(I) (II) (III), since they are required to comply with the rules for 
differences in general. A special consequence is, that the product of 
two negative numbers is positive. The rules of signs for division by 
positive and negative numbers are also determined by tlie inversion of 
multiplication. 

4. In order that the operation of division may be always possible, 
the positive or negative unit must be broken up into subordinate 
units; it is sufficient to introduce the numerical conception -f t-, 
where b can bo any integer. For if the symbol y ^^ employed to de- 
note that number which when multiplied by h produces 1 , then a 
times this number will express the value of -r-. Here again it is to 
be remarked that in nature there exists no fractional number, but 
that this conception also has a sense only in reference to numerical 
combinations. 

Any fraction can be replaced by another whose denominator is a 
multiple of the original denominator: 



Euiploying this transformation we derive the rules 






ha,±h 



We have further from the conception of multiplication 



Multiplication of a fraction — by another -', in analogy with this last 
equation, is understood to be division of the fraction by o, and multi- 
plication of this part by 6, ; whence 



This definition complies with the fundamental propositiou of multi- 
plication. By inversion we get the equation of division 
6 . 6, ^ &«, 

Thus we can now complete the equations for sums and differences 

^'■^^ c c^c> c±d c±d^c±d 

But there is one very important exception to these equations: the 

difference which occurs in the denominator must not be zero: a division 
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§ 3. i. Fractions, 5 

is impossible if tlie cUvisov be zero. For if the dividend be not zero, 
there is no number, whith when multiplied by zero, gives a product 
equal to it, since a product one of whose factors is zero vanishes; 
but if the dividend is likewise zero, the value of the quotient is com- 
pletely indeterminate; no calculation can be performed with such a 
completely indeterminate number. 

Integer and fractional numbers are both embraced under the ex- 
pression Rational Numbers. Applying the lirst four rules of Arith- 
metic to them we always reproduce rational numbers. The series of 
rational numbers is unlimited: between any two, as a continued sub- 
division show.s, we can always insert as many more rational numbers as 
we please, or to state the same thing in other words, a series of 
rational numbers which is arrived at by any finite number of sub- 
divisions never forms a continuum. 
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Radio al8 and irrational numb era in ; 

5. Repeated multiplication gives rise to a fifth opevatiou, that of 
riiising to a power or Involution, f|^J meang a product which con- 
sists of n (exponent) factors, each equal to j (base). The values of 
the powers of a positive base are only positive, those of a negative 
base are positive or negative according as the exponent is an even 
or odd number. Involution is always possible within the range of 
rational numbers. 

From one inversion of involution arises the problem of extracting 
roots. Evolution. Given the positive number -r, where a and b are 
relatively prime, it is required to determine a positive nnmber x, so 
that x" == J- may be true for a given n. We assume the number -^ 
positive, for, when it is negative and the exponent n even, as far as 
our conception of number yet reaches, no such root can be estract^ed, 
whereas when the exponent is odd, the w"" root of the positive value 
of -jT is to be taken, but with a negative sign, In like manner, it is 
to be remarked from the outset, that when the exponent is even, the root 
of a positive quantity can be given a positive or a negative sign. Accor- 
dingly, the purpose of the following considerations is only to show 
that the value itself can be determined. 

If there be a fraction x ^ — such that — ^ t- or &«" ^ aq", since 
a and b may always be assumed relatively prime and since we know 
that there is only one way in which each number can be composed 
of prime factors, we see that this equation must break up into a = p", 
h ^ q". Thus a positive fraction is only equal to the «"■ power of a 
positive fraction, when its numerator and its denominator are each 
equal to the k"" power of an integer; in particular, an integer can never 
be equal to the Ji* power of a fraction; for when & = 1, 2 ™ust also 
= 1. To fiud out tlierefore whether j- is the n^^ power of a rational 
number, we must form the table of w"' powers of integers and e 
whether a and 6 appear in it. 
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lleiice msinifoatly ttiG roots of positive rational numbers cannot 
universally be extracted by means of rational numbers only, but evo- 
lution in like manner with the problems of subtraction and of division 
introduces a new coneepiion into the theory of numbers. Employiiij,' 
Euclid's method of inclusion within limits, this conception is ex- 
pounded as follows; 

If 6 be any rational u\imber, then in the unlimited series of 
fractions 

0- --. I' f. ■ ■ ■ -}> ■ - ■ 0»>o), 

there must be a consecutive pair «= — and ji = ^^^ , such that 

The diiference ^ ~ a is — . JN'oiv if a' be another number greater than 
0, fractions with the greater denominator a' can be inserted between 
the fractions « and |3, this may be indicated by 

e i ^ +_■ '■+1 t. P + ' 

In this scries there must be two consecutive values cc, and ji^ such that 

«,-<f <ft-, 

where a, > a or at least is equal to a, in case the required value occurs 
in the first interval, and ^, < ^ or at most is equal to ^, in ease the 
last interval should have to be taken. The difference |3j — a^ is 
always less than — , for this is the difference between the first and the 
last value of the series, intervening terms must have smaller differences. 
Continuing this procedure with a new denominator o" > a', we ob- 
tain two new fractions a.^ and j5j having a difference smaller than 
-^, and so on. This will result finally either in a number being found 
whose n*^ power is equal to -^; in which case the nature of v is 
such, that it has a rational n'^ root which can be expressed by one 
of the denominators ff, o', o", . . ., or, if not, the two series, that of 
the lower limits: a <:^ a^ < a^ ..-<«;(.■. < «/,+v ■ ■ ■ and that 
of the upper limits: /5 > /3, > ^^ . . . > |3,, . . - > (3„.^„ . ■ ■ go on 
indefinitely. 

These two series have the following properties: Although the 
series of the a however far it is carried contains only increasing num- 
bers, and that of the /3 only decreasing ones, and this is not afl'eeted 
if as is possible equalities occur among them, still each a is smaller 
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8 Radicals and irrational numbere in genei'al, Bk. I. cli. II. 

tliao each ji. Further, we can make the constantly positive diffe- 
rences j5^+j — tt/i+v, «^+v — «^, ^f, — ^n+^ for each value of y, smaller 
than any assigned value however email, merely by selecting only 
those terms in the series for which jt has a correspondingly great 
value. For if these differences are to be smaller than d, we have only 
to determine the first value of ft for which /?,, — «^ < S; then we 
shall also have by the foregoing inequalities for every v: 

§^+y - «^+, < d, «„+„ - «^ < -J, ^^ — |3^+v < S. 

The numbers of the unlimited series of the a and likewise of the 
j5 have the property that their n"* powers are always coming nearer to 
the value t- , so that they ultimately differ from it ae little as we please. 
Hence it appears, that the numbers a and /5 themselves also approach 
more and more to one definite quantity, which, even though it does not 
exist among rational numbers, ia yet called a numerical value, because 
it is connected with a rational number by a perfectly determinate arith- 
metical operation. We denote the quantity as the limiting value 
of the series « and j3; it is written in the form Vt' 

When the quantity is a rational number, its exposition as a 
limiting value depends solely on the choice of the denominators 
e, <f', <)" etc. All periodic decimals belong to this case; for instance, 
the value of 

limiting ■ 3 ; ■ 33 ; ■ 333 ; ■ 3333 etc. 
is -l-. Similarly, by the geometric progression, the limiting value of 

li i + Si i+i + (l)'i i + i + (i)' + ft)' • • ■. 

is 2. By suitably choosing the denominator, therefore, a rational form 
can also be discovered for such values. 

When on the other hand the quantity is not a rational number, 
— and of this we can make sure at the outset in the case of a 
radical by means of our opening proposition, — the only possible 
way of expressing the number, which is called an Irrational 
number, is as limiting value of a series. This exposition and definition 
embraces therefore besides rational quantities a new class, namely ir- 
rational radicals ; but it will be subsequently seen to embrace still more 
than the roots of fractions. At the same time this process of evo- 
lution fixes our attention on what is properly to be understood hence- 
forth by the calculation of a number which is to possess a given 
property. It cannot in general be required that this number shall 
be assigned in finite closed form, but rather we see that: To calcu- 
late a immber which shall have a definite property relatively to ofker given 
numbers, means, to find a series of rational mtmhers that can be 
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imlimitecUy continued tvhich fulfil the properlt/ of the required number' 
with ever increasing and uUimatelt/ arbitrarily close approximation. 

The question now arises, how such numbers are to bo employed 
in calculation, how irrational numbers are added, multiplied and so ou. 
This we jiroceed to show by the following investigations, based on 
the knowledge we have just attained somewhat geaeraliaed. 

6. Definition: Jiy the General Cone&ption of a Number is meant 
a series of positive or negative rational mimbcrs that can be unlimitedly 
continued according to some rule: 

a, Kj, Kj, ... Uf^, . . . «^i+v, . . ., 

having tJw properties, fi/rst, that its several numbers do not exceed a 
dejinife value ith absolute amoui^ {i. e. abstracting from sign) and second, 
that for any ariitraril^f small prescribed number d, some number Uf, can 
be found in the series, such that the difference k,,^,, — k,, between it 
and any succeeding number shall be in absolute amount smalls than d. 
Of such a series we say, it defines a number which is called the 
limiting value of the series. 

We do not adopt into the definition the property that from some 
certain place in the series the terms only increase or only decrease, 
as was the case with the series « and ^ above. But it is important 
to remark, that when this is the case we have the theorem: 

If in the series 



the terms only increase (or only decrease), and a superior limit can 
be assigned, which the terms do not exceed (or in the other case, an 
inferior one below which they do not fail), then such a series has 
always a limiting value, i.e., both properties stated in the definition 
hold good. 

For, were no place ta be found in the series of increasing num- 
bers a„, K„4.| , ... c^it-iv 1 ... from which onwards the diiterence 
t^fi+v — C/i remains less than an arbitrary number 8, but rather, 
however large we take ;*, numbers a^+r, «,,+■•■■■, «/i+r" .. ■ were always 
to be found which satisfy the inequalities 

«^.j.,. — «^, > i5 and so K,,.|.„ > «^, -f- S 
cif,+,' — «i,^\-v > 8 and so w^i+v' > «/i + '^^ 
tt^+,." — ■ a/i+y > ^ and so a^+y > «^ + o^ 



then we could form a series of arbitrarily many inequahties of 
this kind. Accordingly, as the factor of d in the last inequality can 
be arbitrarily increased, the amounts of the numbers a must i 
beyond all limits, which is contrary to hypothesis. 
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10 Radicals and iri'alional numbers in gcineriil, Bk. I. ch. JI. 

A aeries whose terms sink numericaUy below any assignable value 
is said to have the limiting value zero; thus we hate the important 
fact, that zero also is included in this general conception of number. 

A series whose limiting value is not zero, if it is to have both 
the properties we have stated , must have its terms after some definite 
place either only positive or only negative. For if a^ and a^j^^ differ 
in sign, the absolute amount of a^(+,. — «,, is not less than the greater 
of the two numbers, and so it is only possible for it to become smaller 
than S when the series of the a has zero for limit. 

7. We calculate with the numbers thus defined, by applying the 
operations of arithmetic to the terms of the series expressing them, 
since the limiting value can always be replaced with arbitrary approxi- 
mation by a term of the series and thus the requirement of calculation 
just laid down is complied with. Suppose the given series are 
a, «,, ffj, . . . K^,, . . . and j3, ,3| , (3,, . . . /3^ . . . ; 
each representing a number, we can embody this in the symbolical 
expressions 

A = Lim(K„), B = Lim (,3„)- 

Applying addition or subtraction it follows that in either case 
«±/5, <^i±^i, K,±/3., ... «^ + /J^... 
form a new series possessing both the properties necessary for ex- 
pressing a number. For when the absolute amount of the difference 
of «,,+, and cif,, which we write briefly abs [w,,^, ~ k,,], is < d and 
abs [/i^-l^— /?,,]< (J, the absolute amount of the difference of two terms 
of the new series is less than 2^, for ff^+t and (3^+v have at the most 
increased or diminished by the quantity @ in comparison with c.,, 
and ^^. But the limiting value of this new series differs from the 
algebraic sura of the two given limiting values by less than an arbi- 
trarily small assigned number, since the quantities a^, and ^,, differ 
arbitrarily little from these limiting values; i.e. the limiting value 
of the new series is equal to the algebraic sum of the given numbers 
A and B. We formulate this in the equation 
(I) Lim («„) + Lim {p;) = Lim {a^ + ^^,). 

Subtraction here furnishes the special theorem: Two series of 
numbers which express the same limiting vaJue yield when subtracted 
a series of numbers whose limit is zero. But also conversely we de- 
fine: Two series of numbers whose difference has the Umiting value 
zero express the same number, or, two numbers are called equal when 
the difference of corresponding terms of their defining series has the 
limiting value zero. This is to be regarded as the definition of 
equality of two numbers. The original definition: Two rational 
numbers are equal if they contain the same number of units or ■ 
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11 



fractions of unity, is suborciinate to this definition, which holdM good 
for number in general. 

Similarly it follows on applying multipHcation that 
«/5, a,^,, a.J^, ... a,^^ ... 
form a new series which likewise possesses the requirec! properties. 
For when the amounts of «^, and (5^ are at the most increased or 
diminished by S, tbe product «^_]_v ^^j_|_v is also at the most only 
altered by the amount a^ 5 ~{- (3^ tf -|- 5^ which we can make as small 
as we please by a suitable choice of f(, since there are superior limits 
which K and j5 never exceed^ and S is arbitrarily small. Thus 

(11) Lim (tt,<) - Lim (^^) = Lim (f^ - ft,). 

We lind by division the new series 



Excluding the case tliat the limiting value of the scries of divisors 
vanishes, and so that of the /5 falls below any assignable value, there 
is a superior value which these quotients are certain never to exceed; 
and if a^ and ft, are altered by d, then the difference 
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Similarly from (II) we find for involution with a positive integer 
exponent 

(IV) (Lim (»,,)). _ Lim (v). 

and thence for extracting the root of a positive number, i.e. of a 
number whose defining series from & certain place contains only posi- 
tive terms: 

(V) yU^"(u,) = Um Cff^,). 

As before, these last two equations amount merely to the statements, 
that a rational or irrational number can be quain proxime raised 
to a power, or have a root extracted, by performing these respective 
operations u])on a number in the defining series quam proxiine equal 
to it in va^ue. 

It is convenient to base our introduction of powers with integer 
negative exponents, as Newton did, ou the equation 
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12 Radicals and in-atLonal iiiimbera in general. Bk. I. ch. II. 

whether m^n, from which we see that A" is 1 for all values of A; 
as well as our introduction of powers with fractional exponents on 
the equation 

(A-)" - A-" 
which is valid fur iuteger exponents. For since yA in tho number 
whose li"" power is A, we can hj this rule put j//K = A" ; thori 

(a" ) = A"^ = AS A"« = ^A^" . 
But at present we restrict this definition of the fractional exponent 
to a positive base, in order that the calculation may remain possible 
without any exception. 

The following eonsi'leration , of importance in itself, is premised 
to the definition of a power with an irrational exponent: 

Any number, which is expressed by a series of irrational 
numbers, can also be expressed by a series of rational 
numbers. For if 

A|, A;, A3, ... A,,, .. . Af,-U! ■ • ■ 

be the series of irrational quantities with the necessary properties, 

suppose the quantities A to be defined by any arithmetical operation, 

ex. gr. as roots, let us conceive two series of rational numbers 

(S„ ft, ft, . . . ft, . . . ft,+„ . . . 

ff|, Kj, B.,, ... Uf,, ... «„+r, - . . 

of which the series of the ^ is chosen arbitrarily but so as to have the 
limiting value zero, whereas each number ap is assumed so that 
abs [A^ — df,] < ^,, . Then the series a represents the same limiting 
value as the first series. This is a statement of a general process for 
forming from a series any other with the same limiting value. 

Accordingly if E be an arbitrary irrational exponent defined by 
the series 



the power is to be understood as the limiting value of the series 

AS A'', A'=, . . . A'", ■-■ 
whose terms possess both the required properties. 
For, A'"+'' — AV = AV (A^ — 1). 

But since A" = 1 , the absolute amount of this quantity can be made 
arbitrarily smalt, as can be shown as follows. Conceive S io be a 
positive rational fraction with numerator 1 and denominator an 
arbitrarily great positive number M, then, if A > 1,' 
A^ — i = t], A = (l + ijr. 
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Multiplying I -\- rj continually on itself to M times produces a number 
which is certainly greater than 1 + Mij; therefore 

A> 1 + M:;, 'J<-^^'- 
But if A < 1 , let us put 

1— A-'— )j, A-'=y~ =1 + 1; 
the 11 

* - +' -(]-» < r+M i • 'li8"f»>-e ^ < * M - ■ 
Now if we consider, that by the procedure just explained the series 

A", A", . . . A'." , . . . 
also can he replaced hy the series 

when Lini («,,) = A, the result of this investigation can be written 

in the form: 

(VI) (Lira «„) ''■'" ('■■') = Lira («^,'") . 

8. Inversion of involution presents a second problem: that of 
the logarithm. Two positive numbera A and B are given, each 
defined as limiting value of a series; it is required to determine a 
number x having the property that B* ^ A. Here x ia called the 
logarithm (exponent) of the number A (number) with regard to the 
base B, and is written 

a: = B log A, 

It can be shown, in the first place that ouly one number x lias 
thia property ^ for we cannot at the aame time have (B ^ 1) 

B = A = B-"' and so -. = B'^-^' = I 

without having x^ x' = 0, — and moreover in the second place that 

this number x can be expressed as limiting value of a series. In fact, 

forming the series of terms 

. .. B-% B-", 1, B', B^ . . . 

there will be among them two values, such that, if B > 1 

B'- < A < B^+' . 

If we interpolate rational fractions between A and A -[- I we liave; 

? + ^. >.+ ''±^ 

B " < A < B " . 

As we increase tlie values of the denominator we obtain two series 

by which x is defined. 
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14 Badioals and irealional numlicrs in "Hneral. Bli. I, oh. II. 

The logarithm of 1 with regard to any positive number as base 
is zero. In the sequel we assume as known the rules for calculating 
with logarithms. 

Numbers positive and negative, rational and irrational, are all com- 
prehended together under the name real numbers. However often we 
repeat the first operations of arithmetic on real numbers we reproduce 
numbers of the same kind. But an essential r^sception must be made 
regarding the last two operations. The values of negative numbers 
with an even exponent are posiii\e, but on the other hand we are 
not at present in a position to assign what is the value of a negative 
number with its exponent a fraction having an even denominator or 
with its exponent irrational; since such fractions can occur in the de- 
fining series. Similarly in order to avoid having to point out further 
exceptions, we restricted ourselves in defining the logarithm to positive 
values of the base and of the number. Thus a gap still remains here 
which only the introduction of complex numbers will remove, but it 
will do so completely. 

Further, we have so far made no attempt to give the most con- 
venient methods for actual calculation of any power or logarithm, we 
have merely demonstrated its possibility and d e term in ate n ess.*) 

*) The conception of irrational number is treated in detail in LipschitB, 
Lehrbucii der Analysis Vcl. I. As to the general conception of number see : Cantor, 
Zar Theovie der trigocometrischeii Reihen, Math. Ann. Vol, V; Heino, die Elc- 
jnente der Fanctioaenlehre , J. f. Math. Vol 74; and Dedekind, Stetigkcit und 
irrationals Zahl. (Braunschweig 1872). 
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Third Chapter. 

Conoeption of a variable quantity and calculation with variables, 
specially with infinite quantities. 

il. The totiiiity of rational and irrational mimbers forms the con- 
tinuous series of numbers. To represent a continuum as a 
whole we necessarily requii'e an intuitive image. We naturally take 
the right line, the simplest representation of a continuum in space. 

Having assumed a unit of length, the points of a right line are 
determined by assigning their distances from a fixed zero-point, with 
the + or — sign, according as the point considered is right or left 
of that origin. The distance of each point can be expressed by a 
rational or irrational number. For, what is characteristic of a point 
is that it bounds a definite length from the origin; this length 
measured by the assumed unit is a number which can be expressed 
either in a finite form, or as is taught in Euclid's elements, with 
arbitrary approximation by continued subdivision of the unit; and this is 
the very idea of obtaining a series defining the distance. Thus to each 
point of the continuum belongs one and only one number, our general 
conception of number is never in default. And conversely; to eacli 
number belongs one and also only one point, since each number 
determines a length to he constructed, each length an end point. 
Thus according as a point moves upon a right line, its distance from 
the origin travels through the continuous series of numbers. The infor- 
mation we have now acquired can also be thus stated : Rational numbers 
enable us to express as approximately as can be desired every value 
of the continuous series of numbers. 

In order to contemplate the conception of all numbers possible 
within an interval, that is, between two fixed values, we introduce into 
analysis the representation of variability apart from the image of a 
definite motion on the right line. This representation was first em- 
ployed in the most general manner by Newton, the way for it having 
been prepared by Geometry, specially from the time of Descartes.*) 
A quantity is said to he variable, when it is able to assume different 
numerical values. As in purely arithmetical investigations we no longer 
consider what are the things given in number, so in the conception 

«) (1696-1650). 
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16 . CoEception of a variable qiiaotitj. Bk. I. ch. III, 

of "variable quantity" we have also to free ourselves entirely from 
considering what this quantity represents. Tbe distance of a movable 
point, the temperature, the tension of vapor, in a word, everything 
measurable in nature can enter into calculations as variable quantity. 
A quantify ts said to be continuous or continuoiisly variable within an 
inte}val t e between tivo nvmbets, when there is no numerical value 
between two nmnheib «„ and ^o + ^ however close together which it 
does not assume o'^ if changes from x^ to Xf, -\- d. Thus the state- 
ment, a quantity changes contmnously from the value a to the value 
h, amounts to this, the quantity travels through all numbers between 
a and b and tbeie is no bieak m the sequence of the numbers. 

But now since when we wdut to fix the variable, we are not al- 
ways able to assign a value which it assumes in a closed form but 
only as the limiting value of a series , we often use a phrase drawing 
attention to this change towards a determinate value whether rational or 
irrational. We say : the continuous variable approximates infinitely to 
a determinate value b or converges to b, when the series of numbers 
through which it passes has this limiting value; that is, for any 
number S however small, some place must be assignable in the series 
from which onwards all values of the continuous variable differ from 
b by less than S. We shall always denote by the word "infinite", a 
continuous change towards a determinate limiting value. 

In partictilar a variable becomes "infinitely small", when as it 
varies continuously there is no condition which prevents its absolute amount 
becoming less than any assignable number, i. e. when it has the limiting 
value sero. 

The variable is called "infinitely great" and its hmiting value 
written with the sign ^2 00, when as it varies continuously there is 
no condition which prevents its absolute amount becoming greater 
than any assignable number. From the continuous series of numbers 
through which such a variable ultimately passes, discontinuous series 
of numbers can be selected according to some law, (for instance if 
we only pay attention to integers,) but they no longer satisfy tbe two 
properties already recognised as necessary for series defining numbers. 
Nevertheless certain calculations can be effected with these series of 
numbers, on which account we introduce them as a distinct numerical 
conception by the following more accurately stated definition: 

A variable becomes in a determinate manner positively or negatively 
infinitely great, when the series of numbers through which it travels, 
has the properties, first that the values after a certain place are only 
positive or only negative, and, second that a place can be found in the 
series after which «M vahtes are greater- in amount than an assigned 
ivumber however great. 
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This second property must await closer discussion in subsequent 
examples; it does not preclude the terms of the series stili oscil- 
lating on from any place, that is, becoming at one time greater and 
at another smaller. But when in the series of numbers only arbi- 
trarily large values occur, yet the other property is not satisfied by 
all the terms, the vanable becomes indeterminately infinite. 

We denote variables by the last letters of the alphabet x,y, s\ 
and quantities with fixed or constant values by the first letters a, h, e. 

10. The principal laws for calculating with variables result from 
the rales established in Chapter II for limiting values; for, the numbers 
which there approximate discontinuously to the limiting value, occur 
among the other values in the continuous variation. Here we repeat 
the equations, written now with a reference to continuous variability, 
in order to append some special theorems to them: 

(I) Lim {cc + y) = Lim {x) + Lim {^). 

This equation asserts: The limiting value to which the sum of 
two continuous variables tends, is equal to the sum of the limiting 
values to which the summands tend, and conversely. This proposition 
can be extended to several summands. 

Special theorem: The sum or difference of two infinitely small 
quantities is itself an infinitely small quantity, that is, one converging 
to zero. 

(II) Lim (x • y) = Lim (x) • Lim (y). 

Special theorem: The product of a finite and of an infinitely 
small or the product of two infinitely small quantities is itself an iii- 
finitely small quantity, that is, one which converges to zero. 

If m denote a constant and x a variable which assumes only positive 
values, then 

(IV) ■ Lim (x"') = (Lim a;)™ . 

If i be a positive constiint, x an arbitrary variable, then: 

(V) Lim(6-) = 6^i-"W. 

Powers with a variable exponent are called "Exponentials" in 
contrast to powers with a constant exponent. 

In equation (III) the condition is assumed, that Lim {y) is not 
zero. But the introduction of the conception of continuous variability 
furnishes an expedient which renders it possible henceforth to take 
account in calculations, of quotients even with an infini- 
tely small divisor. For, zero being no longer defined only by the 
difference a — a, but as the limiting value of a series of numbers. 
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18 Conception of a variable quantity. Bk. L ob. III. 

the quotient -p — j-l can also still retain a determinate value when, for 
arbitrarily small values of p, the quotient x:p expresses a number 
approximating to a determinate limiting value, finite or infinite. But 
this is only possible when the law of formation of the series x : y 
is given, i.e. when to each number within the series x the number 
in the series y is known, by which the former is to be divided. When 

n(!/> 

Lim (—)*)- If X have a determinate finite limiting value, the series 
X : y will consist of numbers, which increase in absolute amount be- 
yond any limit. But if the limiting value of x itself be zero, then 
the series x:y can have either a finite, or an infinitely small, or even 
an infinitely great or yet no definite limiting value at all, and this 
is to be decided only in each individual ease by forming the series. 

For equations (I), (II) the law holds also, that in order that 
the left side may be formed without ambiguity, the connexion between 
the places of the series x and those of the series y must be given. 
Id this case the left sides can then still express determinate limiting 
values when the limits of one or of both series for x and y transcend 
any finite amount.**) 

*) A simple example may mate this clear to the beginner. Suppose the series 
y given, in which y is to travel through all numbers from i to 0; let the series 
X consiat of the nnmberB Zy — y", go that therefore for y = 1 a; -= 2, for y ^ 4^ 

a; = J, for 1/ = i fl! = ^i , ■ • ■ j; = ii! = 0. If now by y. we understand 

the value Lim — it will he expiessed for ever> vil le of y hy '-- — -- ^=3 — )/, 
and thus although y and with it a, have the limiting \alueO, the series of the 
quotients has the limiting value 3 

**) The last half of this ch'iptei will become more intelligible when the in- 
vestigations which immediately follow shall ha^e furnished us with materials for 
definite examptei 
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Fourth Chapter. 

Conception and notation of functions of a variable, 

11. If the Yalue of a variable y is determined by the value of a 
variable X in such a way that to each value of x within a certain 
interval one or more values of y can be calculated or assigned in any 
prescribed manner, then y is called a Function*) of the continnons 
variable x within this interval; y ia also called the dependent and x 
the independent variable, or the argument of the function. If there 
be one value of the function for each value of the variable it is called 
a single-valued (one-valued or unique) function, if more values 
a many-valued (or ambiguous) function. 

This dependence may be perfectly casual, the independent variable 
serving merely to indicate the position in a Table, the function b«ing 
that which is found there; in the problems which deal with measurable 
quantities in Physics, the functions witli which we are always concerned 
are those in which the dependence of the variables is ascertained by 
Observation. The dependence may be expressed by an equation between 
X and y, which may or may not have for all values of x a sense al- 
ready defined. For instance, by the relation 



1/^ = {x ~ -i) (p — x) or 1/ '= + f/ix — 1) (3 — X) 
a two-valued function of x is defined by reason of the double sign, but 
it can be calculated in real numbers only for the values, 1 5^3:^3. 

When the relation between x and y is given in the form of the 
general equation f{x, y) = the function is called implicit: but 
when the equation is in a form solved for y, y^f[x), we call y 
an explicit function of x. The functional connexion between x and 
y may also arise by means of a third variable and the function he ex- 
pressed by a parameter: x = f{t), y •= ^ {f); to each value oi t 
belongs a value of x and oiy; in this way values of x and j/ become 
connected. 

It is visual to divide functions into algebraic and transcen- 
d ental. When the equation by which y is defined can be brought to 



*) The term "function" was introduced bj John Bernoulli (1667 — 1148) 
(opera omnia t. II p. 241). 
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the form fix, J/) ^ where f is integer and rational in x and y, we 
call y an algebraic function of x. Accordingly the most general type 
of an algebraic function with two variables is 

Aj'" + ^iJ/"-' + Ay"-' + h ^^-ly + A = 0, 

where the quantities A are polynomials of any degree in x of the form 
ji = (j|j a;™ ~|- a^af'~"'^ ■ ■ ■ + «m, '« and m being positive integers. 

Here tlie only arithmetical operations performed on the variables 
are those of the first four species repeated a finite number of times 
and including integer powers. 

All other functions are transcendental. To these the operations 
of arithmetic contribute the power with an irrational exponent, but 
chief of all the exponential function, the simplest type of which is 
y = a" , and the logarithm y = *log x\ wo can only calculate these last 
two functions, so far as our conception of number yet reaches, for 
positive values of a and h, and further the second only for positive 
values of x. 

13. Not less important are the trigonometric or as they are 
sometimes more precisely called goniometric functions which we are 
familiar with from the elements of geometry. These are geometricaUy 
defined as the ratios of lengths which depend on an angle. In order 
to indicate that angular quantity is always a pure number, we describe 
the magnitude of an angle, not by degrees, but \ij the ratio of the 
length of the cireiilar arc to that of the generating radius which be- 
longs to it. The length of the circular arc belonging to an angle, as 
well as that of the whole circum fere nee, is proportional to the radius 
with which it is described. Hence the circumference may be denoted 
by 27tr, where si is a number to which the Geometry of Euclid shows 
we can approximate as closely as we please by inscribing and circum- 
scribing polygons. Accordingly, to each angle there will belong a 
number which determines as part or multiple of 2a the arc as part 
or multiple of the circumference. By geometric investigation we con- 
clude the following properties of the functions: 
y ^ sina; and y = cos a;. 
1) as a; goes from to ^ar, sin3;goes from Oto J, cosa^from 1 to 
■ j; ^ '! I! j-^ n ^f sinx „ ,, 1 „ 0, cosa: „ „ — 1 
,, X „ „ n„^%, amx ,, „ „ — 1, cosa; „ —1 „ 
11 a; „ ,, |-re„2re, sina: ,, ,, — 1 „ 0, cos a; ,, „ 1. 
This is one of the eases in which it is good to adopt a distinction 
of signs in the geometric interpretation. 

2) (sina:)'-i-Ccosa;)^ = l. 
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g II. 12, Algebraic and Transcendental. 21 

3) If the size of the angle be extended by turning thu leg further, 
it follows that for any positive integer k: 



cos (x -j- 2k7t) = cos X. 
in an opposite sense, the t 
L therefore we have then: 



sin {x -\- ^TiTt) = sin x\ 

4) If the rotation be effected ii 
bo ileiioted by a negative number; 

sin ( — x) == sin(2ro — x) = — sina; 
cos ( — X) = cos (2je — «) = cos a;, 
and generally: 

sin (x + 2kit) = sina:; cos {x + 2/cw) = cosa;. 
Both functions, which always lie between the values + 1 and — 1 
have the property of reproducing their values, whenever the indepen 
dent variable is increased or diminished by an integer multiple of 2re 
Such a function is called periodic and 2ji its period. 

5) It is proved geometrically that: 

sin {x + iK|) = sin x cos a:, + sin x, cos x 
cos (x + 3^,) = cos X cos x^ + sin x sin x^, 
from which follow 

sin m; — sin a:, ^ 2 sin ^(x -— x,) cos ^(x -\- x^) 

cos X — cos iT^ = — 2 sin J (a: — a;,) sin ^(x -j- ai,). 

G) The area of the circular sector SCAM, whose 

between and ^ 



to 



igle lies 




greater than the area of the triangle J.BJlf and 

less than the sum of the triangles ADM and 

BDM. 

Let the radius AM=l, the angle A 31 C = x, 

then ^ JS = sin a; , ME ^ cos a; ; further : 

AD:AM=^AE:ME, 

and so AD ^ : accordingly for the areas 

cos x' ° ■' 

mentioned we have the inequality: 



^— - > a; > sm a; cos x or 
This inequality holds, however small x it 
if X be made negative. The quotient ^^ 
that its nume 



— > cos a: . 
it holds also 
is of such 3 nature, 
,tor and denominator can become infinitely 



small, while the quotient itself converges to a determinate 
finite value; since for a; = cos « is = 1. Thus the value -j^|^ 
which forms a superior limit, coincides with the lower limit cos x for 
X = 0. Therefore also the included value will be 1, that is 



Lim - 



- = 1 for a 



-0. 



yGoosle 



22 Fnoctiona of a yarialilo. Uk. I. oh. IV. 

The quotient ^^^ travels through the series of the reciprocal 
values and has likewise 1 for Umit. 

J'rom these two functions two others are formed by division, 
whicli are also immediately expressed as ratios of lengths by geometry: 

tan a; = , cot x ^ -i— ; 

tana; is Ofor a.' = 0, +ii, + 2jr etc., cot a: is for a;== + ^jr, + f re, 
+ ^jT etc.; tan x increases beyond any assignable limit and becomes 
+ oo in a determinate manner when x converges to the values -\- ^n, 
+ f ji, 4:1 JT etc., so does likewise cot x when x converges to the 
values 0, + re, +2ji etc. Both functions have the period re. 

We have so far not given any convenient method of calculating 
goniometric functions; only inasmuch as the determinateness of the 
problem, to find for any given angle its sine etc., is known geometri- 
cally, we ventured to introduce the conception of these functions and 
a symbolic notation for them. 

13. Prom these four functions can be derived their inverses the 
circular functions. If for any function we conceive the values of y 
as given first, then the values of x appear as dependent; x is then 
called the inverse function of y. In a table of logarithms we can 
consider the logarithm as function of the number, but also inversely 
the number as function of the logarithm. 

The nature of a function may however be such that its inverse 
function is defined only for isolated values of y. If we consider, for 
instance, the function y'=G{x), using G{x) to denote the greatest 
integer in a;, the inverse function is defined only for the integer 
values y = 0, 1, 2, . . , ; to each of these values then belong infinitely 
many different values of x, namely to «/ = all values from a; = 
to ^ = 1 exclusive, to y = 1 all values of x between 1 and 2, etc. 

When y = s,m X, the inverse denotes the angle x whose sine has 
the given value y : it is written : 

a; = sin-'y 
which is read, the angle whose sine is y, or the arc whose sine is y. 
Similarly from the others x = am-^y, x == tan-'?/, x = cot-'j/. 
Now since sine and cosine assume only values between — 1 and -|- 1, 
sin-i and eos-^ are defined only for the values of y within this 
interval. Further, since dilferent angles belong to the same value of 
either sine, cosine, tangent or cotangent, and so difi'erent numbers x, 
circular functions are many-valued. In order to be able to consider 
them as determinate numerical values in calculation, we adopt a con- 
vention which at the same time presents them as continuous functions : 
Sin-' J/ denotes that number between -- |re and ^it whose sine is y. 
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§ 12 — 14. Trigouo metric and Circular. 23 

Cos—' y denotes that number between and ji whose cosine is y. 

Tan~' y denotes that number between — \% and \ % whose tangent is )/. 

Cot—' y denotes that number between and Tt whose cotangent is y. 
(— oo < «/ < + oo) . 
14. Algebraic functions and the four simple kinds of trans- 
cendentals; Exponential and Trigonometric functions with their 
inverses: Logarithmic and Circular functions, form in their in- 
numerable combinations the proximate object of analytical investigation. 
Its course which is aimed at the actual calculation of the functions 
and at the knowledge of their properties, will reveal a close relation 
between exponential and trigonometric functions, and therefore also 
between the logarithm and the circular function. Further it will appear, 
that the operations of the Differential Calculus, when applied to these 
functions do not give rise to new ones, but that on the other hand, the 
Integral Calculus does teach us to exhibit and calculate new functions. 
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Fifth Chapter. 

Geometrical representation of a function; its continuity and its 
differential quotient. 

15. By the help of the Cartesian system of coordiuates — most 
simply by a rectangular system — we present to ourselves an image 
of the entire course of a function, as a succession of points, whose 
number can be arbitrarily increased and whose uninterrupted connexion 
can be considered generally as a curve, when we lay o£f each value 
of a: as a length along the axis of abscisste, and each corresponding y 
as a perpendicular ordinate at the extremity of x. The extremity of 
this ordinate is the point which corresponds to the system of values x, 
y. But since points even though infinitely numerous never generate a 
curve, but it must always be made up of lines between points, as a 
matter of fact the only way we obtain aa image of the function is, 
by constructing arbitrarily many separate points corresponding to diffe- 
rent systems of values, and connecting these points by right lines. This 
approximate image of the function, a polygon with arbitrarily many 
angles, will present a certain general view of the whole course of the 
function, which will be more correct the more we increase the number 
of points constructed; but in its individual small parts this represen- 
tation will never be quite exact. Specially, when the function geo- 
metrically represented is very much twisted near any point, i. e. when it 
presents polygons with salient and reentrant angles starting in and out, 
every image we thus procure will exhibit its course very imperfectly, 
and will undergo very considerable changes as more points are em- 
ployed in the construction, so that the true image of the function, in 
regard to all its properties at each point, cannot be fixed in this manner. 

But when we say of a function: it can be exactly represented at 
a point by a curve, we are enunciating a definite property for this 
point; for we are assuming, that while the number of angles of 
the polygon is arbiti'arily increased, the directions of .the sides of 
the polygon proceeding from this point as an angle converge to fixed 
limiting positions. We shall in the present Chapter formulate the 
condition for this analytically. 
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Our first enquiry is: what properties does the course of the depon- 
dent variable y exhibit while the independent variable x assumes all 
possible values? There are three things of immediate importance in 
the esaminafcion of any proposed function. 

First: Is its course everywhere continuous or not? 

Second: What singularities occur among the values which the 
function assumes? 

Third: What values does it take, when the independent variable 
becomes infinitely great? 

16. Let the explicit function y = f{x) he defined as a one-valued 
function for a determinate interval from x = a io x = h, i. e. let one 
and only one determinate value of the function without any exception 
belong to each value of a;. We call the function continuous on 
both sides of any point x in this interval, when there are no sudden 
changes in its values is we mo\e froifl x to either side, that is, 
as we form t! e values of tl e function belonging to values arbi- 
trarily little greater or less than x. In a form applicable to cal- 
culation we state what s lequiied thus: It tmist he possible for this 
valtie of X, to JiJi a fin te m nbei h, which only converges to eero 
with S = 0, SMc/i that ikt absolute amotmf of the difference f(x 4: 0^) 
— /'(*) of ^^ lolues of the function is less than an arbitrarily small 
assigned ntimbu # denohng a variable betivem the limits 1 and 0. 
Foi, theie is thus fixed ibout this point t, a legion + A m which the 
values of the tuuctiou diSez bj less thin the arbitiinly small qiantit} 
d fiom tht value at x and this excludes a sudden change of the 
function at that point The same condition can be stated in other 
words The vakie of the function foi a ditoimnate x must come as iht 
himttn^ vdkte both ftom f {£ -\-h) and liKeivise from f{x — h) uhen li 
becomes tnfimtely small, i e converges continuously to seto, p}ovided 
this limiting value ts completely ddetminate*), tor if so, by the funda 
mental propeity of a seiiea defining a limiting value theie will be a 
value of h foi which abs [f{x + h)-~f (x)] < d, ind this absolute 
amount ^lU lemam -mailer than d as h convei_,e5 to zeio 

Thus for instance 

sin (x + A) — sin a; = 2 sin (;+: ^7i) cos (« + 4 ^0- 
Here h can be determined so as to make the first factor on the right 
side arbitrarily small, for the sine is smaller than its argument, the 
second is finite for every x; accordingly by a suitable choice of h the 
product can always be made less than an assigned number d, whence it 
results that the sine is always a continuous function (see p. 30). 

-tJ, yet this function is not continuous 
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With the foregoing conaiderationa we have attained the conception 
of the Region or Neighbourhood of a point. By it we mean an 
arbitrarily small but still always finite interval at both sides of the 
value X. If a function satisfy the condition of continuity at each point 
of this interval, it is said to be continuous in this interval. 

When a function is everywhere continuous in the interval from a to 
h, and has the values f{x,) and f{x.^) for two points x^ and 3:^ of this 
interval, then, as x goes through the range of values from x^ to x^, 
the function also assumes each value which lies between f{Xf) and 
/■(a^j) at least once. In other words: the continuous function 
does not overleap any value intermediate between two va- 
lues which it assumes. 

We can reduce the proof of this proposition to that of a simpler 
ease. If m he a value which lies between /"(a;,) and /'(%), f {x^) being 
greater than f (a),) , then the function (p(x)^ f {x) — m is positive 
for X = Xi and negative for x = x.^. In order therefore to prove that 
f(x) ia equal to m for some point between x, and x^, we have to 
show that somewhere between sc, and x^, q> (x) is equal to 0. There- 
fore we have to prove the theorem: If a continuous function 
q> {x) ia positive for x ^ x^ and negative for x = x^, there 
is in the interval between x^ and Xo at least one point at 
which it is equal to 0. 

Let the length of the interval x^ •— x, be I. Construct its middle 
point Xj -\- ^l ^ x^. If at it the value of the function be zero, the 
theorem is already proved. If it be positive, let us take into con- 
sideration the interval from x^ to X2 within which the function changes 
its sign, but if negative, the interval from ic, to x^. Whichever case 
presents itself, the interval to be couaidered has the length ^l, and 
at its commencement which we may call a, and which is either 
«! or cCj, the function ia positive, at its termination /3i which is 
either x.^ or a^^, it is negative. Now let us again halve this interval 
and consider the first or the second half, according as the function 
is negative or positive for the new middle point. We have then an 
interval of the length ^l, in which the function changes sign; at 
its beginning «; the function is positive, at its end §0 negative. As 
we continue this process of halving, we either reach a point at which 
the value of the function is zero, and then the theorem is proved; or 
we can mark off intervals without limit, whose lengths decrease ever 
more and more and converge to zero, for these lengths are 

il, il, il ■ • ■ etc. 
The initial points as well as fhe terminal points of these intervals con- 
verge to a determinate limit and it is the same for both. For the 
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initial values «,, a^, «,, . . - never decrease, they are ever on the in- 
crease, though several in succession may remain equal; and all of them 
are less than (3,. From this it follows (§ 6) that they have a de- 
terminate limit. The final values ^ never increase and yet always 
remain greater than a, ; whence it follows that they likewise have a 
limit. Both limits are equal, because the difference /3„ — «„ converges 
to zero. Accordingly a value X, between a^, and x^, is defined as 
well by the series ffj, a^, . . . a„ . . as by the series j3,, (Sj, . , . ^„ . . . 
Now since <p («) is always positive and (p (j3) always negative, and 
since we can take n so large that X — k, and ^„ — X may be less 
than an arbitrarily small quantity /(, we must also have by the de- 
finition of continuity 

abs {<p {«„) — ip (X)] < (5 and abs [<p {/5„) — <p (X)J < 6 
if 3 denote an arbitrarily small quantity. But if the value of tp (X) 
were a positive quantity a, different from zero, we should have 

q> {X) - ^ (^^) > a since g>(,3„)<0; 
and if it were a negative quantity — a , different from zero , we 
should have 

<p (Kn) — fp (X) > a since rp (a„] > 0. 
In either case the condition of continuity would not be fulfilled; we 
must therefore have <p {X) =^ 0.*) 

Since a continuous function in the interval between a and b can 
never overleap a value lying between any two of its values, it is 
possible, unless the function is constant, to discover at every point a; 
a finite region -|- Ji, such that abs [f(x + li) — fi^o)] is equal to a 
certain prescribed quantity ^S while abs [_f(x + Qh) — fi^)] < i^- 
Now in the interval from a to & in which the function is to be con- 
tinuous, suppose such a region h found first for the point a and laid 
oft' from that point on the side towards b, let a ~\-- h ^ x^, then 
there is for the point Xi likewise such an interval h, , let x^ -\- h^ ■= x^ ; 
proceed now to find the interval h.^ for the point a;^ and thus advance 
to a point x.^ and so on. The ultimate result of this process must be, 
either, that we arrive at the point b, or, that we include it in an interval, 
by a finite number of iinite assignable intervals. For if, by reason 
of the intervals h ultimately sinking below any assignable limit, this 
process should go on infinitely and therefore should converge on some 
value X between a and h or on the value b, the condition of conti- 
nuity could not be satisfied for this point Xj since it requires that a 
finite interval can be assigned in which abs [f(x — A) — f(x')] < {-S. 

The smallest of the finite number of values h thus found, let us 



*) A. Harnaci; Lelu'buch A. Differential- iiud Integral rechnung von J. -A. Serret 
Vol. I p. 20—1. 1884. 
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call it h', is an interval for each point from a to 0, within whicli 
the absolute difference between values of the function is certainly 
smaller than 6. For, to an arbitrary point x occurring, ex, gr. in the 
Xi x-i interval, belongs x -{- li' which is at most in the x^ x^ interval; 
now we have 

abs [ fix,^ - f(x-)\ < id , abs if{x,) - ((xj] = \8 . 
absf/'C^j) — /■(a; + 7t')] < i^; therefore abs [/'Cic+A') — /'(a;)] < d. 
We have thus learned, that for each continuous function one finite 
vahie h can be assigned, which is sufficient for every x in the entire 
interval from a to b in order that it may satisfy the inequality 

tXT.±eh:)-f(x:)<d, 

d being given arbitrarily. In consequence of this property Heine (see 
note p. 1.4) has called every continuous function uniformly con- 
tinuous in its interval. 

We can also state the result of these investigations thus: Any 
continuous function accomplishes any assignable finite change in its 
value only within an assignable finite interval; whereas with a discon- 
tinuous function a finite change takes place in an arbitrarily small 
interval. 

17. Points at which the criterion of continuity is not satisfied 
are called points of discontinuity. Thus, for instance, the function 

e^-" +1 
is discontinuous for x = r, as we find in calculating its value by 
putting X = ci -\- h or X = a — h, and making h converge to zero. 
In the former case it is at once 



For 7i = this is a quotient whose numerator and denominator in- 
crease in a determinate manner beyond any assignable limit; yet it 
approximates to a fixed finite value. For as it can always be put 
equal to 



we see that ultimately the values of the second factor differ arbitrarily 
little from unity; because as fc decreases, e~"^ is always a decreasing 
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fraction. Determined thus, the value of the function for x = a is a. 
But if we put x = a -^ h, then 



e ^ +1 
hence for h = Q the limiting value is — a. Thus the function pro- 
ceeds up to the value — a, when x beginning from a lower value 
increases to a, but there the function suddenly leaps to the value -\- a 
for the same a; = a, henceforth it decreases continuously as x in- 
creases; accordingly, for a; = k the function ceases to be one-valued. 
The function ah-eady mentioned in § 13: y == G(a:) where by 
G{x) is meant the greatest integer contained in x, is when investigated 
for positive values up from x = 0, a, function everywhere oue-valued, 
which is discontinuous at the points x = 1, 2, S, . . ., the values 
of the function suddenly changing from to 1, from 1 to 2, and so 
on. At all other points, however near they lie to the points of discon- 
tinuity, the function is continuous; we can even say, that for each 
distinct value of x, we can choose h so as to make G(x-^Qh) 
— (7 (ic) < S, only the value of h falls below any assignable limit 
when X comes arbitrarily near a point of discontinuity: the continuity 
ceases to be uniform; but we cannot make G(^x — QJt) — G-(x) < 5 
when X is one of the points of discontinuity, whence we see that the 
first inequality alone is not a sufficient condition of continuity. 

But further, those points are also styled points of discontinuity, at 
which the value of the function itself exceeds any assignable limit, 
or at which it is quite indeterminate, because at such points also the 
condition of continuity as above formulated cannot be satisfied. For 
any given function it is then important to investigate, how it behaves 
in the neighbourhood of such a point- 
Thus, for instance, y = — — — will have a negative value for 
X <. a, whose amount becomes greater the more x approaches the 
value a; as soon as x has become a little greater than a, the amount 
becomes positive and arbitrarily great; here therefore there is a change 
from ~ oc to -j- CO, or 

f{a + ;») = ! and f{a — h) = — ^- 

present as h decreases, numerical series which become determinately 
(§ 9} positively and negatively infinite. The same thing can be seen, 
from the geometrical definition, to he the case with tan x when x 
^ ^7C. On the other hand, the function ?/ = ( _ ) is at both sides 
of a positively arbitrarily great. Continuity however is maintained for 
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every value of x which differs from a by an arbitrarily small yet 
finite quantity. 



The functions 



°(;^«) "»'' !'-i^(™tii)y 



behave quite indeterminately; for whereas in each case the first factor 
becomes arbitrarily great as x approximates to a, the second oscillates 
between — 1 and + 1 in the first case, between and + 1 in the 
other, so that from no point however close to a does 

«<• + '0 - -+» =i= (± i) »>■ T» (»" (±i))'' 

present a series with a determinate finite or infinite limiting value as h 
becomes infinitely small; neither the properties required in § 6 nor 
those in § 9 are here fulfilled. The oscillations of the sine function 
follow each other more rapidly the nearer x comes to a; if we assume 
X ^ a -}- Ji and ask: by how ranch h must be diminished in order that 
the inimber under the sine may change by 2 3r, it follows, putting 

that 

l + 2-jih ' 
therefore 

/i _;(=-- - . 

l + 2-nll 

Thus the difference, the interval in which the sine travels all through 
its values, is less than 2 srA'^, so that the number of oscillations 
of the sine in an arbitrarily small region near a is far beyond any 
assignable limit; for such a point, at which its argument becomes 
infinite, the sine (and likewise the cosine, tangent and cotangent) has 
no determinate value; therefore also it cannot bo called continuous at 
this point, although it is continuous at every point however near to it. 
If a continuous function do not become infinite for any value 
of X in an interval from a to h, then there is at least one value 
of a; in the interval or coinciding with either limit a or i, for which 
it assumes a greatest value (? assignable algebraically (that is, taking 
account of sign) and likewise one at which it assumes an algebrai- 
cally least value _g. This proposition is not self-evident. In case of 
a discontinuous function also, provided it remains finite, an upper 
(and a lower) limit can be assigned, beyond which the values of the 
function do not pass; moreover such limit can be fised so that the 
values of the function come arbitrarily near it at some point, and yet 
the value itself never be actually reached. If we consider, for in- 
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stance, the function j/ = a; in the interval from to 1 , but attribnte 
to it at a; = 1 the value y = instead of ^ = 1 , then it is a discon- 
tinuous function whose upper limit is the value 1 , which it however 
does not assume in the interval from to 1, both limits included. 

Foe a continuous function the proposition is proved as follows. 
If we break up the interval a to b into n parts d each = — -— , 
then, either, the function assumes the value of the upper limit fr it 
one of the points of division, or the value G is upper limit at least for 
one of these intervals; that is, the values of the function come aibi- 
trarily near this quantity; let this interval reach from -*„ to ir^+i. 
Choose ff'< 8 and subdivide this interval into parts d By this we 
either hit upon the point with the maximum value, or 6- is the upper 
limit in an interval x^,' to Xf,'+i. Now if we divide this interval 
further into portions 5"< d', and so on, we either aime bj a finite 
process at the point at which the maximum G is the value, or, we 
obtain an unlimited series of increasing quantities X/,, x^-, a:^" . . ., 
which defines a point X. The value of the continuous function f 
at this point X cannot difPer from the value G, since it is the pro- 
perty of a continuous function, that its value at each point can be 
derived as limiting value of neighbouring ones (§ 16); 

fW, /■(»,.■). /'(vO • • ■ 

is the series by which /(X) is defined. But the values of this series 
approach arbitrarily to the value G; consequently f{X) also cannot 
differ from G by a finite quantity, thus f{X) = G. 

In like manner we find a point at which the value of the function 
coincides with the lower limit g. 

IS, When a function is not resti-icted to a finite interval of x, 
it is always of importance to examine its behaviour when x becomes 
infinitely great, that is, to investigate what is the limiting value 
of the series of values of the function when formed for arbitrarily 
great values of x. The limiting value is either determinately finite, 
or determinately infinite, or in determinate, according to the properties 
exhibited by the series. 

The following are Examples: 
(k) Lim {a + |-)j,^^^^_j.^ = «, Litn (-^V_^^= (m > 0). 

(/3) Lim (x"'')^+-^ = + OD (»M > 0), Lim 'log (a;)^+,= co (ft > 1). 
(Lim {svD.x)foix=±i' is indeterminate but finite, 
(Lim [x sin 3;)fori=-i-» is unlimitedly indeterminate. 
19. Inasmuch as the continuity of a function on both sides of 
a point precludes the function from becoming infinitely great in the 
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neighbourhood of this point, the following general theorems regarding 
the property of continuity hold good: 

a) The algehraic sum of two or more continuous functions is itself 
a continuous function. 

For if (p(x) and ip(x) he continuous, it is always possible to discover 
an interval h, such that 

abs l>p(x±h)~<p(x)} <^S, abs [(/> (a: + /() -^ i/. (x)] <iS. 
From this it follows that 

abs {\(p(x±Ti)±i-{x±h)]- {<p{x)±ij{x)\]<d. 

b) The product of two or more continuous functions is itself a 
continuous function. 

For we have : abs [91 (x ^h) • t]; {x + Ji) — ip (x) • tp (a;)] 
= abs [(p{x±h){M^{x±h) — '>p{x)] +1!. [x] \q:(x±h)~q) (x) ] ]. 
If the interval k he so determined that 

abs [^ (x 4: /i.) — T/f (3;)] < s , abs lq> {x + ?(} — (p (x)'] < £, 
then we have: 
abs [<p (x + /[) i>{x + ]i) — (p {x) -ij} {x)] < B . abs [9) (« + ^) + ^ {x)'}. 
But since ^ and ^ have determinate upper limits in the neighbourhood 
of the point under consideration, by assuming 6 suitably and deter- 
mining Ji to correspond, this expression on the right can always be 
made smaller than any prescribed small number. 

c) The quotient of two continuous functions is itself a continuous 
function, except at points at which the denominator vanishes. 

For we have: 

A similar consideration to the last, shows that the numerator o£ this 
espressiou can be made as small as we please, while the denominator 
remains finite. 

But if in the fraction ^— ' the denominator converges to zero for 

ip{a:) 

X = a, the numerator remaining finite, the value of the quotient be- 
comes discontinuous, being either dcterminately infinite or indetermi- 
nate; though for every value of x however near this it is continuous. 
If the numerator also converges to zero, 'then by the value of 

^tSi for X ^ a is to be understood the limiting value of the series 
■>p[x) 

obtained when x travels through a continuous series of numbers having 

a for its limit. Whether the quotient then acquires a determinate 
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value and wliethei- it is a eontinuous function at this point also, i.e. 
whether it arrives at the same value by proeeediug from a; > a as from 
a; < a, must he decider! by particular methods. The most important 
case of this kind will be investigated in the following paragraphs; its 
solution gives rise to a general method. 

d) If M = ^(x) be a continuous function of a:, and y = f{u) a con- 
tinuous function of u, then y is also a continuous function of a:. 
For ill order that 

abs [fifp {X + h}) -fifp («))] may be < d, 
the change ot x must be so determined, that 

abs [q> (x-^ h) — ip(x)] < E, 
B denoting the quantity for which the condition 
abs [f (» + .) - f («)] < » 
is fulfilled for the continuous function f. But by hypothesis such a 
value h can be assigned. 

20. Having ascertained the remarkable points in the course of a 
tunction, we proceed to investigate a measure for the way in which the 
function changes its values when the independent variable is increased 
or diminished. The leading idea in the Differential Calculus is 
the establishment of this measure with full mathematical precision. 

Consider two values of the function, belonging to two difi^ereut values 
of the argument x and x + ^^, ^^ denoting here the increment of x 
must not bo mistaken for a product and can be chosen > or < 0; let 
the corresponding values of the function be denoted by y and y -\- Ay, 
then Ay can be calculated from the equation: 

(I) Ay-f{x + Ax)^f(x). 

The difference on the right assigns the magnitude of the change of y 
when the independent variable alters from the value x to the value 
x-j- Ax. 

Now this change of y has to be compared with that o? x. Keeping 
the value of A* unchanged, the intensity of the change in the value 
of the function becomes greater when the value of Ay is increased. 
On the other hand, for a given value of Ay the intensity of change 
would be increased if Ay were produced by a smaller Ax. Thus the 
quotient of differences 

(II) H- f" + \'l-n^' ,(A^>0) 

gives a measure for the average (mean) intensity of the change in the 
interval from x to x ■{- Ax. If the function changed uniformly in the 
interval, that is, if equal values of Ay always belonged to equal 
values of Aa;, then if the intensity, or rate, of change were that given 
in equation (II), through the entire interval Ax it would give rise to 
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the increase Aj/ in tlie function. The quotient of differences has the 
following properties: when /'is a continuous function of a:, the quotient 
of differences is for any finite value of A a: a continuous function of a;; 
but on the same hypothesis it is also, secondly, a continuous function 
of Ax, as long as we restrict ourselves to finite but arbitrarily sraaJ! 
values of Aic (see last Section). 

Wheu we now endeavour to determine a measure not for an 
arbitrary interval but for one point of the functioo, we have to raaJre 
the interval Aa; converge to zero. The quotient on the right then 
becomes infinitely great, unless its numerator f{x + Aa:) — f{x) also 
turn out to be a series of numbers having zero for a limit (§ 10). 
But assuming that this is the case, let us consider a point in whose 
immediate neighbourhood the unique function is continuous. What 
conditions must be fulfilled in order that for continually diminishing 
values of As;, the quotient 

nx±^x) - m 

Ax 
may present a continuous sequence of numbers tending to a deter- 
minate limiting value: zero, finite or infinitely great? We can 
again give espressiou to the fact that we are passing through the 
interval Aa: in the positive or negative sense, by considering Ax as 
a fixed arbitrarily small but finite value, and introducing a number 
which moves continuously between the limits — 1 and -|- 1 ; then our 
present object is, to find whether 

f(x + QA^)-f(a:) 

has a limiting value when converges from — t to zero, or from 
-^ 1 to zero. The limiting values, arising in the two cases, can be 
different; in the first we call the quotient of differences regressive, 
in the second, progressive. Upon the latter we fix our attention: 
The particular value zero will occur as limiting value, provided, 
for each number S however small, a number Ax can be found such 
that the absolute amount of this quotient for every value of is 
less than S. Here the numerator can change sign arbitrarily, i.e. 
^(j, _j_ OAc) can be at one time greater, at another less than f{x), 
01 m othei woids: Provided zero is the limiting value of the quotient 
of difleienceb, the function f{x) can, in the neighbourhood of the point x, 
oscillate arbitiarily many times about the axis of a;.*) 

'') The fluctuations (differences of ordinates), we remark only in paBsing, ai-e 
mfimtelj -mall of an order higher than the first (Chap. VII). Ite function x^ dn - 
his p\ s' 1)1 a' = the differential quotient (I, for we have 
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But if the limiting value is to be finite or determinately infinite, 
then since when + 1 ^ ^ the denominator of the quotient is 
only positive, the numerator must also always have one and the same 
sign for the same sign of 0, that is, 

fix -\- QAx) is either only > or only < f{x). 
The function only increases or only decreases in comparison with its 
value at x, while x increases; it no longer oscillates about this value 
in an arbitrarily small interval. This is a necessary condition. But 
the condition necessary and sufficient in order that the series of quo- 
tients of difl'erences may have a finite limiting value, by § 6 is that 

where 8 signifies an arbitrary number. 

This inequality can be interpreted as follows: 

Calling the numerical difference between the quotients oi differences 
belonging to the values Ax and QAx which depends on 0, a fluc- 
tuation of this quotient in the interval A j-, then this. iLequ,*lity asserts: 
The necessary and sufficient condition foi the existence of a determinate 
finite limiting value consists in this, that tor each number 6 however 
small, a finite interval Ax can be ascertained, m whith all fluctuations 
of the quotient of differences are less than d. 

But this amounts to saying, that in the neighbourhood 
of any point at which the quotient of differences of the 
continuous function has a determinate finite limiting value, 
the quotient of differences is not only a continuous function 
of Ax for every finite value of Ax, but retains this pro- 
perty also for Ax = 0. 

If the quotient of differences has the property of only increasing 
or of only decreasing in the interval Ax, while 6 converges to zero, 
in other words: if at any point an interval Ax can be found in which 
the quotient of differences has neither maxima nor minima, then as in the 
Theorem in § 6 (cf. § 9), it has a limitiug value either finite or deter- 
minately infinite. The possibility of no determinate limiting value arises 
accordingly only in case the quotient of differences at a point assumes 
in however small an interval infinitely many maxima and minima, 
whose differences cannot be arbitrarily diminished. In this case we no 
longer say that the quotient of differences is continuous inclusive of the 
va^ue Ax = 0. 

We can illustrate numerator and denominator of the above inequality 
geometrically as follows: 

Let us represent the function j/= f{x) under the figure of a polygon 
with any number of angles, interpreting the values oix and y as lengths 
in a rectangular system of Cartesian coordinates. Then we perceive: 
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T, At/ is the diiferenee of altitude of two points P and P,, belonging 

to the values x and x + Ax. 
il. The quotient of differences is equal to the trigonometric tangent 
of the angle, made by the chord PP, with the axis of abscissEe; 
it measures the mean intensity of rising. 

The equation of the chord, i. e. 
the right line passing through 
ihe points P and Pj, if § and 
7j signify the coordinates of any 
point on it, is 
V - f( (e) _ f{x-\-hx)~f ix) 




cissa X -\- QAx belong 



The point on this line with the 
abscissa ^ = x -j- QAx has the 
ordinate 

On the other hand, to the abs- 
the vertex of the polygon 
ij = f{x -\- QAx). 
Accordingly 

1 /-(a; + Ars) - /-(j) I - I /-(rt + e AiB) ^ /■ M I 
is equal to the difference MTT' — MTT = TTTT'. Let us call ^^ the 
measure of the deviation of the value of the function from the right 
line at this point in the interval Ax, then the above inequality, which 
includes the first mentioned condition, teaches us: 

The uecessaiy and sufficient condition that the quotient of diffe- 
rences may have a determinate finite limiting value, consists in it 
being possible to find an interval Ax, in which the deviations from 
the right line are in absolute amount less than any number d however 
small.*) 

Denoting by a' the angle which the chord FF, makes with the 
axis of abscissEe and likewise by a" that which PTT makes, we obtain 
another interpretation of the inequality: for 

tan«'- tan«"- f(^+A^l^L(^ _ f(^±^A^)jzm < § 
tan« — tan« _■ ^^ g^^ <.o, 

that is, it must be possible to find an interval Ax, in which the 
difi'erences of the angles cc', a" become arbitrarily small. The sides 
of the polygon then approach to a fixed limiting position and the 



*) Here the deviations lean contimially change sign , i. e. a curve can in any 
interval however email have infinitely many OBcillations relatively to its tangent. 
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function at this point can be imagined as a curve, i. e, a geo- 
metrical figure having a definite direction at the point, so that its 
course at this point is represented as approximately as we can wish 
by a determinate right line. Therefore in geometrical language the 
condition that there should be a limiting value, is no other than the 
condition that a function should admit of being represented by a 
curve. (§ 15,) 

On the other hand the limiting value becomes infinitely great in 
a determinate manner, when the measure of the deviation from tbe 
right line PP^ increases always positively or always negatively beyond 
any finite amount or tan«' becomes infinite (§ 24a), But it becomes 
completely indeterminate when the deviation is neither zero nor be- 
comes infinite in a determinate manner, but oscillates between different 
limits. 

This limiting value, defii%ed hy the equation: 

m 11= IS^'^*^^* »,„„. briefly: Li„ &±-l|=&'. 
called ihe Progressive Differential Quotient of the function at the point x, 
affords a measure for the change of the function at the point, when x 



lAkewise the Hegressive Biffereniial ( 
(Ilia) ^ = Lim-i^ — — ' 9A^ 'or more briefly: Lira '-^ — _^'^ " ' 

affords a measure for the change of the function at that point when x 
decreases. 

Instead of equations (HI), provided -— is finite, we can also 
write Ay _ ^ . 

Ax dx ' ' 
where S is precisely that difference between the terms of the series 
formed of the quotients of differences and the limiting value of that 
series which converges to zero with Ax. Here it is to be remarked, 
that since the quotient of differences is a continuous function of As;, 
a finite value of Aa; can always be found which shall satisfy this 
equation, however small but finite be the value of ^; but for a given 
S this has not to be the same Ax for all values of x in an interval 
(see next paragraph). The equation 

Ay=Ax-^^ + Ax-S 

then assertst the smaller we choose Ax, the more accurately is the 
correspooding change of the function equal to the product of the 
differentia! quotient by Ax, so that for the point itself this precisely 
denotes the measure of the increase. It is also evident, as stated at 
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the outset, that the existence of determinate finite values for the pro- 
gressive and regressive differential quotients, involves in itself always 
the condition of the continuity of the function at this point, 

21. According as the progressive differential quotient is positive 
or negative, the function increases or decreases for increasing values 
of X at this point; and according as the regressive differential quotient 
is positive or negative, the function decreases or increases when the 
values of x decrease. But the distinction of the progressive and the 
regressive differential quotient for a continuous function is unneceesary 
in most of the cases we shall have to consider for we have the theorem : 

2f in the neighhowhood on both sides of a point at which f{x) is 
continuous, an interval Ax can he found fot eiety talue of x, such 
that the differences of the quotients of diff&ences of this mtetval^ for- 
med for all values between and Ax, remain in abbolute amount 
smaller than an arbitrarily smaU number S, then the progiessive diffe- 
rential quotient is a contitmous fuwMon of x a/nd the valuo of the re- 
gressive one is identical with it. 

Taking an arbitrarily small hut finite quantity 7^, lay off the inter- 
val + A on the two sides of a point x; this represents the neigh- 
bourhood on the two sides. The condition then asserts, that the 
difference 

1 r fix + h-\-d.ic) — f{x±h) flx + vli'+e^a;) ^f(a:±,jh)l 

aDs 1^ ^ g^^ J 

remains smaller than d, while and ij assume all values from to 1. 
This condition can he put into the words: The quotient of diffe- 
rences is a continuous function of both variables h and 
Ax; or it is a uniformly continuous function of h and Ax. 
(For the reason of this phrase, see Chap. IX.) 

Let us denote the progressive differential quotient of f{x) at the 
point X by f^(x), then, by hypothesis, Ax can always be chosen so 
small that 

(1) /, (^ ± '0 - '-^'-^ 'i+J^i=-n?i±s + « *) . 

In like manner in consequence of the hypothesis of our theorem wo 
have for the differential quotient at the point x 

(2) f\ (x) = A^±'' + ^^^-A^ + ?') _j^ ^< ^j 

and it is of importance that in the entire interval the same value 
of A a; is sufficient for a given value of 6. Accordingly the amount 
of the difl'erence fj (x + h) — f (x) is also less than 2d, i. e. the pro- 
gressive differential quotient is continuous in the neighbourhood of 
the point x. 

To prove the second part of the statement, let us denote the re- 
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gressive differential quotient at the point ic hy f^ix), then it is defined 
by the equation: 

£ converging to zero along with 0, But if in equation (1) we make 
Aa; = h and then put for h in fj(x — h) the value QAx, we find: 
(4) ^,(^_Si,)_Otl«i_-_l^ + «„. 

From this we see, that the quotient 

f(x — eA x)- -fix) 

— ©A3! 

tends to a certain limit whose value is equal to f^ (x) , consequently 
/j(a;) = f\(x), as was to be proved,*) 

The theorem of the equality of the progressive with the regressive 
differential quotient still continues true at the points at which fi{a;) 
becomes positively or negatively infinite; provided both f^ix -~ tjh) 
and /'[{a; + ijA.) become infinitely great for ij = in the same sense. 
For, if, in whatever way -rj and converge to zero, both quotients 

eXw—^ ^"^ 0^ 

increase beyond any finite amount in the same sense, then putting 
ijfe ^ 0A« in the first quotient and t? = in the second, the quotients 
f(x)-f(x -eAx) fl^ + Aa;)-^(a!) 

e'Ax OAx 

also become determinately infinite in the same sense. Therefore the 
regressive differential quotient is identical with the progressive at the 
point X. 

When progressive and. regressive differential quotients of a function 
f(x) are thus identical, the function which expresses them is the first 
differential coefficient of the function, it has been named by Lagrange 
(1736—1813) the first derived of /"and is frequently denoted by /"(a:); 
for brevity we shall sometimes call the first derived function the first 
derivate.**) 

Therefore -.— = } = f'(x) are only different notations for one 
quantity, which is to be calculated from the formula: 
Um f-^^^f-"-'^ tor Ax = 0. 

■^) It Will be Been § lOO that no further hypotheBia is necessary in order to 
estabhsh the identity ofyi(ic) aaifi(x) than tbe oontiuuity both of the progressive 
diffeiential quotient and of tiie function {(cc). 

"*) lliH original mentions that tJie Gerijian name „Abloitung von f" is due 
to Cielle \ftei mncli of my work was printed off, the word "derivate" was 
anggested by my iriend Dr. Atkinson, and I have ventured to use it since. 

G. L. C. 
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The process of forming the differential quotient of y or its first 
differential coefficient, or the first derived of /'with respect to x is briefly 
called differentiation. 

33. It is however not oaly at each point that the values of the 
first derived of a function give us information respectiug the manner 
in which the function changes whether positively or negatively. We 
are now going to demonstrate that the change of value of the function, 
even in an interval of finite extent, can be measured by the valaes 
of the first derivate. With this purpose in view we first prove the 
Lemma: When a unique function, whose progressive differential quotient 
coincides with its regressive at each point within an interval from x^ a 
to X ==''b, has equal values at the extremities of this interval, there 
must he m the mterval at least one point at which the first derivate 
vanishes.*) For, either, the function has everywhere the same value, 
in which case it is constant and its differential quotient everywhere 
zero; or, the function attains in at least one point within the interval 
its greatest or its least value (§ 17). It may even undergo repeated 
alternations of increase and decrease, one such it must have in any 
case. If Xy he such a point, then in its immediate neighbourhood 
/■(ic, — h) — f(Xj) will have the same sign as f(x^ -f A) — fix,). 
Consequently the quotients 

f(x,-h)-r{a;,) . fi x, + A) - f {x,} 



differ in sign, however small we choose the value of h. Now these 
two quotients have the same limiting value, since by hypothesis the 
progressive differential quotient and the regressive are identical; but 
a positive and a negative series of numbers can have the same limit, 
only when this limit is zero, therefore at this point f{x,) = 0. 
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Note. This proof does not assume the continuity of /"(a;), so 
that f{x) may become infinite in the interval. Moreover it does not 
require f{x) to have everywhere a determinate value; the only 
assumption it makes is that 

Lim"-'-+^ ^'f + ""-'" -0 

at each point of the interval. 

This Lemma furnishes the proof of the following proposition 
■which is called the Theorem of the Mean Value: 

Jf fix) he a imique function in the interval from a to h, whose 
progressive and regressive differettHal quoiimtts are everywhere in the 
interval identical and determinate, then a value x^ can always he found 
between a and b suck that we shall have the quotient of differences 

"s^fi^ - nx,).') 

For if we denote the value of the quotient of ditferences by K, mo that: 

(/W-JTi) - |/Xo)-^a|-0, 
and form the function: 

,p(x)-{fQj)^Kb]^if{x)-Kx], 
then this alike with f{x) will be continuous, it will likewise have 
everywhere identical progressive and regressive differential quotients, 
and furthermore it will have the same value both for x = a and 
for X •= b. Hence there must in the interval be a value a^, which 
will make g)'(*i) '^ '-'■ 

But we have: 
-p'(:e,)=-^-r(^i) = *>> that is: if = G&).;^?.(»1 =/"(a;,). Q. E. D.«) 

*) Uao metric ally: 



13 an inteimediate 1 oint at which the tangent is parallel to the line joining 
stcem tiea Here ilso the case mij occui that the derivate becomes inflnite: 
8 tliat tlie tingent at a j omt in jaiillel to the axis of ordinates. 
'■] Thia jroof of the proposition whiLh is also called the theorem of KoUe 
-lil9) 19 due tc fceiiet (1819-y5) Toui" de caluuL difKrontiel et integral, 
, t. i, p. 17 seq. 
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42 Differential quotient of a function. Bk. I. cb. V. 

We can always express a value x^ situated between a and 6 by 
the formula: x^ = a -|- Q(6 — a), where 6 denotes a positive proper 
fraction, so that the equation of the Theorem of the Mean Value can 
also be written: 

fJ^^rm^f{^a + Q{h-a)). O<0<1. 

Scholium: If (he progressive and regressive differential Quotients 
vanish everywhere in the interval, the funcHon is continuous in this 
interval and its value constant. For then, if x denote any value in 
the interval 

^f^^ = f'{a +eix^a)) = 0, 

that is, f(x)^f{a). (See also Integra! Calculus. Bk. III. Chap. I.) 

33. We have already indicated above, that the differential quotient, 
alike with the quotient of differences, admits of a simple geometric 
meaning. For when, as A a; goes on decreasing, the quotient ^ 
tends to a determinate limiting value, and therefore (Fig. 2 § 20) the 
right line PP, approximates to a certain limiting position, this limiting 
line is called the tangent of the iigure represented by the function. 
We must regard this as the definition of the tangent to a continuous 
series of points defined by an equation: Limiting position of the 
secant drawn through two arbitrarily near points. We can 
accordingly deduce the following proposition III from II: 

III. The differential quotient is equal to the trigonometric tangent 
of the angle, which the touching hne (tangent) at the point P of the 
curve forms with the axis of abseissffi; it measures the inclination of 
the curve at this point to the axis of abscissEe. 

It will not be superfluous to remark, that a continuous series of 
points, which, we call a curve, can be defined in two different ways: 
Either geometrically by the mechanical contrivance of a motion (as 
the circle by rotation of a fixed length) or analytically by a functional 
equation between the coordinates. In both cases proof must be produced 
that there is such a thing as a tangent, and it is only when this is 
forthcoming that the figure may in strictness he called a curve. In 
case of the geometric definition, kinematics proves there is a tangent, 
in case of the analytic, the proof is contained in the fact that the 
function admits of differentiation. 

When the differential quotient is calculated, the problem of 
constructing the tangent at any point of any curve whose equation is 
given, is solved. This problem originated the Differential Calculus, of 
which Leibnitz (1646^1716) first published the principles in the very 
notations still employed, in the year 1684, in an essay of a few pages: 
"Nova methodus pro maximis et minimis, itemqne tangentibus, quae 
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§ 22— a4. Geometrical and hiatoi'ioal notes. 43 

nec fractas nee irrationales quantitates moratur, et singulare pro illis 
calculi genua", which appsared in the periodical : Acta Bruditorum, at 
Leipzig. Independently of him, Newton*) had already for years in 
working mechanical prohlems been developing the same method of 
calculation, as he has repeatedly mentioned and intimated in his letters 
from about 1670 until lie ultimately published it in 1687 in his great 
work "Philosophiae naturahs principia mathematica" as quite an in- 
dispensable resource for inveatigatii)g continuously measurable phe- 
nomena**) Here Newton introduced the conception of a variable, 
considering the independent variable as measure of the time. At the 
very outset he etablishes the theorem for calculation with continuous 
variables: "Quantities which in a given time continualiy approach 
to equality and which before the end of that time can come nearer 
to each other than any assigned quantity, are finally equal to each 
another", which is only a different statement of our fundamental pro- 
position of § 5. Taking the distance described by a movable point as 
the dependent variable, the quotient of differences assigns the mean 
velocity with which a finite length is described, while the differential 
quotient measures the actual velocity at each point. 

24. Geometrical corollaries and illustrations. 

a) If the differential quotient for a finite value of x and of ;/ is 
determinateiy infinite, then the tangent of the curve at this point is 
parallel to the asis of ordinates. 

b) At points at which the progressive and regressive differential 
quotients differ, the direction of the tangent changes discontinuously ; 
the curve forms an angle. 

c) At points at which the function undergoes a break, provided 
it is continuous towards one side, it can also possess a differential 
quotient towards this side. 

d) If the function f{x) he determinateiy infmite for a finite value 



*) Tlie inBcription on Newton's monument in Westrainater Aljtiey runs: 
H. a B. ISAACUS NEWTONUS, EQUES AUR.ATUS, QUI ANIMI VI PEOPB 
DIVINA PLANBTARUM MOTUS PIGURAS, OOMETARnM SBMITAS, OCEA- 
NIQUB AESTUS, SUA MATHESI FACEM PRAEPEEENTE, PRIMUS DEMON- 
STBAVIT. RADIORUM LUCIS DISSIMILITUDINBS, COLOKUMQUB INDE 
NASCENTIUM PROPRIETATES , QUAS NEMO ANTE TEL SUSPICATUS 
EEAT, PERVESTIGAVIT. NATUEAE, ANTIQUITATIS, S. SCRIPTUBAE SEDU- 
LUS, SAGAX, FIDUS INTERPEES DEI 0. M. MAIESTATEM PHIL080PHIA 
APERUIT, EVANGELII SIMPLICITATEM MOEIEUS BXPEES8IT. SIBI GRA- 
TULBNTUR MORTALES TALE TANTUMQUE EXTITISSE HUMANI GENEEIS 
DEGUS. 

NatuB XXV. Decemb. A. D. MDCSLIt ; ohiit Martii SS MDCCXSVI. {N, S. 1727,) 
**) The treatise: Methodus fluxjonum et serierum inflnitarum, ctini ejusdem 
applicatione ad mirvurum geonieti'iam, first appeared in 1736 after his death. 
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44 Differential quotient of a function. Bk. 1 cli. V. 

a of X, then the limiting value of f'(x) is also determinately infinite 
for X ^ a, on (lie hypothesis that there is any determinate limiting 
value of fix). 

For, by the Theorem of the Mean Value, we have the equation : 
f(a~§ -\-h) — f {a — S) = hf\a ~ 8 -\- Qh) 
in which we first suppose A smaller than d. But if we let h become 
arbitrarily nearly equal to S , the left side becomes arbitrarily great, 
hence there are points in the interval from a — d to a at which f'{x) 
also becomes arbitrarily great; if then f{x) have any definite limit, 
this limit can only be infinitely great, 

Jf the function f(x) he determinateh/ infmUely great for a; = oo, 
then for every finite value of h, 

Lim fC + 'l^n ^^LMlM 

provided the first quotient have any determinate finite limiting value for 
any finite value of h."*). 

For the proof we assume A > 0, and let f{x) become positively 
or negatively infinite. Calling the limiting value of the left side K, 
X can be chosen so great that 

A — e < —j^ < A -[- £, 

or: Eh—eh< f{x + A) — f{x) <Kh+ ah; 
where s denotes a quantity, which is arbitrarily small by our choice 
of X. Putting for 3; the values x, x -\-h, x-\-2h, . . . x -\~ n — ih , 
and adding the successive inequalities, we find: 

nKh — nsh < fix + nh)—f(x) < nKh + nsh, or, 

In order that the argument of the function may become infinite iu 
the most general manner, let us put x = x,, -{- ph, where < a;,, < A, 
and ^ is a positive integer, then as soon as we have fixed p large 
enough, we have for all values of x^,, 



IL — S< -f^- <. ii_ ^ £ . 

If we call X(^ -\- p -\- nh =' i , « A = I — x^ — ph; thus we have 



fm-fC.+r'ci _ 



*) Caucby: Coura d'Analyse alg^br. Cap. 2. The proposition has beea ei- 
tended hy Stolz: tber die Grenzwerthe der Quotienten, Math. Ann. Vol. Xl¥. XV. 
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g 24, When the faoction is infinite, its derived ia infinite. 45 

Now if we make n increase arbitrarily, | also increases without limit, 
thus as Xf, can be fixed arbitrarily, the argument ^ can assume any 



and 1 that of 7^- — -r , we have also 

and because t can from the outset be chosen arbitrarily small, we 
must have the limiting value K= Lim —r^ . 

The theorem also continues to hold, when the quotient 
f(x + ]i)-_fM 
~ h 
becomes determinately infinite for x^oo. For if we can choose x 
so large, that the quotient continues larger than an arbitrary number 
K, it follows by the same process: 
f{m-\-nK)-f {x) ^ ^ 

that is Lim ^-^> K. 

But we can replace the quotient fS^+J'li^IPl (§ 22) by the value 
of the derived f(s:-}'Qh), if f(x) is a continuous function for all 
finite values of x and its derived is also everywhere determinate. 

Therefore the inequality X— s < f'(x -j- Qh) < K + e holds true 
for arbitrarily great values of x, but from this it follows: If the 
function f (x) has <my determinate limit for ariitrarilp increasing va- 
lues of X, this limit must likewise he equal to K. 

(1) / W = log W. Lim L»£(?i+«^lmW _ ± Li„. log (1 + A) „ 
for a:^co. Therefore we have also Lim -■ r— 0. In next Chapter 
it will be shown , that the derived of the logarithm is — , so that in 
fact also Lim f {x) = 0. 

(2) f{x) = a^. Lim -^^^^^ = -^^^ Lim «- = 00 («>!}; 
consequently we have also Lim — ^ 00 for x = 00. 

(3) f{x) '= X -\ sin {x'^) is determinately infinite for x = oa. 



y Google 



46 Differential (juotient of a function. Bk. I. cli. V, 

we have also Lim '- ' ^ 1 . But on the other haud f {x)^l— ^ sin (x') 
-{- 2 cos {x-) is for x = ao indeterminate. 

e) If f{x) has a finite determinate value for x = <x>, then for 
every finite value of h we have Lim j ^ h~ \ '^^' '^'^^^ '^ ^^^^ 

to be regarded as value of the differential quotient at a: = oo; it coin- 
cides with the value Lim [f(x)} provided f'{^) changes continuously 
to any determinate limiting value for a: = oo aa a: increases arbitrarily. 

f) The difi'erential quotient can be indeterminate at all points of 
a continuous function, if ex. gr. the difference [{x-j- Ax) — f{x) every- 
where in an arbitrarily small interval A* undergo change of sign 

without the amount of the quotient of differences a 

converging to zero; this is a case, in which the function cannot be 
flsed under the figure of a curve, on the basis of the formula in 
accordance with which it is to be calculated, because the interpolation 
of iQore and more points ultimately displaces the angles oi the polygon 
immeasurably, whereas it displaces tlie sides measurably. 

g) In representing to ourselves how motion goes on in nature we 
presuppose no discontinuities, neither in regard to the places which the 
moving body occupies, nor in regard to the direction and magnitude 
of its motion. In some phenomena however (under the influence of 
blows) the changes are effected so rapidly, that we look upon the pro- 
cess as a discontinuous one. 

The Continuity of a function was first precisely defined by 
Oauchy (1789—1857) (Analyse Algebr. 1821), to him we owe the 
foundation of the differential calculus generally in the form in which 
it is here developed, Riemann (1826 — 1866} directed attention to 
continuous functions which have within an arbitrarily small interval 
infinitely many points at which the progressive and the regressive 
differential quotients are indeterminate. Weierstrass was the first 
who gave an example of a continuous fimetion having in no point 
a determinate value of the differential quotient either progressive or 
regressive (communicated in a paper of Du Bois-Reymond Journ. 
f. Math. Vol. 79). Here the function appears as limit of a series of 
functions, whose values ultimately differ arbitrarily little, while the 
same is not true tor the values of the differential quotients which on 
the contrary vary between arbitrarily great positive and arbitrarily 
great negative values. 



y Google 



Sixth Chapter. 

Differentiation of the simplest funotiona. 
26. We shall first treat the functions defined in Chapter IV which 
are styled Elementary functions. 

I. The algebraic, whose simpleat type is )/ = a:'", and whose most 
general is the implicit function; J.,, y+A^^-'-f- ...-4„_i s/-|-^„=0 
in which A^, A^, ... A^ are polynomials of any degree in x. 
II. The transcendental, namely: 

a) the exponential function y ^^ a" and the trigonometric: sin a;, 
cosa;, tana;, cota:; 

b) the logarithm y ^''ioga: and the circular functions: sin~'a;, 
cos-'iK, tan— ^a:, eot-^a;. 

The immediate aim of our investigation is: from the properties of 
these functions to obtain convenient methods of calculating them; for, 
with the exception of tho ease y ^^ x^ for m a positive or negative 
integer, in which the calculation is accomplished by carrying out 
an m-fold multiplication, we have been hitherto put off with the process 
of inclusion within limits or geometrical considerations. The most 
comprehensive problem is presented by the implicit algebraic function, 
but its treatment must he preceded by further general considerations. 

26. For the formation of first differential quotients whether with 
positive or negative values of Ax, the following General Rules are 
required. 

1) The differential quotient of a constant is equal to zero. 

2) The differential quotient of a sum of functions is equal to the 
sum of the differential quotients of the summands, For if 

s-AW + ftW + fiW + •■■ + /■-(«), 

then 

S + As-f,(x + Art) + /; (rr + A,r) + . . ■ + [.(r- + Ax), 
therefore : 

A J, f, ( x + Ax )~ f, (X) , f,{a: + Ac,)~M x) fJ_x + Ax)-fJ_x) ^ 

Ax"' Ax' '^ Aic -p.. -T ^^ 

Hence it follows by Proposition I § 10 that: 

■+f,:{x) Q. E. D. 
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48 Differentiation. Ek. I. ijh. YI. 

Scholium: Two functions, which differ only by an additive con- 
stant, liave the values of the differential quotient the same. 
3) If y be the product of two functions : y = rp {x) ■ ip {x) 

4V, «„ ^ — T (^ + Aa^) ■ ^ (j: + Ax) - <p jx) - ■<|^ {x ) 

^"^^ Ax~ A3! 

The expression on the right can be replaced for every finite Ax by 

y (J + Ax) ti^ii^J^tW + ^(^) 1.(» + A,j- ^i»)^ 

If <p and ip be continuous and their differential quotients have deter- 
minate values at the point x, then, hy Theorem II § 10 when Ax 
converges to zero: 

g _ iw-y*) 1 = ^ (^, ^. (X) + * w y' («). 

This law can be extended to any definite number of factors. 

Scholium: If a signify a constant, when y = af{x) we have 



dy^ ^da fjx^ 



■rw- 



4) If y^-^^i)! then at a point where ip («) does not vanish, 

Aw == ?_(^+A^ _ ?_(?* ^ ^ (a?) <p (X + Ax) ~ ip { x) W ( a: + Aa) 
" liiix + Ax) ^ {x) 'tp (x) ^ {x + Ax) 

I _ (^ (^) ^J^+^z:? W _ ^ (^J ^M^+^-tM): ^(^) ^(a;+ A3:) 



da; WC^!))' 

Scholium: If j, = 4^, then ^ = - ^^!%- 

5) It is convenient to consider more composite functions in the 
form '■ y = f (m), where u itself denotes a function of x. 

For instance y = {ax-\-'b'f may be treated under the form: 
y = M"*, where m = a a: + & j or y = sin (a;') as j/ = sin (m), where w = 3;^. 

In such a cj^e when x increases by Aa: it first makes u change; 
let the amount of the change be A u, then : Ay = f{u -\- Am) — f{u) 

therefor. A, _ f (. + A.) - fW „ f f^A^-::fM . A. . 
Ax AiS Am Aa; 

If M be a continuous function of x, and f a continuous function of M, 
then when Ax becomes zero, Am also converges to zero (§ ]yd). 
The limiting value of the first factor on the right is, as its form 
shows, simply the first derived of the function f taken with respect 
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§ 26. 27. General Eules. 49 

to w as indepeEclent variable, while that of the second is the differential 
quotient of u with respect to x. Consequently we have: 
dp ^ (?/■(«) du 

27. Explicit rational algebraic functions. 

1) y = af. 

a) m a positive integer. — oo < 3; < + oo. 

For a; = + 00, the absolute value of the function also becomes 
infinitely great; for every finite value of Xj the function is continuous and 
has a differential quotient finite in value; for, multiplying out we find 

±Afl; °^ ±Ax 

The coefficients C are finite, depending on x and m, not on A a:; their 
further determination does not here concern us. Accordingly: 

Lim '■'^-^^'[~''^' = mx"'-'- -\- Cj Lim (+ Ax) + G, Lim {+ Aa^)^ - ■ - 
hCmLim(+ Aa:)™-', 

therefore for Ax = 0; ^^ = -~— = 7na?"-^, in particular: -/'-■ = 1. 
The value Lim (inx"'~^) for a: = 00 is to be regarded as ditferential 
quotient at the point x =^ cc. 

P) m a, negative integer. — 00 < x < -|- =»> 

For a;=0, the absolute value of the function is infinite. By § 26 Rule 4); 

dx dx a-2^ 3i^<+i 

The differential quotient likewise is 00 for x = 0, while for 3; ^= + 00 
both the function y and its differential quotient converge to zero. 

2) y = ttpX" + a, a:"'-' + a-^x'"-^ ■ ■ ■ + a^-iX -|- «^ = A, 
m integer > 0. For every finite value of x we have by ftulea 2) and 3) : 



independent by Rule 1) of the additive constant a^- 

If y =^ {ax -j- if = M™, M == aa^ + 6, we calculate the differential 
quotient by Rule 5) without having to expand the binomial: 
dv dv dvr „ , , 1 7 ^„. 1 

dai du dx \ \ ' 

3) The fractional rational function: 

= "0^ ^+ "1'^""' + ■ ■ ■ + «,,^y^ + % _ A 
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50 Differentiation. Bit. I. ch. VT. 

m and n integer > 0. For every finite value of x for which B does 
not vanish we have : 

ay ax ax 

tx ^ W' 

Application of differentiation to the deduction of the Binomial 
Theorem for positive integer exponents: 
If we put: 

(1) (1 + ai)'"- = 1 + C,3^ + C.x' + Cja^s H G^x"' 

and endeavour to determine each C of this equation, we obtain by 
differentiation : 

(2) m(l -(- tc)'"- 1 = C'l -\'2G^x-\-%0^x''^ mC^iff'-^. 

Multiplying botli sides by 1 + a: and arranging by powers of x^ we get : 

(3) ~m[\ + xf = Ci + a;(2Cj + C,) + ^-{pC^ + 2C,) H 

+ x-^-^{mC„, + mT"~TC'»_i) + x'-^mCr,.- 
Comparing the right sides of equations (1) and (3) we find: 
m = Cj, mC, =2C5+ C,, mO^ = SG'g + 20,, ■■ ■ 
. . . jmC'„_i = mC„, + (m — l)0«-i, 
or: 

0):= "^ J i"L"^ '""^"'~ ~r ' ^ ^^^ ag ^^e shall frequently denote 

the Binomial Coefficients, adopting also the symbol I* = 1 ■2-5---]c, 
in words: factorial k. 

38. The Exponential function. 

p = a", {a > 0, — CO < ic < + oo). 
When a > 1 , for a: = -|- oo the function becomes positively infinite, 
but for ic = — CO it is 0; when a < 1, for « = -}- oo, j/ = 0, for 
X = — oo the function becomes positively infinite. For all the values 
of X, y has a positive value and haa a differential quotient. We have 

^ = Lim g "+''" - "" = a" Lim ^'^^ (Ax $ 0), 
dee Ax Ax '- ^ " 

and it has to be shown that the multiplier of oP approximates to a 

determinate finite limiting value when Ax converges to zero. It 

fulfils the conditiou that its numerator and denominator have zero as 

limit. To facilitate calculation let us put: 

a^^— ] =d, Aa; = ''log(l + ^), 

then we have — = = ^ : 

A^ "log(i + d) ) i:)' 

"logi(i + 5)M 
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§ 37. 98, Algebraic and exponential functions. 51 

d is positively arbitrarily small when either a> 1 and Aa; > 0, 
or « < 1 and Ax < 0, in other cases negatively arbitrarily small. 
Writiijs -, = m the expression becomes = — ■ Now 

we have to show, that (l -j ) has a determinate finite limiting 

value, when m passes through the continuous series of numbers or 
through any discontinuous series of numbers whose limiting value 
exceeds any finite amount. At the same time we have to conduct the 
investigation in a way which shall present a convenient method of 
calculating this value. 

Let us first make m pass through the series of positive integers, 
then by the binomial theorem as just proved, we have always: 

(l+±)"^l+„..-;- + t<|l^«(i)'+"'»f:li^B(i)' + ---+i! 

- i; + II. 

Where by £„ we signify the sum of the first n terras, by R the sum of 
the last terms reckoned on from the (n + 1), so that tlierefore: 

-K -(i-i)(i --,!.)■ ■■(i-"i^')k--« 

S embracing the mj -f- i ~ m terms 

*'-' +(i -:)„;,+ (1 - -:) (• - ^) (,+t]Wi.) + ■ ■ ■ 

If m be a considerable number, we can approximate arbitrarily to the 
value of (l -\- —J by merely summing the first n terms of the series, 
n being a number much smaller than m. 

For, the differences 1 ^ — , 1 — — , etc. in the expressions for R 
and S being positive proper fractions, the remainder R is certainly 
smaller than the value obtained when we put in it unity for each of 
these dift'erences; and a fortiori 
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52' Diffei-eiitiatioTi. Bk. I, ch. VI 

Therefore we ha.ve for eacli positive integer m: 

(' + D" - «■ + (< E "ir'-) . (>•<>» + 1) ■ 

Now rutaioing the value of n, and increasing m contiimally, the frac- 
tions — , -, - ■ ■ which occur in S^ will approach always nearer 

to zero, i. e. Z-„ approximates to the limiting value 

The error incurred by equating to this sum the value for m = fx> 

of ^1 -| ) is positive and less than -.^■- --, therefore we can 

choose n so as to make it arbitrarily small. We thus obtain for m 
arbitrarily great: 

+ i)"-i+ f + E+i+4+if + ■■■ " '"'■"> 

that is, the more terms of this sum we add up, the nearer ^ve ap- 
proximate to a determinate value which is denoted by e ; we find 
e = 2,7182818284.. . 
The number e is irrational, i, e. is expressed completely neitlier 
by a decimal fraction with a finite number of places, nor by a periodic 
decimal. The proof of this is simple: If we had e=-r-, where a 
and h are integers, we should find by multiplying tlie series by |^: 
.|j;_^-2it+|- + | + ...+ l + i^+ „^„',,^„ + ... 

or, bringing all integer values on the right over to the left, and then 
denoting the integer number on the left by (?: 

^ °= b+i + (6+ iTisTaj ^ "^ F+i + (R-i)' + ■ " ■ 

This equation is impossible, for the value of the right side is smaller 
than -#-, therefore is a proper fraction.**) 

If m be not an integer, but its value is included between the 
numbers n and n ~{- 1 : 

,, + „ _ m _ » + 1 - I?, 
then 

therefore 

*) Euler; lutroductio in analjsiu infiait. I § 115. 
**) Hermite iias proved further, that the number e cannot be a root of a 
algebraic equation of any degree witli rations^ coefficients, Sar la fonction e; 
ponentielle. Paris 1874. 
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§ 28. 29. The exponential function. 53 

o+i)">(i+ir>(i+,4,)". 

or 

(' + i)' ■ (1 + il)- > (1 + ir)- > f 1 + .i J" ■ (1 + d^i)'- 

Here both {^l -j j and (l -) — -j--) converge to tbe value e, while 

aa 5i ioereases arbitrarily [l -\ j and (l -J — -p-j ha.ve unity for 

their limit; thus superior aud inferior limit approximate to the value e, 
therefore for the present m we also have 

Li,„(l+i)"'_e. 

Lastly if )Ji is negative, let us put m == — ff; then 

Therefore 

Lim (l + -,;)" - K» (l + - z-J"' . Lim (l + ^^J - e - 1. 
Accordingly in whatever way Ax may converge to zero we have 
'-,- ==^ a^' ■ Lini — -, = a^ ■ Lim ■ — - - 

lience we see that the exponential function whose base is e, has the 
]iroperty of reproducing itself unaltered by differentiation j we have 

The irrational number e is called the base of the natural system of 
logarithms; the logarithm relative to this base is briefly denoted by I. 
29. The trigonometric functions. 

b) !/ =■ sin X. P) y ^ cos X. 
Although we have as yet defined these functions only geometrically 
for all finite values of x, the propositions in § 32 enable us to assign 
the derived function of each: 

fn^ „\ ^y — sin(aT + A^)-Bma; _ 2sio jAa^ cos (■■b + jA^) 
^"^ "^ Aa^ ~ Ax ~ Ax 

^ = Lim ^i^ Lim cos (x + AAx) = cos x. 
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Difterentiation, Bk. T oL VI. 
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All these four as well as their derived functions are quite indeter- 
minate for infinite values of x. For all arguments for which the last 
two functions are infinite their derived functions are also infinite. 

30. Inverse functions: the logarithm and the circular 
functions. 

General rule: H x = f{y), and ^ =/"(j/) is calculated, then 
if ij = ^ {x) express the inverse function (§ 13), it follows that 

We calculate therefore ^'(a;) for any value of x, by substituting in the 
expression -^,--- the corresponding value of)/; points at which /"(?/) = 0, 
demand special attention. 

1. J/ = "log X. Inverse function: cc = a^. (a > 0). 

dy _^ \ I ! ' ni 

dx ijC ; ,,, a: la :s ' ° ' 

2, a) y = sin-^ x. Inverse function : 3; ^ sin ij. 

dy ^ _i_ ^ t 
dx cosy ^ yv^i' 

The square root is positive because by our convention (§ 13j 

— — ^ 2/ ^ + Y *'i^'"^foi'^ 1^0^ y ^ . 

/3) )/ =z cos'-'a;. Inverse function: a; = cos^, 

^y =, — ^ == __^ 

(L^ Bin J, _.yr-^' 

The square root is positive because 

< i/ < ;r therefore siu «/ ^ 0. 
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§ 39 — 31. Trigonometvio anct inverse functions. 55 

J-) y = tan -'■X. Inverse function: x = iany. 

^ = (c„s,). = -j^. 
S) y = cot~^3;. Inverse fanctiou x -■= co^y. 

g (sinj,)^ ^— . 

In the first two of these functions the values +1, at which the 
definition of the functions ceases, form special points; in the last two, 
X goes from — oo to + co and the functions as well as their 
differential quotients are finite even at these limits. 

The logarithm and the circular functions are transcendental; but 
their differential quotients are algebraic. 

31. But lastly we can also i3iffereutiate the explicit irrational 
function: y ^ 3f\ where m means any real number, but x is 
positive, and the root is always taken positively. For, taking the 
natural logarithm of both sides of the equation y = x"' we have 
((y) ^ ml{x). If we differentiate this equation, remembering that 
y on the left side is a function of x, it follows by Rule 5) § 26 that 

— 3— = -- , therefore: j-^ = - w = mr,"'~': 
y ax a; ' ax a' ■' 

We have accordingly for every- value of m the equation: 

dx dx —^'^^ ' \y -^ '-''■ 

It is to be noticed, that when < m < 1 the function is finite for 
a: = 0, and iniinitely great for x ^ -\- 00, whereas its differential 
quotient is infinitely great at the former point and at the latter finite 
and equal to zero. For the Implicit Algebraic Function see Chap. S. 
For all functions dealt with in this Ohapter it is indifferent 
whether As: is chosen positive or negative; i. e. all these functions 
have at each point the value of the progressive differential quotient 
equal to that of the regressive; esich has a derived function or derivate. 
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Seventh Chapter. 

Successive differentiation of explicit functions. Different orders 
of infinitely small quantities. 
32. The first derivate of a function or its first differential quotient, 
as the calculations of last Chapter show, is itself again a function of 
the variable. For the linear function i/ =^ ax -\- h, the progressire 
and regressive differential quotient ^ = a is constant, and this is the 
only continuous function with a constant differential quotient, as we shall 
prove in Chap. I of the Integral Calculus. Accordingly wnder similar 
hypotheses further functions can be derived by the same rules from 
each new derived function and their calculation always results from 
what precedes. Let if = f{x) denote the original function, further lot 

uniquely and determinately for each value of x, denote its first derivate, 
then provided the function f'{a;) is continuous and ■ ■• x ~ 
approximates to a determinate limiting value for Ax = 0, we obtain, 

the second derivate: f'{^) = Lim /L for ^^ = 0, 

the third derivate: fix) = Lim ^''"^ + ^^l ^ ^''^' for A a; ^ 0, etc.. 

These higher derivates as well as the first can be immediately 
defined by means of the original function. For we have for Aa^^O 

nx + h) = him ».» + '> + A»)-«» +j) _ 
therefore : 

rW - Lim,^. Lim^^. "" + >■ + A.) ^ /(. + ,., ^- », +_A.UJ^ , 

But this double limit can be determined more simply. We saw § 22 
by the Theorem of the Mean Value, that for a continuous function 

^{x), the quotient of differences —^ ^- — ^^ can be always put 

equal to the value of the derivate formed for a point x -{- QAx within 
the interval from « to a: + Ax, where denotes a number between 
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§ 32. Tho higher derivates. 57 

and 1, on the hypothesis that there exists for the entire interval a 
derived function (progressive identical with regressive). This being 
the case with the continuous function tp (x) == f(x + A) — f(x) , we 
can put: 

thus 

fix^h+A x)-f(x+Ax)^f(x+h)+f(x) , r{x+h+B&x )- r(x+QA ^) 
hA.x h 

If we first make A,r, and then h converge to zero, we obtain the value 
f"(x). Now we are going to show, that h may always be assumed 
equal to Ax in the quotient on the left, and thus k and Ax be made 
to vanish sim\iltaneously. From substituting 7i = Aa;, it follows that: 
/(a^ + aAa;)- Sf(^ + Ax) + f^x] ^ f(s: + A^ + Aa;) - /'[fc + A a;) 
{A:^)' ' A^ 

Let us give the right side the form: 

r(^ + A^ + eAx)-r{x) ,, , o. _ r{ ^ + QA x)-f'(x) 

Now we can choose Ax so small that 

r(x + A^(i + &)) - fix) , nx + QA x)^r(^) 

A^(r+"e) ^"'^ 0A^ 

shall each differ from the value f\x) by less than the arbitrarily small 
quantity d. Accordingly: 

f, , + ,A^-^ ^^tA^+r^ = r(.) + « 3^6), 

hence the new detinition is: f'^x) = Lim fi-+^^-)_-y(^±^^m . 

In like manner, provided f"{x) remains the same when taken 
progressively and regreasively and has a determinate derivate f"(x), 
we obtain for fix) the definition by means of the original function: 

f"'{'r\ ^ I im /I^±3^^inl/(^ + 2A x) + !if(^ + Ax]~f(^) 
I \x) '^ Liim ^^^p , 

because: /"'(^) = 

Lim Lim m+h+2Ax)~ 2f {x+k+Au:)+n's+h) A^+2A!c)-2 f[x+ Ax]-}-fix) 
_ .. 

For, by the Theorem of the Mean Value this last quotient is equal to 
f ix + ''Ax + Q?i) - ^f{x + Aic + 0/1) + {\x -{- 0ft} 
(Aai)» 
and also equal to 

f{x±^Ax^■^Ax±^]A^r{^_7^Ax^^^ .^ <- ^ ^ n 

Ax " " ' y' "^ '!'< ■"> 
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differentiation of esplieit funetions, Bli. 1. ch. VH. 

We perceive as before, that li may be aasamed = Aic and then both 
made simultaneously converge to zero. 

There is no difficulty in establishing the general equation of this 
kind, by showing that when it holds for n it is also true for » -|- 1- 

33. These new expressions are no doubt less suited for calculating 
the higher differential quotients than those first formed; but they exhibit 
them to us as limiting values of higher quotients of differences, which 
is of importance for the theory. Euler (1707—1783) in his work: 
Institutiones calculi differentialis , Petrop. 1755, gave the following 
convenient exposition of this. If we denote the values of the function 
y = f{x) which belong to the arguments 

X, X -\- Ax, X -\- 2 Ax, . . . X -\- nAx, respectively by 

y, y,, y2> ■ ■■ P", 

we get the series of first differences: 

f/i — */ = Ap, 2/j— i/i = A?/|, 2/3 —y^ = Ay^, . . . y„ — y^^i = Ay^^i. 

From these we form the series of second differences: 

Aij,~ Ay^A'y, Ay^ — Ay, = A'y,, Ay.^— Ay^^ Ahj.,, . . . 
A»/„-, — Aj/^_a = AHjr^^i, 
and so of third differences: 
Ahj^ — A^ = A^, Ahj.^ — A^i/, = A^*/,, A% — A'^y^ = A:%, . . . 

A'y„-2 — A2?/._s = AV„_3, 
on to the w* difference: 

A"-'*/, — A"-'v/ = A")/. 
If we propose to express the higher dift'erences by the original values 
of the function we find: 

^y = Vi —V' 

A''y = [y^-y,)-{y,-y)=y^^2y,^y=f{x-\-2Ax)-2f{x-\-Ax)Jrf{x\ 

=f(x^^Ax)~^f{x + 2Ax) + -df{x + Ax)-f{x), . . . 
whence results, that f"(^) = Liin -^ , f"{x) = Lim -^-^ , etc. . This 
accounts for the notation for the higher differential quotients 
g.etc; 

We can also form higher differences of the values of the independent 
variable, but they are found to vanish. For, from the values 
Xi ^ X -^ Ax, Xj == X -\- 2Aa:, ^3 -= a; + 3Aa;, . . . x„ = x -{- nAx 
we find: 
Xj — X = Ax, X2 — Xf =Aa;j, x^ — 0:,= AiC^, ■■■x„ — a:,^i=Aa;„_i, 
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§ 32 —34. 
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— A'^X 
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- Al, 


~A'X, 


= 0, 


A'^x, 


- A\ 


= 


■ A^X^ 


= 




Ax, 


-Ax, 


~A'x, 


= 0, 













Thus the higher differences of the independent variable vanish, 
since its values are supposed to increase by equal amounts. 

The same is the case, when the function y increases in proportion 
to X, that is, when y =' ax -{-1. 

Since according to the above method of determination the diffe- 
rential quotients 

If-z'W' S-rw, 3-rw etc. 

have the signification of actiial fractions, we can pass over from them 
also to the equations between the differentials : 
(ly=f{x).dx, cl'y=f'{x).dx\ d^y=f{x).dx^,...cVy = f'^{x) .dx". 
Of course we have now on each side of such an equation a vanishing 
quantity, so that it appears not to contain auythiug more than 
the self-evident identity = 0, Nevertheless it has a determinate 
content when we recollect how it originated, i'or it then asserts: 
the w*'' difference A^y at the point x is more nearly equal to the 
product of A a;" by the determinate value {"{x), the smaller As; is 

chosen; so that the limitins value of the quotient—^, which we 
J equal to f" {x). Thus an equation between in- 

fmikly small quantities Ms a determinate content, if it can he inter- 
preted as a relation between the limiting values of continuous variables. 

Now it is further to be remarked , that in the above equations the 
differential dx occurs in increasing powers, so that we are enabled 
to distinguish infinitely small quantities of different orders. If dx be 
called influitely small of the first order, then dx' is infinitely small 
of the second, dx^ of the third, dx" of the w*'' order. The ratio of two 
infinitely smalls of the w*" order and of the m*^ order (n > m) is itself 
infinitely small of the {» — m)^^ order: dx^ : dx^ = dx'^~'^. The 
numerator may be said to converge to zero much more rapidly than 
the denominator; if n =' m then the quotient is finite, equal to 1. 

34. This measure of becoming infinitely small can be stated gene- 
rally : Two quantities are infinitely small of the same order when their 
quoUeni retains a fmOe valme. The derived functions 

fix), fix), r"(x) ete. 
have in general for any x finite values; consequently the differentials 
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Successive differentiation. Bk. I. th. VII. 



dy, d'^-y, d^y, etc., iu like manner as the corresponding powers of dx. 



are infinitely small respeefci 
to investigate the order 
vaniah for x = a, is infini 



tively of the orders 1, 2, 3, etc. If we wish 
which a function, which is known to 
(jitely small at this point, we have to form 
the Quotient — '-■--— aud to determine for what value of r it remains 

finite. We shall only become possessed of a general method for cal- 
culating such -^ quotients by the investigations of next Chapter. It 
may be that the order of becoming infinitely small has to be expressed 
by a fractional or even irrational number, as, to cite only the simplest, 
in case oif{x) = x'^ at tlie point a;^0, where n is any positive 
number whatever. It is possible even, though we shall only mention 
it here, that no number can be found, but only a limit for r, below 
which the quotient is zero, iibove which it is infinitely great. The 
simplest example of this kind is f{x) -^ a;", log (a;), {a > 0), in which a 
forms such a boundary between the values *■.*) 

In the applications of the differentia! calculus to problems of Geo- 
metry and Mechanics two courses always present themselves; either 
we start from equations between quotients of differences and pass 
over from these to differential quotients; or we start from equations 
between differences and pass from these to differentials. The 
latter frequently corresponds better to the immediate intuition. In this 
case we can from the outset facilitate calculation by omitting iu 
the equation between the quantities still conceived as finite, all the 
terms which in the transition to difl'erentiais, become infinitely small 
of higher order than some term which occurs in the same sum with 
them. If for instance y = of where w is a positive integer, then 

Ay={x-^Axy — x'=nx'^^Ax-\-n2X''-^Ax'^-\-n^x''-^Ax^-\ As;"; 

here as all terms on the right side become infinitely small of higher 
order than the first term, the equation Aj/ = wa;""' Aa;, though not 
exact for finite values, yet expresses for infinitely small ones the 
correct value dy ^ nx^~'dx. In elementary Stereometry an appli- 
cation of this remark occurs, in proving the theorem for the cubature 
of a body hounded by planes : that the volume of a thin slice bounded 
by parallel planes can be calculated as that of a prism , provided the 
number of the pai^allel planes becomes infinite. In fact, the volume 
of a slice differs from that of a prism with equal base, by a 
quantity which is infinitely small of the second order when the 
volume of the prism comes to be considered infinitely small of 
the first order, on arbitrarily continued subdivision diminishing their 



*) Cauchy, Sur lea diverses ordrcs dee quiwitites infinimeut petites, Exi 
cices de niathematiq.ueB. Tome I. 



y Google 



g 34, 35. Explicit olcmentai-y fiinetions. fil 

thicknesses; it is easy to prove this from the simplest case of the 
three-sided pyramid hy directly calculating the difference as a function 
of the thickness. Theuce follows that the limiting value of the sums 
of the prisms is identical with the limiting value of the sums of the 
truncated pyramids, and this facilitates calculation from the outset. 

35. Forming the higher differential quotients of the explicit func- 
tions treated in last Chapter we find: 

I. !/- 



41 _. m^-S 


S^-c- 


— 1)3^- 








- 1) (m - 2) . 


..(.»-. 


.+ 1 


)».' 



II. i) v^a^, '{^ =aHa, ^'l^aHJaf . . S^ ^a^ i}aY; {a>0.) 
In particular for j/ = 






a(^+i^), 



^ly.. 



■ — sin X = cos (x + I'Jt) = sin (iC + jt), 
— cos X ^ COS {x -\- n) ^ sin {x -f- t"^)) 

sin {x -\- in%), 

3) »/^ cosa;, "7| = ~ sin3:^cos(x-j-^K), ...—■-- = cos (x-\-ln7t). 
If ?/ he a sum of functions: 

then 

d^y _ dV.W _|_ dy.iicl _|_ dy,[x) ^ . . . ^ d^Mx), 
dx" dx" die" dx" dx" 

for example: 

or expHcitly 

<P'2/ _ \^ r 1 , (-1 )" 1 

dxj' 2 L (I — «:)"+' (l+a;)''+^J 
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Q2 Successive differentiatJon of espJicit functions. Bk. I, cli VII. 

If y be the product of two functions: 

y = tp(x) ■ ii>{x) <== fp ■ ■^ then -^ =^ <p'-ili -\- fp -tIi' 



In general, if we denote — ^bym'*' and the binominal coefficients 
(§ 27) by Mi, («,, = I), we have the Rule: 

For, if we assume this formula proved for any value of n, differentiating, 

= V Wi QjiH-'-*! ^(,(W + Vwi 9)i''-*l Ji^l^i' 
Writing apart the first term of the first sum and the last of the second: 

we can evidently combine each pair of terms of the two sums so that 
^^^ = qj('.+i],/,-|-(,i, 4-no)g)W^W + (M, + n,)y.l''-^)#^l + .. . 

But it is a property of the binominal coefficients that 

Mi + Wi-i = (n + 1)*, 
thus this sum can be written according to the above notation: 



S^^S'(»+^'- 



,(«+l-t|.(^iH ^ 



which proves that if the assumed law holds for any n it remains valid 
for the following number, and therefore for all that follow; but its 
validity is directly seen for n = 2 and w = 3. 

According to tliie Ilule we obtain the following exposition for: 
4) y = tan X. If we put y.coax ^ sin x, then, )/"l denoting - ^, 
y' cos X -\- y cos (a; + ^Jt) = sin {x ■\~ ^ti) 
y" cos X -\- 2 y' cos (a: -)- |3i) + y cos [x -)- -J't) ^ sin (x + ^sr) 
J/'" cos a; + 3 y" cos (a: + Jfir) +3s/'cos(3: + fjr) + */ cos (if + | :nr) 
= sin(a;+t:i) 

J/'"' cos a: + M| )/l"-il cos [x -\- ^n) -\- w^j/'"-*! cos (a: -j- | ro) -[- ■ ■ ■ 
+ )ii «/!"-*■' cos (a: + |/c3r)H «/coa(iK+ 4n3r} = sin C^ + inn). 
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I 35. 36. ReGuvriug and independent formulas, 63 

The calculation of the w**" derivet! function «/'"> from the last equation 
requires that of all preceding deriyates from the preceding equations; 
the formula established for j/W is called on this account a recurring 
formula. AH the derived functions are finite, except where cos a; ^ 0. 
5) j/ = cotiC, «/ sin 37 = cos X. 

i/I^lsina: + W|*/i"-»sin(3; + i^n) + n,y^''-^hin(x + f^r) -| 

+ Mj:y''"-*>sin(3; + ^^jt) ■ ■ ■ + y&iQ(x -\- ^nn) = cos(a; + ^w^)- 
m. 1) , - -logx, !& - i -log e,p,-^\ -log e, f» - 1^-' -log e, 

£« = ( - 1)'"-" ^ "'«§ "■■ (^' > 0-) 

From the equation: /=r— :=;=^ i, e. y'/l — x'= 1 , follows ou further 
differentiation, the quantity on the right being constant: 

y-y r^T^^ - ^^=^. = or fil-x')~yx^O. 
Differentiating this equation « times by the Rule of the Product, we find 

This is likewise a recurring formula for the calculation of all the 
derived functions; they become infinite for the arguments x'^ = 1, 

o, -1 __ 1. ■ — 1 , ^"V ^".^i^iis 

) y — cosx~^m sin y;. g^n— ^^« 

4) y^ia.n-^x, {— i^t <.y %-\- ^jc). 

From the equation -=^ = - , or j/'(l -\- z^) = 1 , follows: 

(,(«+!)(] + a;2j^2„^y(«ij.^2m,y"-'i=0, or: 
y(«+i) (1 _|- fl;5j = — 2n'xy'"^ — n(n — 1)*/'"""; and lastly 

5) for y = cot-'ic = ^x -~ tan-^a;, we have --— •= 



d^isiu 



3(1. For circular functions we have thus found only recurring 
formulas ; such formulas we shall obtain for eveiy compound function 
by applying the Rule of the Product. But we can also propose the 
problem; to calculate the n'^ derivate by an independent formula 
not requiring first the calculation of all preceding derived functions.*) 

As an example of obtaining an independent expression, we can 
treat y = tan~^ic in the following particularly simple manner. 



*) The propositions bearing on this are diBOuseed in detail in SehlOmilch: 
Compendium der hOheren Analysis, Vol. 11, and Hopper Theorie der hSheren 
Differeutialqiiotienten. 
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64 Succeeaive differentiation of explicit functions. Bk. I. ch.. VII. 

We have : y'= , ^ (cos j/)'' = cos y ■ sin {»/ + ^ Jr) , therefore : 

?/'= y'{— siii;/sm(*/ + ^ji) + cos;/cos(i/ + |7c)) ^yco%{2y + t^) 

= (:cos;/)^9in2(;/ + ^7r), 
/■=),';- 2cosj/siii)/sin2()/ + ire) + 2(co9j/)^cos2()/ + ^;r)} 
= 2j/'cos)/coa(3j/ + |3i) = 2(cos)/)^sin3(i/ + i^)- 
from n io n -\- X it is proved, that in general : 
ri") = |n-i fcos?f> ?,mn{y + \-!t), ([o = 1). 
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Eighth Chaptef. 

Galeulatioii of functions by infinite series. General theorems 
Goncerning series of poivers. 

^7. Wb how proceed to employ the successive derived functions 
of a given fuiietiou in presenting the Theorem of the Mean Value in a 
form whieli constitutes the basis of the most important theorem of the 
Differential Calculus. 

Let f{x) be a unique function from a to b, let its derived functions 
f(x), fix), . . . /■<"— "(a;) be everywhere iu tlie same interval con- 
tinuous and therefore also finite, while we assume uo other property of 
the n'" derived /''"'(ic), but that it has the same Viilue at each point 
when formed progressively as regressively. Our first enquiry, in con- 
formity with § 22, is whether the quotient 

m ) - m - (b - gj rjax 

{b -«)■■- - ' ' 
which again may bo denoted by K, can be expresserl liy means ol' 
higher derived functions. From the equation 

/■(J) _ /■(„) - (4 - a) fiu) -K(h^ af ~ I) 
it results as in § 2vJ that 

,,{x) = m - fix) ~(h~ x)r(x) - (6 - x)'K 
is a continuous function with a determinate differential quotient, and 
that it vanishes for x ^ a and for a: = ?». There must therefore be 
some value x^ , such that 

^■(i,) - - fix,) + fixt) - (S - »,)r(»:,) + 2(* ~x,)K-. 0, 
that is 

jr_ir(i,)- 

Accordingiy we have the equation: 

f (») -««) + (» ~ o) r(o) + 1 (!> - «)'r(« + e (4 - ,.)) , < e < I. 

If we proceed similarly and put 

/■(5)~«")-(»-«)/'(«)-i|(»-«)'rC«)-|i(6-<')'^-0, 
the value of K is found by the equation; 
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Caiculaaon of functioDS by iniiiiite sei-ies. Bk. I, cb. VIII. 



A'. 



rjfjl 



»-»)' 



rw + ^TX^ + sc--"))- 

We introduced the quantity |2_ in the denominator from the first, in 
order that the equation for K arising from differentiation might assume 
as simple a form as possible. 

Let us now put somewhat more generally I'or any value of n: 

lb-ay 

Li 

where p is to signify any positive integer, and let us enquire whether 
K can be expressed by values of the n^'^ derived. Once more, the 
fnnctioii 

is continuous, everywhere finite, has a determinate differential quotient, 
and vanishes for x ^ a and for x = b: so that we must have 

or, as iC| must be different from 1: 

^ - '-^if -- f'^'>A - a^^-^^-r JjrZ/-, („ + e (4 - c.)). 

Accordingly 

/(t) -/(o) + (6 - <.)/-(») + 2=-°J' 



The last term assumes pavticukriy simple forms when p is put 
= w, or = 1, we have 

I. /■(») - A«) + (6 - «) r (») + ^"-r («)+■■■ J^-V"Co) 

II. rti) _/■(«) + (6 - «) f (») + " ~^''' r («)+■■ ■ -isif- f"^' (») 

+ "-^- "|i^-'*'"--V"(« + e (S - »)). 

does not signify the same value in both equations, moreover all 
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g -n. 2!i. Theoi-em of the Mi-au Value, 67 

that immediately concerns us is to know, that in each case there is 
a value for between and 1.*) 

38. By the formulas just established the problem of actually cal- 
culating the values of a function for a given interval of its argu- 
ment X is solved. Previously, with the exception of the process of 
inclusion within limits, we had no means of doing this, even for the 
elementary functions; a^ (n arbitrary), «^, "log a; (a positive), the 
trigonometric and circular functions; and yet in its absence we could 
perceive their uniqueness and continuity, and assign all their derived 
functions in terms of the same symbols of calculation. 

The only arithmetical operations we have in our power actually 
to carry out are the two — summation and multiplication — performing 
them a iinite number of times on a definite set of rational numbers, 
positive or negative, integer or fractional; irrational numbers must be 
replaced by their nearest rational approximations.**) Accordingly the 
only function whose ealeulatiou we can deem completed is the rational 
algebraic function: 



Si'"-! 4- . . . b^^^ce+ b^ 

To calculate any other fimction for an arbitrary value of x, is to assign 
a method according to tvhich continued summations or muUiplications 
have to be carried out, the restdt of which exhibits ihe required value 
with greater approamtaUon the more frequently the operations are carried 
out as prescribed by the method. 

The elementary functions of x must therefore admit of expression 
in the form either, of sums v/hose summanda can be powers of the 
argument x, or, of products whose factors can likewise contain the 
argument in powers. When they are calculated in this manner, they 
can themselves be used in the calculation of more complicated functions. 
The number of such summands or of such factors will of course, in 
analogy with the exposition of an irrational number, be infinite, for 
otherwise every function could be- brought to the rational algebraic 
form; but the arrangement of them will be such, that even a finite 
summation or multiplication is enough to generate a value _ whose 
difference from the required value of the function is demonstrably 

*) The first formula was developed by iiagrange; Th^orie dee fonctions 
analytiqueB, 1797; the alteration contained in the second was giveu by Canchy: 
Exercices de matb^inatJC[iiea, T. I. p. 29. Subsequently, still more general forms 
for the last term were devised by SchlOmilcli according to the method we have 
here followed. 

**) Subtraction is summation with iiegatiru, divisiou is multiplication with 
fractional numbers. 
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tiS Calculation of funetionB by infinite seiies. Bk. 1 cii. VIII. 

]es8 than an arbitrarily small qnantity. The calculation of the number 
e affords us an example of this. The formula of such an infinite sum or 
of such an infinite product is called a convergent one.*) 

39. The property of convergence of any infinite aeries is expressed 
analytically as follows: 

Let M, + «2 + W3 + ■ ■ ■ «-< + ^f-H-i + '^B+a + ■ ■ ■ 
be the terms of tlie infinite series, which can be continued unliraitedly 
according to some Jaw, the sums obtained by adding up, first 11 terms, 
then M+l,m-|-2,---)i + A terms : 
S„ =,,. + «,+ ... + «„ 
S„+, = w, + n, + - . • + M„ + «,+! 



S^, = u,^u,-^ ■■■-{- u. + i(„+. + . . . H- «■.+. 
must form a succeBsion of numbers with a determinate finite limiting 
value S. This requires: first, that none of these sums, therefore 
also none of the terms u, increase beyond any finite amount, and 
second, that for any number d however small, a place n be assignable, 
such that the amount of the difference S„+t — S„ for every value of fc, 
shall he less than d. But this difference is nothing else than the 
sum of h terms following the m""; accordingly it must he possible to 
choose n so that for every valne of h, 

abs [«[„4,i + M„+2 ■ ■ ■ + Mn+i;] sJioll he < (J- 

Now let us denote by i?„ the difference between the finite limiting 

value S and the sum Sn, then this quantity 8„+n — S„ may also he 

written as J?„ — B„+i, similarly S^/, — S^^i as It„+t — -Kn+ii etc., 

whence, provided the choice of n makes abs [ij„ — J^+J less than 3 

for every value of fc, H^+i -— ^n+k, -Rn+2 — i^n+ij etc. are also certain 

to remain less in amount than 2S for every value of Ic. For we have 

abs [K„+, - Bn+i] = abs [(S„+i ~ S„) - iS„+i — fi„)] 

abs [fl,_i_s - Bn+k] = abs [{S„+* - S„) — (S^ - S^)], etc. 

Aod conversely, when E„, B„+i,--- are smaller than d, the diS'erences 

Bn — ■ B„-i-t = Un+l + Wn+a ■ ■ ■ + ^h+k = S^+k -^ S„ 

are also less than 2 8 for every value of Jc. 

If then we call the limit of the sum B„ of all terms from the (n-\- 1 )* , 
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§ 38-41. Taylor's Theorem. 69 

the remainder of the series after n places, we can formulate 
the condition of convergence also as follows: 

The necessary and suffideitt condition for the cowsergence of an 
infinite series consists in this, that for any wumber 8 howeoer small, 
a place n can he found in it, such thai its remainders B„ , B„+i , B„+i ,■■■ 
are always smaller in amount than S. 

This cannot possibly be fulfilled unloss the amounts of the terms 
in the infinite series ultimately decrease and have zero as limit, but 
this condition alone is not sufficient for its convergence. The value 
of an infinite series which does not converge, will either be quite 
indeterminate, when the series of sums Sn oscillates between arbitrary 
values, or it will be determinately infinite positively or negatively. 
In both cases the series is said to be divergent. 

40. Now the forms developed in § 37 express the simple functions 
as infinite series of powers. For, supposing the value of the 
function and of all its derived functions be known for the argument a, 
and that the value of the function for any other a; is required, then 
in consequence of these equations we have, putting x for b: 



iL/^H« + e (^ - «)) , or == '-^^iif^^i- f' (^ + (^ - «)). 



On the right side accordingly all terms are known, except the last, in 
which the unknown fraction occurs. But if we can prove that this 
last term iJ, formed for arbitrarily increasing values of n, passes 
through a series of numbers having zero as limit, tlien neglecting 
this last term, we shall obtain the value of f(x) with arbitrary ap- 
proximation by summing as many terms as we please of the in- 
finite series; 

f w - n«) +{»-«') r («) + -"' jj-"'"/" («) + '-^ r («) + ■ ■ • m oo. 

This is Taylor's series named after its discoverer*); it teaches: If we 
hnoto the value of a function and of all its dmved functions for a single 
argument, we ccm calculate the value of the function for eoery other 
argum^t x^a, if in the interval from a to x the function and as 
many of its derived functions as may he formed are continuous toitkout 
becoming infinUe, and if Lim {E) vanishes for n = qo. 

41. The examination of the first hypothesis is apparently com- 
plicated, requiring the Jiniteness and continuity of all the derived 

*) Taylor (1685-1731) in He chief work: Methodua incrementorum directa 
et inverea, 1715, estaljlished thiB aeries but without taking account of the remainder 
term. Mac Laurin (1S98— 1746) in his Treatise of Flaxious, 1742, developed the 
Eeries for the special raluo a = 0. 
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70 Calculation of functions hy infinite series. Bk. t ch. VITI. 

functions in the interval from a to x to be investigated; however it 
is simplified by the Theorem: 

If the w"" derived of a function formed progressively and likewise 
regressively, be within a finite interval everywhere determinate and 
only finite, not necessarily continuous, then all the derived functions 
preceding this one, as \veli as the function itself, must be continuouii 
in this interval and cannot become infinite. 

For if s be a value intermediate to a and a;, the equations; 

CHtw-jriM _ f. (,) + s, r±(,^r:i[f) _ ^. (.) + «• 

define the values of the progressive derived f"(s), and of the regrcsMive 
<p" (s). From these by subtraction: 

/•-. {« + »)- /•-> {,~h)-h (/■• W + ,p. (a)) + ft (« + «■) . 
If now /'" and 9:1'' are everywhere finite, we have at each point in the 
interval, Lim [/■«-' (s + h) — /'"-' (s — h)] = 0, for b = 0; so that 
the function is continuous at both sides of this point. Moreover /'"— ' 
remains everywhere finite; for if M be the greatest value which /'" 
takes between s ^ x^ aud x^ + h, and m the least, then in the entire 
interval from a:,, to «„ -]- /t the expression 

/n-i(2) _ /■"-'(a^o) — {z - x^)m\^>0, 
because it vanishes for s = a:,, aud its derived /■"(«) — «» remains 
always > Oj on the other hand 

^«-i(s) _ /■«-i(a;o) — (2 — x^) Jf is < because /" {z) — M < 0. 
Each value of s therefore will have its own proper fraction 9, so that 

/•-■ W - /•■-' W - (8 - X,) [.» + e ( Jlf - m)l , 
that is, to each s belongs a finite value of f'^'lz). A like method 
of proof being applied, the same thing follows for each preceding derived 
function as well as for /'(s) itself. 

In determining the limiting value of li the following Theorem is 
at times of use: 

If the values of the n derived fuuctioiis up bj u = tx> remain finite 
in an interval, then Lim li vanishes. 

For in the product 

~liEi~ ^(^^ ^) ]~ ■ 2"" "'","("_ 1 ^ (^ ~ '^0 P 

we have 

__ a! — (( K—a x — a ,-. ,. , ^ .; _ [ x - «)' (x — a )- {x—ay 

^ i ' a ' ' ' ' « — 1' ' ^ ' ~i-n — l ' -i-n —i ' ' ' n—l- I' 

therefore p" < (— -^-) , because n — 1 </i;(m— /c), i being <« — 1, 
hence p < (~ — ^V . Now ii x — a is finite, y^= is a fraction 
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§41—43. Examples, 71 

whose higher powers, when n increasea, have zero as limit. In 
the present ease therefore the first and second hypotheses are com- 
prehended in one: A function whose n derived functions up to n = oo 
remain finite within an interval, can be calculated in this interval 
by a aeries of powers. But this proposition cannot be converted, be- 
cause Lim li can vanish, without the n derived functions up to w == oo 
also being finitej as some of the following examples show. 

42. Exponential series: ij = f{x) = ^. 

For X ^0, f {x) and all derived functions are known ; in fact f^ (sc) = e" 
therefore /'''(0) = 1. These are continuous functions for all finite 
values of x, and even for n = oo always remain finite. Accordingly 
Taylor's series converges and 

e=.= l+^+g + |+ ...^* + .-.ininlin,, --co < z < + ^.■■>) 

If more generally ij = a" (a > 0), let us put y -= e'"" and we have 

a.^\+'"!i+ "1^^: + '"^ + ... ».[|li + ...;„ inlin. 

43. Trigonometric series: y = f{x) = aiii x. 

— I = sin (a: + -^nn) is fiuito for every finii;e argumcirt. Accordingly 

Taylor's series converges, and as 
f(0) _ sin (0) — , f (0) = sin a n) — , f" (0) — sin (| jr) = 0, 
f (0) - sin (i «) = 1 , /"(O) - sin (i I) :^ 1 , /■' (0) ~ sin (i ») _ 1, 

we have; 

sin .-c = ^ - I + f — ~ ■ ■ . (~ 1)* -2^^- ■ ■ -, — oo <x<-\-oo. 
Again : y = f{x) = cos x. '—^ = cos (x -f- l rnt). 

/■(O) = cos (0) = 1, /"'C0) = ™sC|^) = -1, /^"(0) = cos(^JE)=I, 
AO) = cosajr) = 0, r'(0) =cos(t?.) = 0, r (0) = cos (^k) =0, 
eosic=l -|'-|-g'_|'...(_l)*^..., _oo<ic<-|-(x>. 

The present. series render it possible to calculate trigonometric tables 
for the sine and cosine of any number. When we wish to absti^act 
quite from the geometric definition of sine and cosine, these series 

*) The series itself was firet estatilished by Newton, as well as the series 
for sine and cosine; the number e, as already mentioned, was introduoed by 
liluler as basis of exponential functions. 
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72 Calculation of functions by infinite series. Bk. I oh, VIII, 

are to be considered as definitions of these functions, and from them 
all their properties already employed must directly follow. 

44. To demonstrate this, we must show independently of previous 
considerations that the defining series converge and are continuous 
functions of x. For this purpose we prove the following 

General theorems concerning series of powers.*) 
I. If the coefficients a^, «i- ■ . . an ■ ■ ■ i^ 0,^11 series of powers 

f{x) = a„ + a^x + a^x^ + • • a-nX" -J 

are all of like sign, and for a definite positive value X its terms after 
some certain one decrease and converge to zero, so that the quotient of 
a term by the preceding one is less than unity, ami for n = 00 is at 
most equal to imity, titen the series converges far all positive values of x 
tvhich are smaller than X. 

The quotient -2±i X after some detinitG place in the series being 

leas than or at most equal to unity, if we take ic < X, a proper 
fraction a can be assigned, such that 



hence 

or: 

a^x" -i- o„+i x"+' + - . . a^+i a:"+* -j- ■ ■ ■ < n^x" ■ - ■-— - ■ 

The quantity on the right is finite and positive and we can give 
n such a value as will make it less than any assignable quantity. 
Our statement is therefore proved. 

For tt=l this reasoning applies no longer; so that we have 
always speciallj to investigate whether a series continues to converge, 
in case the quotient of two consecutive terms tends to the limiting 
value unity. 

If on the othei hand loi a value x, the ratio of a term to the 
preceding one, fiom some initial place in the series, is always greater 
than 1, even though it mav be = 1 for n ^ co, the series wili have no 
determinate finite sum for thib 01 any greater value of x, i, e. it will 
diverge, because the succeedmg teims increase, and therefore also the 
remainder of the series does not converge to zero. 



*] ALel (180:>~1829) : Keeherches sur la serie 1 + ~ tc + ^ ^^ *'+ '^*''-' 
Oeuvrea I, p. 219 (1881)- t!>'ell9 J. Yol. 1, p. 311 (IS-'ii). 
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§ 43- 4-1, General theorems 

Therefore in general the interval of convergence (eoDvergency) 
of the aeries is given by the condition 

Lim — ^-^- X <i i , ov X <_ Lini — '^— (n = <xi) . 

«™ ««+! 

II. The sum (difference) of two convergent series is itself a con- 
vergent aeries, whose terras consist of the sum (difference) of the 
terms of both. 

If f{x) = «(, + a, a; + a.j a;* + ■ ■ ■ a„_i ^'"^ + Bn , 

be such, that a determinate n can be chosen, so that R as well as R' 
may become less than any arbitrarily small number, we have 
fXx)±fp{x) = (ci,±b,) + ia,±b,)x-{---'(a^.,±K.i)x'^-' + lin±li'n. 
Now since we have Lim (ii„ + ii'„) ^ 0, for all values of x for which 
both series converge, we obtain for the algebraic sum the infinite series 

fix)±<p (x) = a„±b„ + («, ±h,)x + (a, ±b,)x^ + --- 
Still more generally if the series converge respectively for x and x\ we have 
f{x) ± g) (x) =- («„ + 6o) + («! a; + 6, x') + (a, x'' ± l^ x'^) + ■■■ 

III. An infinite series, whose terms have different signs for some 
value of X, converges, if tlie limit of the sum of the positive terms 
be finite and also the limit of the sum of the negative terras be fiiiit-e. 

For by Theorem II such a series expresses the difi'erence of the 
values of two convergent series. When this is the case, the series 
consisting of the same terms taken all with like sign converges and 
we shall see that it has the same limiting value even when the order 
of its terms is changed: siicb a series is said to be absolutely (un- 
conditionally) convergent. But a series whose terms have diffe- 
rent signs may converge without the sum of the positive and of the 
negative terms separately having finite limits, it is then said to be 
semiconvergent (conditionally convergent). A series converges 
unconditionally when the absolute value of the quotient of a term 
by the preceding one is less than unity for all values from some 
determinate n on to n =^ oo. For then, even when all the terms are 
written with the same sign, the series fulfils the condition of con- 
vergence proved sufficient in Theorem I. 

It is thus seen: that a conditional convergence can only arise by 
the ratio of a term to the preceding one being less in amount than 
unity, but becoming unity for n==co; and hence follows further: 
If a series of powers of x converges only conditionally for a determi- 
nate value X then it converges absolutely for every numerically smaller 
value of X', while it diverges for a greater value. 

For, for a smaller value the quotient remains leas than one, for 
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74 Calculation of functions bj infinite series, Bk. I ch. Vill, 

a greater value it becomes greater than one; the terms of the series 
then do not tiecrease in amount but increase, 

IV. Ev&ry series of powers is a continuous function of the variable, 
tvithin the interval in tvMch it absolutely converges. 

Let f (x) signify the value of the iofiuite aeries 
/I 4- a T -i- /I T^ 4- . . ■ II r" I . . . 
for which, since x is to be a value within its convergeucy, we have 

it is required to show that Lim \_f{x + rf} ■— ■ f {x"j\ = for 5 = 0. 

Putting : 

«i) -\- a, X -{- a^ x^ ^ ■ ■ • «„-i 3f-^ = (p (x) 
M„ X" + a-n+i «"+' -j-a,i+2 x'^^ -i- ■ ■ ■ = ii>{x), 

then as in Theorem T 

abs ■$ {x) is < abs a„ a;" ■ -j-^- i (0 < a < 1) . 

Merely by the selection of a lower limit for n, we can thus make 0(re) 
as well aa il'ix + S) and therefore also the amount of tlieir difference 
i/j (a: + d) — ij> [x) less than a quantity s however small , because the 
term «„ £" becomes arbitrarily small as n increases. When X denotes 
the greatest value of the interval for x, we must choose n so that 



«ii < — ^ ■ '^) Accordingly 

f{x + d) - fix) = cp(x±6)-<p (x) + a. 
Now since qi (x) denotes a rational integer function of x, which as 
already seeji § 19 is continuous, the difference f(x +5) — f{x) becomes 
smaller than an arbitrarily small quantity as 8 decreases, i.e.f{x) 
is a continuous function. 

The Theorem also holds when the series converges at the limits 
of the interval of convergence for X, conditionally or unconditionally: 
that, for d = 

Limf(X - d)==f{X). 
For we have here: 

*) In LOnseciuence of this proieit^ ttit foi. thp hime >i I itli ip (x) and 
tlt{x±S) become lesij than c imei of pnwPra -ue said to be ^.onvergent in 
eqnil iegtee or nnitoimlj Abel was the fiiit (loc at Oeuviea I p. 226) 
to point out that contmuitj of the series does not of itself follow from the 
continuitj of the teims of the seiiea Uniform conveigenoe te'icbea also, that 
tbe lafimte seiiei in its entiie eouvergeucy can bp lepl-wed quanipioxtmehy Vhe 
same rational mtegei function Tte fuiiction eipressed by the senes of powers 
is atjled therefore aftei WeieistiiBs one which has the ch-uai-tu of a rational 
ioteget fuDctiou 
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g 44, Continuity of iui infinite sei'ies. 75 

* (X) - 0, X" + 0.+, X'+t + o„+, X-+' H 

4.{X-d)-a, (-^ - ')" X' + ».+. (^:^ ')'*' Z-+> + . . ■ 
Jf Uie terms in if (X) are all of like aigu, ex. gr. positive, we see 
at once, that as ^^ < 1 , (/,■ (Z — ^) < (— ~ ^J ■ ^ (X), so that 
a value can be given to n which will make il'(.X — d') as wul! as 
i/i (X), smaller than any arbitrarily small quantity e . 

But if the t«rms in i> {X) are different in sign, a special in- 
vestigation is still required. This is based upon the following Lemma: 
If i„ I i, , i-^, . . . f„t, . . . denote an infinite series of arbitrary quan- 
tities, and if the quantity 

Pm = i„ + (, H 4, 

for all values of* m be always algebraically less than a determinate 
quantity G, but greater than g, then if s^, e, . , . liunote decreasing 
positive quantities we have 

t/£^ <r = i,it^, -\- e^t, -j- ■ ■ ■ s„. t,„ < G s„. 
8inee 

h = p»' h =ih — I'o' h^p-i — Vi^ '^'^^■ 

therefore 

^'^hl\-\-S\ (Pi -'l>o) + ^'i(V2—lh)-\- •■■ + f,.. (j'™-JV-i), 
or 

*" = Ih (^0 — *-i) + l\ (=1 — ^2) ~l 1'— 1 (f'"-i — «'") + P'" *"' - 

As the differences f„ — *i 1 ^ 1 — b.^, . . . are positive, the vuhn; of this 
expression is less than 

f? (f« - «i + «i — e* ■ ■ ■ - £m + «™) = G fn , 
on the other hand it is greater than 

g{s,, — e,-\-B,—i., ■ - ■ - K,„ + f,„) = gt^. 
Applied to the present case, in whieh y—^—) > ( — v^J ■ ■ ■ denote 
a series of decreasing positive quantities, it results from this Lemma 
that the amount of 

ip{X—d) is less than (--^ ^)"- M , 
where M represents the greatest numerical value in the series 
0. X- , ft, X" + ft,+, X-+' , . -, o. X- + «.+, X-+' + . + «,+. X-+', elo. 

Since the series f{X) converges, a place n can be found in it from 
which onwards the value of M is less than an arbitrarily small quan- 
tity f, whence what we stated follows. 
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76 Calculation of functions bj infinite Beries. Bk. 1. ch, VIII, 

V. The infinite series of powers is differentiated, by forming the 
scries of differential quotients of its several terms. 
Tbe series 

a, -{- 2 a^ X -{- 'da.^ x'^ -{- ■ ■ ■ na^W^^ _|- . . . 
derived from 

f(x) ^a„ + a^x-ir a^x'' + ■ ■ ■ a^x" -{- ■ ■ ■ 
certainly converges for all values of x which lie within the interval 
of convergence of the original series. For, the interval of the derived 
series is, according to the criterion, cletermined by 

abs Lim — — — ■■■■ ""^^- - < 1 or abs x < abs Lira — ^ ■ — ,— r ■ 

II (l j-A becomus = 1, for n = co, it 

follows that abs x < abs Lim -— ^ - 

Now in order to determine the differential quotient of the con- 
tinuous function f (x) , let us first form the quotient of differences, 
doiag so ex. gr. regressively , in order when possible to take account 
also of the upper limit of its convergency : 

f(x--£ix,- f{x) _ 0(x-&xi - q)ix) , tl,( x — Ax ) - •a (x) 
— Ax ' ' ~Ax "T" " -Ax" 

For any finite Aa; however small, this continuous expression in Aa: 
has a determinate finite value. 

If we denote the infinite series a, -\- 2a.iX -\- ■•■-{' na^ a:""' + ■ ■ • 
by % (ic), its remainder by Ii^{x), this equation takes the form 

Retaining the value of Ax, when we increase n arbitrarily the value of 
6 changes on the right aide. But as the remainder of a series of 
powers has the property, that after some determinate n, i?„ (x) becomes 
arbitrarily small for all values between a: and x — lAx, then because as 
w increases the last quotient can also be made arbitrarily small, it 
follows that 

~ ~-aJ^ ~^ = «i + 2fl2 {^ - - 0^^) + a«;i i^ - ^^^f -\ 

For because the continuous function %{x) comes arbitrarily near 
the quotient of differences in the inteiTal from x \xi x — lAx, there 
must also be a point (compare § 17) where the two are equal. Now 
the difiiereritial quotient f {xi) arises from the quotient of differences by 
continuous transition for Ax ^ 0. But as long as what is on the 
right side converges, it is by Theorem IV" a continuous function of 
the variable x — %Ax, therefore we have for Ax = 0; 
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g 44—45, Properties of trigonometric aeries. 77 

f'{x) =<ti + 2aja; + StJ^a;' + ■ ■ - (ra — l)a„_,j:"-3H , 

as was to be proved. The regressive differential quotient of the infinite 
series of powers is a continuous function of x. For the progressive 
differential quotient we obtain in the same way the same series, 

46. Applying these Theorems to the trigonometric series 

1 - I + f - I + ■ ■ ■ (- ^ )" ■ Cr + ■ ■ ■ = COS ^ , 

we perceive that each of them converges absolutely for all finite values 
of X, for we have for n ^ <x>: 



Lim 



£] = 



Accordingly the functions expressed by the series iii-o coutim 
all finite values of x. Further we have 

1) ; 



. 1 



.| + |...(_i,.. 



d COS X a: . ic' «' / 1 \ii '^' " ' 

Next it follows from the series that 
2) cos (— x) = cos «, sill ( — x) = — siii ic, cos (0) = 1, sin (0) = 0. 

Now, since equations 1) teach that all the derived functions even for 
n ^ <x> remain finite and continuous, we may develope cos (x -j- ;/) 
according to Taylor's series iu powers of y, and thus ohtaia: 
^ y2 d^aos x _^y^d[^ 



^ IS dx^ ^ H dx^ + 



i. e. 

3) cos (« + !/) = cos X cos 4/ ^ sin x sin y. 

In like maimer we find: 

sin (x -\- y) = sin x cos ?/ -|- cos a; sin y. 
Thus the theorem of addition, on which our previous calculations 
were based, is proved independently of geometrical considerations. 
From 3) we get, putting — y for «/, in consequence of 2); 
cos (x — y) ^ cos X cos J/ -{- sin a: sin J/ . 
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78 Caleuliition of functions Itj infinite series. Bk, I cti. VIII. 

If we assume x = y, the proposition follows 
4) 1 = (cos xf + (sill %f. 

It remains to show the periodicity of both functions. With this in 
Tiew we remark that the nature of the terms of both series is such, 
that sin a; and cos a: remain positive when x increases from to 1, 
whence results, that within this interval sin ic is a function increasing 
from 0, cos x a function decreasing from J, for, the diiferential quotient 
of the first function is positive, that of the second negative. Now 
since taking account of the initial terms: 

sin 1 > 1 — ~ + pV — 1^ , cos 1 < 1 -^ + i^ — i'^ + 1^- , 

it follows that 

sinl-cosl >i + (i--i)+([,--^), 

therefore sin 1 > cos 1. Hence there must be a value between and 
1 for which sin a: = cos a;. If we call this value \% (< L), we get 
by equation 4) __ 

sini?t =cos^w = + |/2. 
Also since 

cos 2a: = (cos x)"- — (sin xf ; sin 2 a; = 2 sin a; cos x, 

we have 

cos ^ JE = , sin -^ jr => 1 ; 
further 

cos Jt = — 1, sinjr = 0; cos 2;i = 1, siti 2;r = 0. 
Consequently 

cos {x-\-\%') = — sin a; , 

cos {x -\- It) = — cos X, 

cos {x -\- 2m) = cos x, 
The number 23t is the period. The course of the functions between 
^■Tt and ^Tt can be determined as follows. 

We have: eos {x -\- \n) = (cos x — sin a:) -J |^ 2, 
sin [x + iJT) = (cos X + sin x) i]/2 . 
As long as x <,-^ vc, the difference cos a; ~ ain a; is always positive, 
therefore in the interval x = ^7C to a; =_^ ji , eos a: is a function con- 
tinuously decreasing from the value ^ /2 to the value zero, sin 3; a 
function continuously increasing from tlie value ^j/ 2 up to unity. 
The number nr, here defined purely arithmetically, we shall calculate 
when we come to circular series. The essential properties of the 
functions have thus been obtained immediately from the series defining 
them. Henceforth we shall always understand by sinz, cos a: only a 
symbolical representation of their respective series; sin-^a;, cos-'a: 
are then defined as the inverse functions. 



n (a: + ff) ^ — sin x, 
Q {x -{- 2%) = sin X. 
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46. Binomial series. 
y=f(x)^{l -\-xy" . a: > — 1. m having any value; y alwaj's positive. 
For X = the value of y and of all derived fimciions is kuowu; we have 

/■(«) - «i (m - 1) (m - 2) ■ ■ ■ (™ - « + 1) (1 + »)•■-. 
These derived functions are continuous as long aa a; > — 1 ; therefore 
(] + x)'" = 1 + mx + "^^fJ) -,2 + m(m-l^(m ^ ^^ + . . 

ii = i)i„ X" (1 + Qx)'"-", or B^m„ nx" {\ ~ 0)"-' (1 + Qx)'"--"; 

"*" - ■ - l™ 

It is convenient to consider the second form of the remainder. Since 
3;> — Ijl-j-Q^'cisa positive number for all values of as required. 
Let us put 



-(" 



then wo have 

■'' — ™ 1 2 fc ,. - . 

The factors E and w are finite. The product will certainly have its 
limit zero, when its factors begin somewhere to be proper fractions and 
remain proper fractions when n becomes oo , For, if G be numerically 
the greatest of the fractious between - — , and — _ ' s , the 

product of these factors taken absolutely is less than (?""*; but such 
a power has zero as limit. On the other hand the product will cer- 
tainly increase beyond all lim'its, provided tlie factors once become 
greater than uuity and remain so. 

But now since as n increases, the amount of -~- — z approaches 

arbitrarily to that of B, the amouut of n must be less than unity; 
therefore 



for^>0, 1 ^ Q ^ < 1, 01- (1 -Q)x< l + 0a;,i,e, 3:< J, 

for3:<0, Yx-|-^> ~ 1> or {1 — 9) « > — 1 — 0a:, i.e. ^> — 1. 

Result: If — 1 < ^ < + 1, the positive function {1 -|- x')™ can 
be calculated for every m with arbitrary approximation from the 
infinite sum: 
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80 CalCTiIafion of functions by infinite eenes. Bk, I cli, VIII. 

The error which is incurred in breaking off the series at tlie re*'' term 
is at most equal to the maximum value of the remainder 

according as 3; < or > . 

It appears from what has been said that, except for positive 
integer values of m, for which the series is finite, the values of the 
terms of the series for a: > + 1 or < — 1 increase beyond any limit, 
so that the series no longer converges. 

The limiting cases: x= -^ I or^— 1 require a special con- 
sideration, not at present possible by means of the remainder, inasmuch 
as it should take account of the maximum value of (1 — 9)"""^ (1+0 *}"'""■ 
It is plain at once, that if the series converge at all for these limits, 
the values it must express are respectively 2^ and 0""; for, as long 
as the series converges, it is a continuous function of x and must 
therefore assume the same value as the continuous function {1 + S^)"' 
with which it coincides for all values of x within these limits. 

When m > and a; -=- — 1 , the series is of the form : 

In this series the terms all take the same sign as soon as n becomes 
> m. But the sum of 2, 3, ■ ■ ■ w -|- 1 terms is 



-1 (i B-l)(m-2) (m--l)(m-2)OH-3) . ,„ (m-l)(m-3)... (m 



Here each term is ultimately less in absolute amount then the one 
preceding; therefore we have a series of numbers ail of one sign 
and each smaller than the one before it. This aeries of numbers has 
therefore a determinate hmit and tliis limit is zero in consequence of 
the above remark. 

For X'= -{- I we obtain the series 
. m m im - 1) mjm-Dim- JJ , m(m-l)(,n ~'>)---(m-n +i) _ _ _ 

^ I""! "T" M ■•" li ^ Li 

These terms assume alternate signs when w > w but yet the series 
converges absolutely, because according to what we have just seen, the 
series converges, even when we give all its terms the same sign. The 
series expresses the value 2™. 

When m = — jt < 0, the series cannot converge for x= — 1, for 
we have (1 — 1)"" = 00. Accordingly if the series converge at all 
for x== -f- I, it can do so only conditionally. We obtain: 

*) Newton in the letters for Leibnitz of 13 June and 24 October 1670. 
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This series, in which the terras alternate in sign, cannot eouverge 
if /I — 1 > 0, fi > 1, for then they increase incessantiy in amount. 

But if (t — 1 < 0, the terms decrease incessantly in amount and 
consequently become zero as we saw above for iJ; 

Sut a seiies, whose terms have alternate signs, decrease and have 
Bero as limit, alivays converges. 

Por, if we denote the sum of the series from the ra"' term by 
B„ = {u. - w,+i) + («,+3 - ««+.) ■ . . 
or En = u„ — (m„+i — Mn+a) — (m«+3 — ifn+i) ■ . . 

we perceive tliat Ji„ is positive but smaller than «[„. As n increases, 
the limit of iE„ therefore, in like manner as that of M„ is zero. 

Therefore the binomial series 

(1 + xy - 1 + 1 X + ^J^l^'Jf!! -1 

converges absolutely for all positive values of m even at the limits 
+ 1 ; on the other hand a negative m must be > ~ 1 in order that 
the series may converge also for a; ^ + 1 ^''^^ then it does so con- 
ditionally. 

Although restricted in its convergence, the series can still be 
employed in estraeting an arbiti-ary root of an arbitrary number; for, if 
a be the triven base, ra = ^ a rational fraction, let us determine 
a number ?i* as near as possible to a and put 

;• _ (J, - (J, ^ af _ 6.. (l - '^?)' , 
then the binomial can be expanded. 
47. Logarithmic series. *J 
y ^ fix) — lil+ x), then f (31) - 



(1 + X)' 



■B, _ ti£L* . __ f .. ., „ (_ 1)-. . "-e)-'''- . 
The remainder in the second form converges to zero when 



-8)» 



i + ei 



< 1, that is — 1 < ^ < + 1. 



*) Nic. Mercator (Logarithmotechiiia 1 
(Esercit. gcometr. 1668); to the latter is c 
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82 Calculation of functions by infinite series. Bk.I ch. VIII. 

The first form of the remainder shows that the series still converges 
for x=l. 
Therefore 

i (1 + X) _ a. - f + 1 - -J + . . . H 1)— ^■■■,-i<«<+i. 

In the particular case 

!(2)_l-l + S-l+i 

of this last, we have an example of a merely conditionally convergent 
series ; for neither the series 

nor the aeries 

l+i+i+4----, noi- i+i+i + i ■ ■■, 
are convergent, although their terms decrease and converge to zero, 
on the contrary, their sums increase beyond any finite amount; for 

To obtain series useful for ealculatiiig the logarithm of any positive 
number, let ua put — x for x in the series just found, then if a; < 1 

! (1 - »:) - - I ~ f ~ I' ~ f-' 1-^- + -K'. 

therefore 

11™ / -,-3 ^:. ~.3H-i \ 

'i3-^-n^+?+^ + ■■■?£+■)+«-•«•. 

and as It — It converges to zero in the assumed interval, we have 

') The above divergent Kcries l + i+i + ^-'- is called the harmouie 
series. It is important for subsequent applications to remark that the aeries 

l/''^2f' 3'' i" I'' ' 
converges for all values of (i >• 1. Tor, grouping as above --- =— , 

! + !<,. ± = -l_, 

^ 3" 2'' 2''-^ 

we see, that the sum of any number of terms of the secies remains leas than the 
aum of the same number of correaponding terma in the geometric progression 
whose ratio ia the proper fraction -rrr ' 
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I -r+-| - 2 (■'' + a + T + ■ ■ ■ M +1 + • ■ ■), " < » < 1- 
Now aabstitute: 

_ ^ = ^~y '^ and so a; = o,- ji" ' « > 0, 
thou: < s < CO 

i(5 + ») - iW + 2 (^ + i („"^-„)' + i (-,-/+■;./+ ■ ■ ■) ■ 
For instance, 3=1, « ^=^ 1 : 

1(2) - 2 a + i (i)» + i (i)'. + I («' + •■■); 

2 — 2, o — 1 : 

!(3) - !(2) + 2(1 + i tt)> + 1 (i)' + ^ . ■)■ 
To pass from natural logarithms, with the base e, to common 
logarithms with the base 10, since "'log d =■ ^log « : *log 10 we have 
to calculate the number: 

l{10) = l{2) + ;(5) = 2.3025850929 . . ., 
then we must multiply all values by -J^ = 0.4342944819 . . . 

48. Circular series. y=^iim~^x. 

An independent expression of the n''' derivate of the circular 
function f(x} =tan-^a: was given in § 3K: 

f^(w) = l"-i cos"y sin«(»/ + -Jit) = — ^^^^ — ^ sinyi(tan~^x + ^jt). 
(1 + ic')^ 
Now since for a; <= 0, ?/ is also = 0, it follows that tor this value: 
f -(0) - 0, /"(O) _ , r(0) _ . . . /"(O) - 

/-(0)_i, /-(0)_-i., /■■'(0)-ii---f"+'(0)-(-i)'ii.'. 

The remainder li is by the first formula: 

-^^^^^^siiin(tan-'6a: + 5L:r) = .l(_^^-^.)%iu«(tan-'0a:+l;r), 

This first factor converges to aero, the third has a finite value. The 
middle factor does not become infinite for « = oo when the quotient 
within brackets is equal to or less than 1 for all values of 0, i. c. when 
x'^ ^ 1. We have thus : 

The value of x being, any proper fraction, this series presents the 
corresponding angle between — ^n and -j- ^7t. 

The angle whose tangent has the value + 1 is equal to -[rc; this 
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number which is of fund amenta! importance for the periods of 
trigonometric functions can therefore he calculated liy the formula: 

but the eoDvergenee of this series is very slow, i. e. many terms must 
be summed ia order to obtain a value at all approximate*); series 
that converge more rapidly can hoivever be formed for calculating 31. 
If a: be a fraction small enough to give quickly an approximate value of 
9f> = tan~'a; by the above series, let us form ian^mtp), where »» is a 
positive integer to be chosen so that mip shall be nearly equal to 
-JjK, and mcp — ^jt therefore be a very small angle; this will make 
, , , ■ tan m IB ■ — 1 

also a small fraction, so that mff> — \% = tan~^ L . J can be 

calculated from tlie series with rapid convergence. For 3; = \, w =4: 

, £1 2iqj ,. , i H o iL tan 4 01 — 1 . , 

bli 29 - i^^- - A, tan4.p - la i^plj^ - ,},. 

therefore**) 

i=r = 4tan-'i- ~ tan-'-,!,- = 4|i - \ ■ {If + |(.i)^- |(^)^ + . . .} 

-{^h-i(^f-\-U^h^f 1 

71 = 3.1415920535... 
In order to calculate the angle corresponding to a tangent which 
is greater than 1, let us remember, that for 

'^ ^ ' ^^ ^^ tanqj ' 

and ior 

— ^ffi < 7> < 0, tan(— -jJi — f) "= T. ~' ' 

Accordingly, if we put tan ^ ^ x, we have 

+ ^;r ■= tan-^a: + tan-' -- , (« ^ 0), 

therefore : 

We have thus obtained a series with ascending powers of — 
or with descending powers of x. 

*) When we add an odd number ol teems in the above series we find a 
Buperioi limit of tlie required value an even number gives us an inferior limit. 
If ex gr the two hmit*. are not to diflei befoie the lltii place of decimals wo 
must Bom ^10 ° plates 111 the souls 

*•) First eatabliEhed ty Machin, who in 1706 cilcxJated ic to 100 decimal 
places (vide Klugel Math W6rteibuLh Cj t-loteoimiej To obtain jt accurately 
to 10 j-laces, it is here enough to sum 15 terms of the first series and 8 of the 
second. 
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49. In the series for siaa; and taa~^a: only odd powers of x 
occur, in that for cos a: ooly even powers including zero. The first 
two functions are therefore characterised as odd, the other as even. 

An odd function f{x) can in general be defined by the property: 
that fix) ^ — f{ — x) ; for an even function we have f{x) = f{ — x). 
Thence follows that an odd fuoction, provided it is continuous for 
a; = , must there vanish ; it follows further by differentiation that 
all its derivates of odd order are even functions, on the other hand 
its even derivates are odd functions. Therefore these latter must also 
all vanish at the point zero. In the case of even functions ou the 
other hand, all odd derivates are odd functions and vanish for x ■=(). 

50. The development of Taylor's series is based on the formation 
of the «"■ derivate. This marks the limit of its applicability; for, if for 
any function the general expression of this derivate be too complicated, 
the method loses in practicability. Thus, it is not hard to calculate 
in general from the recurring formula established for sin"~'iC the values 
of the derived functions for x = 0, but that formula is not suited for 
forming the remainder.*) Therefore our first endeavour must he to 
decide as to the developability of a function and the convergence 
of the series of powers from the properties of the function itself 
exclusively, not also taking account as heretofore of the properties of 
all its derived functions. But then we shall recognise that a series of 
powers obtained in any way for a function in an interval must be 
identical with the series of Taylor, because f{x) cannot be expressed 
by two different series of powers. The investigations require — for 
completeness — the extension of the domain of number and for this 
new conceptions must first be introduced by the theory of functions 
with more than one independent variable. 



*) I'or the expauaion of sin— la: in n series, see Integral Calculus, Bk. HI 
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Ninth Chapter. 

Funotiona of more than one independent variable. 
51. When the value of a variable s is determined bj the values 
of two independent variables x and y in such a way, that to each 
value of X ill the interval from a io i and to each value of y in the 
interval from « to /3 belong one or more values of s, then s is said to be 
a function of the two independent variables x and y. Here we can 
also classify functions after the nature of their analytical expression 
into algebraic and transcendental, and the form in which the function 
is presented may be explicit: z = f(x,y), or implicit: f(x,y,s) 
= 0, or again it may be brought about by two variable parameters: 

X = (p(ti, v), y = il>(u, v), = x{u, V). 
The total course of the function is exhibited to intuition by the aid 
of a system of Cartesian coordinates m space — most simplj by a 
rectangular one — each system of values x and if la lepiesented by 
a point in the plane of xy, and fiom thih the conespondmg \alue 
of s is erected perpendicularly to the plane, towards one side oi the 
other according as it is positive or negative. The extremity of this 
perpendicular represents the simultaneous system of values, x, y, s. The 
interval from x ^ a io b, y = a to j3 determines in the plane xy a 
rectangle, the domain, for which the function is defined, and the 
points constructed lie above and below this. If x and y go through 
all values from -co to -f- oo, these points spread over the entire plane. 
A genera! view of the distribution of the points is arrived at, by beginning 
with a fised value of one variable ex. gr. x^^a, and giving to y 
different values between a and ^; connecting the points thus constructed, 
a polygon arises in space, of which the right line a; = a is the 
projection in the plane xy. As the value x is altered, different polygons 
are obtained for these values of y; if we conceive the points for 
which y has the same value to be counected, there arises a net whose 
quadrangular mushes are more and more diminished by interpolating 
further points and such that it can have as its limit a determinate 
surface. This surface is accordingly the complete image of the function, 
its intersections with planes parallel to those of ys or sx ar^ curves 
which form the limits of the polygons first constructed. 
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53. ConsMeriiig the explicit fimetion z = f{x, y) ]et us assume it to 
be one-valued, and enquire wb en is it coutinuous in a domain for which 
it has determinate values. Conceive any point of the domain inclosed 
in a small rectangle having the lengths of its sides parallel to the 
axis of abscissEe = 2h aniJ of those parallel to the ordinate axis 
= 2A, so that X + h, i/ + k are the coordinates of its four corners. 
Thus the coordinates of any point within this region or on its boun- 
dary are x + 6^, ;/ + '/^j C^ ^ ® ^ 1| ^ ^ ij ^ 1). If we denote by 
f{x+6h, j/+ijA) the corresponding value of the function, then 
the function shall be called conHnuous ai x, y, only when finite values of 
hand k can be found, for which the absolute amount of the difference: 
/'(^ + 9^' P ih 'J^) ~ f(^j y) ^ ^^s ^'^^ ** prescribed arbitrarily 
smaU number d for every value of the independent variables Q and i^. 
For then and only then will every series of numbers obtained from 
f(x + 0h, y + ijlc) — f{x, y) by making and ij converge to zero 
in any manner whatever, have zero as its limit. It is therefore 
necessary for continuity, that f{x ^Qh,y') — f{x, y) and likewise 
f{x, y ^tjh) — f{x, y) become infinitely small, or in other words: 
tliat f{x, y) be coutinuous as a function of the variable x alone or of 
the variable y alone; but yet this is not sufficient. Therefore to say 
f{x, y) is a continuous function of both variables x and y, is different 
from saying that f is s. continuous function of a: as well as of y. 

On the other hand we can replace the above definition by its 
equivalent: It must be possible to find at the point x, y, a finite 
value Jh and a finite value fc, so that for all values equal to or less 
than h ox Ti respectively, f{x + Qh, y) shall be a continuous function 
of y alone, and /(a:, y + i?ft) a continuous function of x alone, in 
such a way that independently of 0^, we shall have 

abs [/(s ± 0*, ,J + ,!■) - t\x + 86, !,)]< « 
for all values of 'q merely by the value chosen for k, and in like 
manner that independently of Tjit, we shall have 

abs U{^ ±Qh,y± 7}k) - fix, y ±nk)] < d 
for all values of merely by the value chosen for h. 

These conditions are enunciated in the words: f(x, y) must be a 
uniformly continuous function of x as well as oi y in the neighbour- 
hood of the point x, y. 

For according to this way of putting it, if we assume tj = in the 
second inequality, we have also for all values of 9 
^h^Vf{x±Qh,y)-~f{x,y)]< 8. 
This inequality added to the first shows that 

abs lf{x + 8/*, !/ + ij'O — f{x, y)] 
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becomes less than the arbitrarily small quantity 2d for alt values of 
and 7j, merely by the values chosen for h and h. 

This way of putting it is important, because it reduces the in- 
Testigation of continuity of a function with two variables to that of 
uniform continuity in regard to each of them. 

Examples: 

1. The function s ^ax^if, where fi and v are positive integers and 
a an arbitrary constant, is a continuous function of .both variables. 

For, the absolute amount of 
(!/ + ,)()•- J'- («,(+,t)!/'-' + »,(+,t)'!;--'+ ■■■ (±11'')' i 
is less than 

N\rih+ inky -f- • • . {rilY\ = N i^^^-::Yf^' , 

where 'N signifies the greatest among the coefficients within the above 
brackets. Assuming ?;/« < 1, then the amount of the difference 

Consequently 

a {x ± 070." [{y ±y!'kr-y''\<a {x + 9 A)." ■ ■-^■--^, ■ JV, 

and if this is to be Jess than d for all values of and ij, denoting 
by X the greatest absolute value which (x + S/t)'' takes for all 
values of 0, we have in order to determine k 

ijt H . J ^ _ 9 

l-n!<' "^ aXN' '■ ^- "^ < if +aXN ' 
A like consideration shows that the difference 
a{y + ri}cy[(x^eh)>'- -- xf\ is alt 

The considerations in this example serve for the prooi' of the general 
theorem : 

If f{x, y") = ip{x) . il>{y) where ip and \p are continuous fitnetious of 
the variables x and y, then / is a uniformly continuous function of 
X as well as of j/, i- e. a continuous function of both variables. For 

can be made < tf, exclusively by choice of li independently of QA, and 

can be made < 8, exclusively by choice of A independently of ij/;. 

y, g = — is discontinuous at all points of the right line x = i) 
xy ft, 

and of the right line y = 0. For, — is for all values -of x a discon- 

tiniious function of y when y = 0, aod for all values of y a discontinuous 

function of x when a; ■= 0. 
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3. 2 = ■- is discontinuous at all points of the right lino x ■= 
while y is finite, and is C[uite indeterminats at the point x i^ 0, y ^ 0, 

4. The function s = sin (4taa-^ — ) being defined for a; = 0'*) to 
be zero for all values of y including j; ■= 0, is a discontinuous fusiction 
ill the point a; = 0, y ^0, although for a constant y it is a continuous 
function oficand for a constant x a continuous function of y. But if 
we put y ^ ax the function sio (4tan~^a) can take all possible values 
between the limits + 1 and — 1 as we approach the point a: = 0, «/ = 
in all possible directions, whereas it should there be zero: or, forming the 
differences for the neighbourhood of this point, no value can be chosen for 
h independently of 0/*, nor for h independently of rjlc which will make 
siti {4tan~^ rf ^O < ^- '^^ criterion of continuity therefore is not 
satisfied. 

5. If we form the function ^ x' y-J, where cc and (i are positive 
and ^ ^ « , and for all values of x replace it for j/ = by the value 
£! ^ 0, then it is a discontinuous function at 3: =0, y = 0, although 
when we put y = ax it is a continuous function: 3 ^ x''~^a~'i' of the 
variable x and so is continuous on eveiy direction proceeding from 
the origin. For here too it is not possible to find a finite value of /( 
independent of jjft, for which we have 

Ill a domain, in which the criterion of continuity holds witliout 
exception for every point, including its limits, f\x, y) is a uni- 
formly continuous function of both variables, i.e. a value 
can be assigned for h and one for h, which, whatever be the values 
of X and y, are sufficient to satisfy the inequality 

f{x±Qh, y±n^)~f{x,y)<S, (0^6^ 1, ^<r,<\). 
For if it were assumed that such minima values could not be assigned 
to h and k, there should be points in the domain, in whose immediate 
neighbourhood the criterion of continuity could only be satisfied by 
h and h ultimately falling below any assignable value. That this is 
impossible is seen as follows: Suppose x^, y^ to be such a point, and 
determine h and k for a point «, — *,?/, — £' arbitrarily near it, so that 

abs [f{x^ — e + Qh, ;/[ — s'+ vih) — f(Xi — s, y^ — 1;)] < d. 
Now if the only way in which this inequality can continue to hold, 
when £ and e' converge to zero, be by li and h also falling below any 
assignable value, then — £ -|- Qh and — e' -\- tjk will always remain 
less than zero, so that the point «;, ?/, is never reached in this process. 



*) Tliomie; Einleitung in die Theoi'ic der beBtimmteu Integrals p. 31. 
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But this not being so, a finite region + B/(, + ^(^ can be assigned 
at the point ^,,1/1, for which 

abs [f{x^ ± eh, y, ± ^k) — /-(a;,, y,)] < ^■ 
This finite region includes also the points Xi — s, y^ — b' (for s a.nd 
s' converge to zero, 1} and h have fixed finite palues) and therefore 
the same assignable region is also sufficient for each of these points 
for satisfying the inequality, so that therefore what was assumed is in 
contradiction with the condition of continuity. 

53. The first differential quotients of the function at a point, in 
whose neighbourhood it is continuous, can be formed in various ways: 
If we first leave y unaltered, while x increases or decreases by A a;, 
and denote the corresponding change of by A^^s, then the quotient 
of differences is 

We assume that this approximates, when Aa; converges to zero, to a 
determinate hmiting value, as well for the + as for the — sign, but 
not necessarily the same for both. It ia denoted after Jiicobi by 
-„- or -„-- and called the partial derived of s with regard to x 
progressive or regressive as the case may be, thus; 

a' _ f _ Lim fl' + '^-.'l-rC. jl f„ i,,, _ 0, 
ex die ±Ax 

The partial derived of s with regard to y secondly is got 
in the same way, x remaining unchanged: 

|Z = |f _ Lim A^,!<±A,)-f(., ,) j^_. ^ 
dy cy ± Ai/ ■' 

■ Obviously we have here also the proposition: If the progressive 
partial derived with regard to x or with regard to y be identical with 
the regressive one, the Theorem of the Mean Value holds; 

ax + 4, !/) - /■(». y) - »f {" + eh, y), 

f(x, y + i) -/(I, v) - *r (", <J + li), 
and ij will be respectively dependent on y and x. 

But if X be changed by hx and at the same time y by Aj/, the 
ratio Ay; A3: remaining quite arbitrary but finite, the increase is 

A0 = A^ + A^, 2/ + ^y) - f{^> ?/)■ 

Here also the question arises: What is the limiting value to 
which ^ or -^ tends, when Ax and Ay converge to zero in any 
manner in which their ratio always retains a finite limiting value j-^, 
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the partial deriveds -J- aad J- being supposed to have definite values 
iu the neighbourhood of the point under consideration? 
We have identically; 



+ 



Ay Ax 



If in the first quotient on the right we first make Ap vanish, 
it becomes / (''+Aa;^!,^-/l»,y) ^^ jy^ ^^^^^.^ ^^^^ -^^ df(^ ^^ ^^ 

vanishes; but if reversing the order we iirst put Ax = 0, we get the 
expression ■■ ' ■ ^' — — , which will likewise become -^~ for Ai/=0, 
only when it is a continuous function in regard to t/. Now what value 
results when Aj/ and Ax converge to zero simultaneously in any 
manner? In order that -i~^ be again limiting value independently 
of the manner of convergence, the condition must be satisfied that a 
Ax can be found and independently of it a Ay, such as will make the 
absolute amount of the difference 

, r A^+Aa^.y+Ayl-ZTa^.y+Ayl f{x+QAx^y±nAy)-f{x^+ni^y)-] . 
"''^L" A^ ^^~ QAx "" J^" 

where iJ denotes an arbitrarily small quantity, while the proper frac- 
tions and rj assume all possible values. This inequality is ex- 
pressed in the words: The quotient of differences must be a 
uniformly continuous function of A* and of y. 

This condition is necessary and sufficient and cannot be re- 
placed by any other. The differential quotient proceeds by continuous 
transition from the quotient of differences and we can therefore easily 
conclude, that from this requirement the continuity of the function 
-^ in regard to y necessarily follows, witliout this therefore being 
fitted to replace the above. For, since the condition must be fulfilled 
for all values of Ay independently of the value Ax, it holds also for 
AX'^Q, i.e., 

df{x, y + Ay) _ dfjx .y + rjA y) ^ ^_ (0 < n < 1.) 

If, putting = 1, i; =• 0, we write the above inequality in the form 



\f{x+ Ax:,y + Ay)~fJ^x + A^y) __ f{x,y+Ap)~ fix,m Ay 



<S, 



Ay Ay 

since it holds for values of Ax and Ay however small, whose ratio 
has an arbitrary finite limiting value ft, we see that the continuity 
of ~ in regard to a: is also involved in the above condition, for 
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92 FunotionB of more than oae indepentlent variable. Bk. I. ch. IX. 

therefore tor A j, - 0, M&i+^S _ »J|iJl n„st also be < S*. 

Aecorclingly the result is: 

Provided at the point x, y, at which f is contimtotis, the quotient 
of differences: 

is a imiformhj continuous function of i^x and y , then'^is a continuous 
function of tlie variable y, J- a continuous function of the variable x, 
and we have for all values of dy ; dx the Total Differential Quotient 
with regard to x equal to 

lU ^df.df ay 

dx dx '^ dy' dx' 

or 'mitten more symmetrically, the Total Differential equal to 

•"-li"' + ¥,•'»' 

that is, equal to the sum of the partial differentials. 

The differential equation contrasts by its symmetry with the equa- 
tion of differential quotients; but since there are vanishing (infinitely 
small) quantities on both its aides, it derives a meaning only from the 
fact that a quotient equation can always be formed from it. 

In most cases of calculation it is enough to replace the condition 
of this Theorem of the Total Differential by the narrower one: When 
the progressive and regressive differential quotient ^ is a continuous 
function of both variables x an<! y in the neighbourhood of a point, 



For tlien we can replace the first quotient in the equation 

A»+AJ,i(+Ayl-/te .i)) _ f(!r + Ai.y + a») - A»,y + a y) 

/-(»;.■/+ Ay) -A",!/) A» 



+ 

by the mean value: 

a/( ji+eAtt,y + ay) 
dx ' ' ' 

which becomes ^ for As; — 0, Aj — 0, 
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xamplew. 



1. The function s = ]/x' -\- y' is unique and continuous 
tbo point a; = 0, ^ = 0, but its first deriveds functions 



have there no determinate values; therefore the theorem of tiie total 
differential does not apply in tliis case, in the absence of further con- 
ventions respecting the partial derived functions. 

2. If we replace in tlie function == (83; + 3) + j/ all values for 
;(/ = by the valnes Gx, the function bo formed is continuous in the 
neighbourhoodof the point* =1,4/ = 0; but^-^^^ = 6, ^^^'=3 
i. e. the partial differentia! quotient in regard to x is not a continuous 
function oi y; in like manner ^' ' ' = 1 , ± --^J^q=oo; there- 
fore though the function is continuous at the point yet the theorem 
of the total differential does not there hold for it, 

3, The function: ^ = « sin [i tan— ^ — ) with the convention that 
for all values of y including y = 0, whenever a; ^ we have always 
also = 0; offers an example in which f is continuous in both 
variables and -^ a continuous function of y, without the theorem of 
the total differential holding. This function is continuous in the neigh- 
bourhood oi X = 0, ^ ^ 0. Therefore 

" 8x ~ Ax 

is now a continuous function of y. On the other hand 

^fp^ ^ Lim y^-^ - 4, 

dy Ai/ 

as long as x is different from 0; while - '^' ' = 0, The theorem ol 
the total differential does not hold in this ease. 

The conditio]! under which the theorem of the total differential 
holds, is the condition that the function can be represented by a sur- 
face. Just as we say of a function of one variable: it can be repre- 
sented at a point by a cui"ve, when the lines joining this point to 
neighbouring points converge to a fixed limiting position, so wc say 
of a function of two variables: it can be represented at a point as a 
surface, when every plane, which can be drawn through that point 
and through any two other points belonging to the function, converges 
to the same fixed limiting position, in ivhiitever manner these other 
two points close up to the original one. It is a singularity in a 
when it behaves at a point as a cone does at its vertex; 
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in sucli a case there can no longer be any such thing as a fixed 
plane; the first partial derived functions are indeterminate. Let the 
coordinates of the points be respectiyely x, «/, s; x -{■ A^x, y + ^i*/, 
-j- AjS; X -\- A^x, y + Ajj/, z + A^s, so that 

^-f{^,yh ^ + A,0 = /(a^ + A,^, j/ + A,i/), 
^ A^0 =f(x-\- A,x, 2/4- A-^y). 
The equation of a plane through these points, denoting its current 
coordinates by §, j;, £, is: 

£-3-^(1 -») + B(,^S). 

, Ai^Ajiz — AjsA,!/ A ,^ AjX A^x A,x 

~ AixA^y — AixA^y ~ ~ A^ Aj^ 

Ajic Ai* 
AaS A,.a 

Tj ^ AjSAia: — Ai^Aja; A^a) Aia ; 

^ A|a;A',;/ — A,:eAi»/ ^ Aji; __ Ai^ " 
Ai«" A,K 
Now if A|a: and A,?/, as well as A^a; and Aj*/ converge to zero, 
while the limiting values of their ratios are denoted respectively by 
\fi/ ' (t~) ' ^^ have, provided the theorem of the total differential 
holds, 

A,3: ^ '8x^ dy \daJ,' A,x dx "r" dy KdtcJs' 

therefore: A= t—, -B = 5--- And it follows conversely from these 

8x' . PJ* . . . 
equations: if A and B in every limiting process take these values, then 
the Theorem of the Total Differential holds. 

54. We now proceed to form the partial derived functions of 
higher order according to the rules for functions with one variable. 
By ^~ we denote the function which is found by taking the derived 
of K^ with regard to x, and can again define it through the original 
function by means of the equation 

P'f Tim A^ + 2Ate, y)-afl^ + A^.y}+/'(^ .y) 



,a; = 0. Similarly 

r4=4^=Lim 



nx,y + 2 Ay)-^f^x,y + Ay) +f{x_. 



By further differentiations the deriveda — - and — - are obtained. But 
there can also be formed what are called mixed derived functions : for 
if the function j^ be differentiated with regard to j/, a function is found 
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wliich must ha denoted by —^-J—. and likewise when i^ is differeii- 
J eyes:" oy 

tiated with regard to X, /-g-- The two are defined through the 

original function by the equations 

fix-i rAx,y+hij)-f{x, y-{-Ay) __ f{ x+A^,y) - f{x,y ) 



oH _ 



Ay 

f{x-\-Acr..y-lrAy)- f{x+Ax,y) _ f{x,y + A y) -f(a:,y) 



^=LimLim ^^ 



The expressions on the right are identically equal to: 

nx + Ax,y^Ay]-f{x,y + Ay)-f( x + As6,y)+f{x,y) _ ,. . ■. 
AxAy ^^ ' ^' 

and differ from each other only in this, that in the first case the 
limiting value has to be formed by making Ax first converge to zero 
and then A*/, on the other hand in the second case in reversed order 
first Ay becomes zero then Aa;; the question is, must these limiting 
values be identical? We assert: They are identical always at a point, 
in whose neighhomhood ^ and . l^ (or again g- and g - ^ -) are 
contimious functions of loth variaites x and y; -without implying that 
this is at the same time the necessary condition. For, inconsequence 
of our hypotheses vre can apply the Theorem of the Mean Value to 
the function 

Uix, y) = fix, y-\-Ay)- fix, y) 
in which we first consider y and Ay as constant, and x as variable 

n(« + Ax, s,) - n(«, ,) - 8JIli!i_+ 94i_»J .ax, 

or in full 

|/-(x + aa:,!/ + as)-Aip + Aii:,!/)1 - [f{x,il + ti,j) -l(x,,j)\ 



.ax{!'.' 



Accordingly 

df{x+QAa:,y-lfA y) _ dJX^+QAx^y) 

For the theorem of the mean value, by hypothesis, likewise holds for 
the function ^' - If now K—i- be a continuous function of both 
Tiiriables in the neighbonrhoor of X, ,J, m''..±l^'^t±-:''ti jidds 
the same value, whether A a; first vanishes and then Ay, or first Ay 
and tlien Ax, i. e, ip presents the same value independently of the 
order Ax = 0, Ay = 0. Therefore in this case the limiting values 
8't_ 
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The ouiy remark still to be made is that the value of 3— |— or ifc 
can also increase beyond all limits; though under the circumstances 
assumed, namely that the theorem of the mean value is to continue to 
hold, this can only occur by ip becoming determinately infinite however 
we may approach this point; the limiting values then remain equal to 
one another, -j- cx) or — 00. 

We can HOW further conclude, that under corresponding circum- 
stances the order of differentiation is indifferent also for higher partial 
derived functions. For if 

2^33: cccdy 
then it follows by dift'erentiation ex. gr. with regard to x that- 

_ s'f_ _ gy 

If iheu we put ^ = p and the theorem just proved holds for the 
function p, that is to say, if not only 5^ = 5 ' but also 

..^:P_ = gy 

be a continuous function of both variables, we have: 

ix^ = _^?_ i p gy .^L- = gy 

56. By the help of the higher partial derived functions the higher 
total differential quotients are expressed as follows: In the function 

d(c 8x "^ dy ds:' 

which depends on the two variables x and y, let x increase by ^x, 
y by A?/, then the limiting value of the quotient of diiferences 'dx 



Q. B. D. 



which we shall have to denote by -^^ when hx vanishes, is to be 



calculated from the form: 



-si:^ = Liin - 



,8f(x + Ax,y+A y) __ d_f(x,y)-\ ^dy 

+ ^y . Lim -^- , ^^ \j^df{x,y] Li^ dx 

' dx I Aa: ' oy Ax 

The first limiting value on the right is by the previous proposi- 
tions the total derived fiinction of k- with regard to x, therefore 

is equal to .,-C 4- -. — ^--j-; likewise the second, the total derived 
^ dx' dy ox dx ' ' 
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But if X and '\j are both to be taken as indepeudent variables, this 
expression reduces to its first four terms. It is seen that these terms 
occur with binomial coefficients and that in general for independent 



For, if we form the total differential of this equation, we find: 

Except the first term of the first sum and the last of the second, 
each- term occurs twice, only with a different binomial factor, so that 



hut since n^ + Mj.._, = (w + l)i:, we have 

There is no difficulty in extending these investigations to ex- 
plicit functions with more than two independent variables, when once 
we have defined for them in a perfectly analogous manner what is 
meant by the continuity of the partial and total differential.*) 

56. The knowledge of the partial derived of a function with 
more independent variables than one, leads likewise, as Lagrange has 
shown, to a calculation of the function hy an infinite series of powers. 
To find the value oi s ^ f(x -\- k, i/ -|- i), when the values of the 
function and of all its partial derived functions at a point x, y are 
known, let us form the expression 
1) F (t) = fix -\-th,i, + tJc) = f(x', y). 

This will be a continuous function of t for arbitrary values of h and 
Js, only if /■ is a continuous function of the two variables within the 
region determined by h and J;. Now if F [t] can be expanded by 
Mac Lauriu's series, that is, if 

*) Theorems concerning functions with more than one vai'iablo weie first 
BjEtematicaily developed by Euleu; Inetit. caloul. diif. Pars I, 7. 
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2) Fit) _ FiO) + 5- jf-(0) + I F'iO) + . • ■ |-F"(ei), 
we get for t ^ ]. the value; 

3) F{\)-F{(l]+ \ i''(0)+ J -f" (()) + • -.i-F-ie). 

Now on the hypothesis that / and its partial derived functions are con- 
tinuous in hoth variables, we have for every value of h and h the total 
derived of F with regard to t : 

dfix. y) (l£ I df{x\y) (W 
dt ' dy dt 

= y -\-lit, therefore 









F (!) . 




8«' 


or 


because: 


X. 


-X + ht 


> y' 


-S + 










Sf 
by 


df 
-Si' 


F' 


it) - h 


lfi_x 


^l+l 


dflp 


'^■0- ai 



\F'iO)^k^^f'^^-\-k 



dy 



Further we have 

^ (^^ = "• — a^ ■ + ^'"'^ dxvy + ^' """"ey" "' 

therefore 

and so on, in general: 

If we substitute these values in equation 3} we iind 

l'-(i) = f(x-\-h,y-\-k)=fix.y)+ jftg+^l^j 

This expression is the Theorem of the Mean Value in its most 
general form for a function with two variables. It leads to an in- 
finite series proceeding by powers of h and k, whenever the remainder 
converges to zero as the values of n increase arbitrarily. A special 
case in which this occurs is when the partial derived functions have 
the property of remaining finite in the domain assigned by h and h 
when n becomes infinite. If they have not this property, the remainder 
may indeed still converge to zero, though, as the determination of 
the limit becomes difficult, we require other criteria to decide by. 
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of i~- is equal to ^.r^ h ^ • j^ ; the third limitiutr value is iinde- 

teymined, just as -.-^ itself is, as long as no law is assigned between 
the change of the variable X and that of the variable p; but if such 

A^ 
a dependence exist, we shall have to denote Lim — ^ — by j-^, (ex. gr. 
when the increments of x are in a constant ratio to those of w, 
dy.dx^'k, rf^M:dcc^ = 0); therefore if -— ^ = 33 . 

we have ^^- ==,._. + 2 ^-^ . ^ + ^ (^J +--. -_. 

It ia to be remarked, that this expression is not symmetrically 
formed relatively to the differentials of x and y\ this depends on the 
fact that we considered the variable x as independent, and formed 
the higher quotients of differences with regard to x (§ 33). It becomes 
symmetrical either, when as y varies in proportion to x, -^- is to 
be considered constant, for then equal changes of y belong to equal 
changes of x so that as just stated A ^ = 0,and consequently: 

or, when the change of x as well as that of ^ is to be made depend 
on a third quantity. 

This case we must consider more closely. If x as wei! as y be 
functions of the independent variable t whose change therefore con- 
ditions the change of value of x and of y, the differentials dx and 
dy are functions of t, multiplied by the differential dt; accordingly 
the differential quotient -^^ is a function of t. Writing dx = (p{t)dt, 
dy = ii>{()dt, then ^ ^(t\ ' ^^ ' change and the differential quotient 
is to be determined, we have 



"(S 



<p(i )^'(t)- <p -(t)i,(t). ^ 






Evidently, in consequence of the equations ^=^g)(t), Jf = i'{i) 
we can also write; -3^ = f'{t)t ■jji = '/''(*)> or ^x = (p'{t) d{^, 
(Py ^ i''(t)dt'^; introducing these values into the above equation, it 
assumes the form 

\dxy dxd^y — dyd^x j (dy\ dxd^y—dyd^x 

~dt '^ d^'dt ^''"Kd^J = J^^ ' 

i. e. if in a differential quotient, numerator and denominator are conceived 
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to be. functions of an independent variable, its differential relatively to 
tliia variable is formed according to the genera! rule for a quotient. 
If the variable t coincide with x, we have x ^ t, hence 

therefore d'x = ^ and we obtain the equation "^ (,t^J = ~^ If the 
variable t coincide with y, then y ^t, ^(i) = 1, j/f'(i) = 0, d'y = 

and we obtain d\~)= — rr a~' '^^^ ^*™^ '^ *'^^ '^^^^ ^^ ^^-^^ ^^^ 
'il>{t) are constant, and the variables x and y therefore change in pro- 
portion to .the iadependent variable. The second and all higher diffe- 
rentials of the independent variable therefore vanish. 

If now in the equation ^ •=f{^,y) both x and y are to be con- 
ceived as dependent variables whose change is determined in any 
manner by a third variable t, the total first differential of 2 with regard 
to this variable is 

-rr = TT^ 3T + -S- -.-. or B2 = X - ax -\- ~ ay, 
dt dx dt ' dy dt dx ' dy ■^ ' 

and now considering that both the partial derived functions and the 

differentials dx and dy depend on A we find for the second differential 

f_'^^y i ^ l^y )' ( Sfd^te , if ^ 

^dySxdt dt ~^dxdy dt~di~^ dy^^di''^ dx dt' ~^ dy df- 

or d^,== fl dx-- + 2 £1- dxdy + g dy' + || d^x^ | d'-y. 

But it must be remembered as to this last equation, that it states 
a determinate relation between finite quantities only when x and y 
are given as functions of a quantity t, and both sides of the equation 
are divided by dP; that it has on the contrary no content at all, when 
nothing is determined as to the way in which x and y vary. We have 
accordingly the Rule. 

In order to obtain the most general form of the second differential 
from d z = -J- dx -\- -J- dy , we have to form the total differential of 
the terms on the right side, taking account of both differentials d'x 
and d'^y. If x is to ie taken as an independent variable, then d^x = 0; 
if y also is to be considered as an independent variable, d' y m^ist also 
vanish. 

Example: 

£ ^ a:'"!/", ds ■= mx'^~^y" dx -\- nxf' y""' dy 
d"^ s = m{m — 1) s^~'^ y^ dx^ -\- 2mnx"'~^y'^"'-dxdy 

-{- n{n — V) x"^y'^-^ dy"^ -f- maf'-'y d^x -\- nig^y^-'d^y. 
This Rule contains also the law of formation of further differentials: 
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which « = 0, there is also a differential quotient identical when taken 
progressively and regressiyely, to he calculated from the equation: 

0/ 

rfy _ _ ^ ^ _ m B„x"'^' -\- (m - i)S,x"'~-^'\ h-B^ -i 

dx ~ df „ A„ y"-' + (w — 1) A, i/"~^ -]-...+ A^_i ' 

By 

and that becomes infinite at the points for which the denominator 
vanishes, where simultaneously f^ and ^^ = 0, 

The preliminary result is therefore : If in the algebraical equation 
f{x, y) = 0, y be coasidered as a function of x, this function has at 
each point a differential quotient; in other words: it can be carried 
on continuously from each point. Geometrically stated this is the 
theorem: an algebraical curve has at each point a tangent; it cannot 
break off at any point. 

This theorena however undergoes modifications; for there can be 
points, at which numerator and denominator of the quotient -h— vanish 
simultaneously; or simultaneously increase beyond all limits; these 
require a special investigation. 

69. The Theorem of the Mean Value in its moat general form 
(Taylor's series) shows directly whether a function can be carried on 
continuously for finite values of x and y. We found § 56 that the 
value of f{x -j- h, ^ -\- k) can be calculated from the equation 



Sy'i 



■Php. 



g'Aic+e^.y+gi:) 



We commence from a point x,,, ?/„, at which /'^O, and try to 
find another in its neighbourhood, i. e. for arbitrarily small values of 
h and k, at which f{x^-\-]i, ya-\-k) likewise vanishes. Denoting 
the values of the partial derived functions at x^, y„ by O^,, the values 
h and k must satisfy 

Since arbitrarily small values of ?t and A; are in question, we see that: 
unless — and —■ vanish s i mult an eons ly, terms containing higher 
powers of h and k are arbitrarily small compared with terms of 
the first dimension; thus the continuation of the implicit function is 
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indicated in the direction of its differential quotient 



But now if ~ and - simultaneously vanish', the first member of our 
equation disappears, and since for the arbitrarily small values of h 
and k for which we are enquiring, the 3"^,4*i' etc. powers are arbi- 
trarily small compared with the second, the limit of the ratio of /; to 
7t is to be extracted from the quadratic equation: 

When this equation is written in the form 

it shows, that the ratio ■,- has two real values, itifferent ur equal, ui' 
no real value at all, according as 



l(^'i.)y_(m fi^A 



is greater than, equal to or less tlian zero. In the last case the func- 
tion f{x,y)='0 cannot be continued from the point % )/„ in any 
direction by real values of x and p; while in the first, two different 
directions are found. Its curve has an isolated point or a double 
point with real branches, singularities that can also occur in algebraic 
curves. If (i^) , (M-) , (P,) , also vanish, we are led to a cubic 
equation which presents for the ratio oi k-.h either three real values, 
different or equal, or else only one real value. Such singularities 
can rise higher, but the further discussions require theorems as to the 
number and nature of the solutions of equations of the #'' degree. 
These remarks contain only the first germs of a problem which may 
be stated generally thus: The implicit algebraic function fix,i/)='0 
is given. For x = x^, y takes the value !/„ . It is required to ex- 
press y as an explicit function of a; by a convergent series of powers, 
subject to the condition, that the relation f(x, j/) = remain always 
satisfied, and that for « = «;„, y^Vr,. But we must postpone the 
solution of this problem until later on, for it requires a considerable 
extension of our previous conceptions. In the first place we must 
be able to tell, how many values of y belong to a determinate a:„. 
This requires the investigation of complex solutions. We must then 
solve in general the question as to whether a function, in whatever 
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Implicit Functions. Application of Taylor's aeries to evaluate 
quotients apparently indeterminate. 

57. Our last investigations were shown to be applicable to the 
calculation of differential quotients of complicated functions of an 
independeut variable when x and y depend on the quantity t; but they 
also admit of application to implicit functions,*) 

In the case of an implicit function f{x, y) ^ 0, represented 
ex. gr, by the most general form of an algebraic function {§ 25), the 
value of the function hitherto named s is constantly equal to zero. 
By making it vanish we produce a dependence between the quan- 
tities X and »/; for, if one or more values of y can be assigned for a 
determinate value of x so that /■= 0, a change of the value of x will 
give rise to a perfectly determinate change of each of tiiese values 
of y that satisfy the relation f{x, y) = 0, 

Let us fix our attention on a determinate value of y and attempt 
to measure its change in relation to that of x. 

When will y be a continuous function of x"^ It will be so when 
as the increase Aa; becomes 0, the £^ij belonging to it also converges 
to zero; i. e. when the equation f {x -{- ^x, y •{- ^y) ^0 is satisfied 
by a vanishing value of Ay simultaneously with a vanishing value of Ax. 

Therefore in this case there are values arbitrarily near the poiut 
X, y, yet besides this point itself, for which the function of two variables 
g^f{x,y) vanishes, and conversely the existence of such values 
within arbitrary proximity to the point x, y, coincides with the con- 
ception of continuity for y. If ex. gr, 2 be a unique and continuous 
function of both variables which can be shown to have positive as 
weil as negative values in the neighbourhood of a point, it follows 
that there must be also a continuous series of values for which s vanishes. 

When the change of value is continuous, the limiting value of 
the quotient -r-^ can be enquired iifter. 

*) Euler: Iiistit. calcul. diff. Pars I. 9. 
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102 Implicit functions, Bk. I. ch. X. 

If the function z =f{x, y) when s ^= have a total differential: 
d^ = P- dx -\- p- dy, there is obviously a determinate sort of in- 
crease for X and y, for which s remains =0, namely 

Kdr A^^d„ = or ^ ^-(^)-(^)- 

Accordingly the value of the differential quotient of an implicit 
function can be determined, without requiring first to express it as an 
explicit one, by substituting in the expressions of the partial derived 
functions ~ and ^ the values of x and y at the point. The second 
total differential fPs equated to zero gives the calculation of the second 
differential quotient ^, and so on: 

~ ga;' "T Sxdy ' da: ' dy^ ^dx' ~ Sy dx'> 

58. Application to the most general algebraic function of two 
variables. 

The function s = f{x,y) ^ A^ y" -\- A^ y"-^ -j- . . . A^^i y -\~ An, 
where A^, A^ . . . A^ signify polynomials of any degree in x, which can 
likewise be arranged in powers of x : 

2 = B^x"' + B, a:"^' -\ \- JVia: + B,„, 

is a continuous function of both variables. For, written out in full 
it consists of a finite number of summands of the form: af:vX''y'\ 
each of these summands is, as was shown § 52, a continuous function 
of both variables, but a finite sum of contiuuous functions is 
itself a continuous function. We can easily prove this propo- 
sition in general. If for any values x, y, we have the function 

2 - n {', !/)+/;(«,!/) + ■■■ + f, {X, </), 

and wo form its value for x-^Q'h, J/ + >l^, the difference between 
the new value and the old will remain less than tf, when we make 
h and h respectively equal to the smallest of the values tliiit result 
for the individual summands, in order that the amount of 

fi{x±Qh, y ± v^} - fi i^, y) 
may be less than — ■ Further, the algebraic function has a total 
differential of the form d0 ■=^ -J-_ dx + o~ '^?/- Por, ifcj partial derived 
functions in x and y are themselves again algebraic and therefore C(m- 
tinuous functions of both variables. Consequently, at any point for 
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§ 60. 61. The cliffeLentiiil quotipnt at infinitely distant points. 107 

61. But in the second place, a c|Uotient appears in an indeterminate 
form, when as numerator and denominator simultaneously approaeh 
a point, they increase beyond auy limit; or in other words become 
simultaneously infinite at a point. If the quotient be an algebraic 
function , this can of course only occur when either or both of the 
quantities x and i/ become infinite. Here the simplest case is disposed 
of by the following theorem : 

Suppose f(x, ?/) = an algebraic function in which tbe highest 
order of the terms, i. e. the highest sum of the exponents of a; and y 
is n, and let the terms of equal dimensions be grouped together, we 
can thus bring it into the form 

«"f.©+^-Y.-.(-|)+ ■ ■ ■ + «-'/■.-.© +-«/i © +/„ - 0, 

where /"„_* (— ) signifies a polynomial of the (« — ft)"* order in thu 
quotient y : x. Substituting for p : x a definite value g, the equation 

'•f.(s) + «-Y.-i(!7) + ■ ■ ■ + 'fM + /. - 
determines those values of x to which a value y belongs such that 
y : x = g. The question: For what values of ^ does x become infinite? 
can be reduced, by putting — for x, to the simpler one: When is 

f.(9) + if.^M + ■■■ + i^-'ag) + i-h-o 

satisfied by ^=0? The answer is: When/^(3)^0, only. This is in 
general an equation of the «"" degree in g. Suppose we had found g 
3, definite solution of it. In our present notation we have : 

f^_ »x-./;.(f) + (.. - 1) «^"/-.- (f ) + ■ ■ ■ + A © - -"yf- il ) 

---!//•.-.© 1/;-©, 

li-«"~v.'©+«"f^.© + ---f.'©- 

Dividing numerator and denominator of the quotient — ^ '-^ ^'^ 
a;"-' and putting ~ = g, a; = oo, all terms that retain x in their 
denominators will go out, and as f^{g) = there will only remain in 
the numerator tbe term gf«'{g), and in the denominator /y(^). Accord- 
ingly, unless the special case fn'ig) = occur, we have for x = oo, 

die '^ \(rJ- 
Therefore the differential quotient of an algebraic function has a 
determinate value, even at points where x is infinite, if the ratio y : x 
have any determiiiate value, even zero. If we went through the 
demonstration for tlie ratio x:ymaa analogous manner, we should 
find the theorem also holds for the point-s not already considered, at 
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108 Implicit fiinctioiis, Bk. I. ch. X, 

whicli y is infinite, but x finite, so tliat the ratio y : x is infinite; 

here we have ^^ = 0. 
dy 
63. We conclude theae considerations with the problem: Let 
fp(x) and ■i!>{x) be any two functions, which both become infinite for 
X = a] it is required to find the limiting value of the quotient 

Putting X = a -\- - consider q) and i/* as functions in g, then they 
become infinite for ^ = co, i. e. when s increases positively or negati- 
vely beyond all limits. Therefore the problem is reduced to this 
other , to calculate i.im -—j^ for a = co or — oo , when Lim ip {0) = 00, 

Lim il>{s) = 00. It was shown in § 24d, that provided fJl+AziI^^ 
has any determinate limiting value for ^ = + 00, we have then 



Lim 



m _ f(p + ?' ) - m 



for every value of h. If now the function f bo continuous from a 
point^ = Sj, and infinite only when s = 00, if further its differentia! 
quotient be everywhere determinate, which we know cannot be the 
case unless from a certain point the function only increases or only 
decreases, and if the progressive differential quotient be identical with 
the regressive, then it follows that 

Lim ff .. Lim «i+i')^f<.) _ Li„ f^, + g,,). 
When these formulas apply to ip and ip, we have 

Lim ?p = Lim ip-{0 + 9/0, Lim ^? = Lim t'(g -\- Q'li), 
and so by division: 

Lim ^ == Lim <i^i||I for ^ = co. 

i. e. Provided the derived functions <p' and 1I1' have each a determinate value 
for g = 00 (lie same when taken progressively as regressively , then their 
quotient also has; and the limiting value of the qiiotient of the functions 
<p and jp, which become delerminately infinite, is equal to the quotient 
of (fie derived functions. *) 
Examples: 

") Tlio hypotheses of the theorem can be further generalised, see 
Eonquett N. Aanal. de math^m,, 2. Ser., T. XVI. 
Stela: Math. kaasX., Vol. XV. 
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g D». 60. The differential quotient at a multiple point. 106 

way it ma-y be defined, can be expanded in a series of powers, (Bk. 11 
Ch. IV. Bk. IV Oh. III). 

60. We return to the question as to the differential quotients 
at these singular points. We assert, the values of 7c : h calculated 
from the above-mentioned quadratic or cubic equation present, when 
real, the different values of the differential quotient ^- at such point. 
This proposition is manifest, for ^ : ft is a quotient of differences, and 
its limiting value defines the differential quotient. It can however be 
deduced yet otherwise from the original equation of definition; 

^ = _iL . K. 

dx dx ' dy 

We consider first the following simple but important case, 
(ef. § 19c): If in a quotient '^ ^ - ■ , numerator and denominator vanish 
simultaneously for a determinate value x = a, ip and jlr may be any 
continuous functions, not only algebraic, then (§ 10) this quotient 
has a meaning only in so far as it is the limit towards which the 
values at neighbouring points tend; thus 

— r = ijim — ; — i— 7T 1 or , , , = Jjim ——, ^ ■ 

■V (n) ;,=o !/'(« + /')' iP («) fco ■ifiia-h) 

If now the Theorem of the Mean Value in its first form hold for 
the functions (p and ip, the following general rule is found for cal- 
culating the limiting value. Put 

q) (« -\-]i)~cp (a) = ?i qj' (ffl + /(), or, as ip (a) =0, q){a-\- Ji) = h <p' (a ~\- 0A), 
i^{a + /0 — '^(«) = Ai^'(«+ '?H «rj asil;(a)='<),ip{a-\-h)==}tii''{a + 7ih), 



-''#-t^^=^>M-^!. and so Lim?>i?^=ff'';, 

i.e. the value of the quotient ~~ at a point wheie numerator and 
denominator vaJiish simultaneously, is, on the h>putheM'^ assigned, 
equal to the quotient of the first derived functions of cf and i- at this 
point. 

If p (a) and V' («) likewise vanish, but if the theoiein of the 
mean value is applicable in its extended toim, ne have 

(p [a -{- h) = .g- fp"{a -\- Qh), ^ (a -j- }i) = -.^ ^" {a + ^'i)? 
therefore 

<P (a) ^ t:„, f f«_+-^ = I im '''-' ^"' +-^ = f" '*' 
^ («) ,,"" * (« + ''-' t'=^ '^" (» + 'j'') ^!") 

This demonstration is not possible for the special case that a 
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106 Implicit f'uEotions. Hit. I. oh. X. 

is not a finite value, when numerator and denominator simultaneously 
vanish for a: = oo. This case shall be dealt with in § 62. 

Now the same process holds good for a quotient of the form: 
^ ,^' -. , in which, as in case of the implicit function, w is a function 
of X. This quotient must likewise be derived as limiting value from 
neighbouring points, when for x ^ a, y = b, numerator and denomi- 
nator vanish. We have 

^LS^"! _ Lim -^±]k±iJrl 



and by the theorem of the mean value 




f(u+h,i+t) ,,3»(. + 9», i.+ e*) + i8f.(. + e*. 


i + eil 


4, (0 + h, b + t) ,, 8» (• + ■I". > + 1*) _,. ,, 8» (« + A 


t + vK 


Accordingly 




3<p .3ip V . k 
^. -1- „ . Lim -j- 




If now in our case, in whicli 9' = — g^> '^ ^'^ '/v' 


,s»n,i, 



ing 
that the implicit function f{_x, y) = can be continued, we determine 
the value of -;- ^-^r- by the same rule, remeraberinff that by the above 
proof Lim -jr ^ j^ t we obtain the equation 

dy _ _ dx^ "^ dxdy d x i^ /dy\i , ,, 8'f dy . d'f r, 

dx "g'T I ay ly' " dyAdx' '^ dxdy' dx'^ 'dx^ > 

dxdy "T dy^ ' dx 

in which the values of the partial derived functions are taken at tlie 
point under consideration. This equation coincides with that already 
found for h and k, and teaches that the quotient j|, provided it is 
real, remains even in the singular points a continuous function of x, 
for it can be derived as limiting value from neighbouring points. But 
we may not take this second manner of calculating, as a proof that 
such a thing exists, for here wo are taking for granted not only the 



It is easily seen how this calculation adapts itself also to higher 
singularities, the value of '^ '" ' ^ being developed on the hypothesis, 
that all first derived functions, then all second, etc. vanish. We 
do not here enter on the special ease, that a and b are both infinite. 
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§ 6a — 65. Real and iinagiaary diffei' in conception wot in application. HI 

64. The contrasted epithets "real" and "imaginary" favor the 
erroneous impression, which indeed has impeded the systematic intro- 
duction of imaginary numbers into analysis, that nnmbera of the first 
kind possess a practical reality which thoae of the second have not. 
Oonsidering the arithmetical operations merely, without application 
to physical quantities, fractions, irrational numbers, imagiuaries, all 
form legitimate extensions of the conception of number, that are 
connected with the integer by determinate arithmetical operations. 
In the applications of these operations on the other hand every- 
thing depends on the kind of numbers introduced at the outset in 
framing a problem analytically. If ex. gr. in the ease of discrete 
quantities, from the way in which the problem is proposed only 
integers are admissible, the proposed problem is seen to be im- 
possible when the result is a f'ractioii. Likewise in the result of 
a calculation referring to physical quantities, a negative number will 
have a meaning applicable to these quantities, only when from the 
first the quantities were distinguished in the sense of positive and 
negative. In analogy with this, even when the result of calculation 
is imaginary, its meaning is no longer unreal, when the actual 
quantities considered, are characterised not only by real, but also by 
imaginary numbers. The simplest example of a representation of intuitive 
quantities by imaginary numbers is the geometric interpretation, which 
we shall deal with as we go on. "As mathematical science strives towards 
doing away with exceptions to rules and towards contemplating diflferent 
propositions from one point of view, it is often compelled to enlarge its 
conceptions or to establish new ones, and this nearly always denotes 
a progress in the science. A great example of this is the introduction 
of im^inary quantities into analysis." (v. Staudt, Beitriige zur Geo- 
metrie der Lage. Heft I. Vorwort.) 

66. It follows from the definition of the imaginary unit tiiat: 

Accordingly we undei^tand by: 

Hence follows by inversion : 

that a real solution could be espieosed only by meaDS ot squaie looti of nega 
tiie quantities (Eombelb 1579) 'imce that time imaginary numbem ha\e ne'ver 
disappeared fiom analysis The eiriiest who found their emplojuient fruitful 
WAS Eulei But it was the worlis of Gauss (1777— 156oj and of Cauchy winch fir t 
manifested the importance ot the complex niunljei is a generalibed conception 
of number 
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112 1'he complex number and the operations of aritliinetic. Bk. 11. cb. 1. 

The combination of real and imaginary numbera in a sum, furnishes 
the complex number. The complex number 01 + ^^ is a sum of a 
positive or negative real units and of h positive or negative imaginary 
units. Therefore the conception of the complex number comprehends 
that of the real, when b = 0, and that of the imaginary, when a ^ 0. 

To add two complex numbers: a -\- ib and a' -\- ib' is to carry 
on this enumeration of the two units, that is : to form a new number, 
of which the real units equal the sum of the real, and the imagi- 
nary equal the sum of the imaginary units in the two given numbers: 

(« + iS) + («■ + ib-) _(„ + „■) + i (S + f) 
and in general 

(a + ib) + (a+ib-)+---(a^-{'ib-')=^{a + a'-\—-a^]+H_b + b'--h^). 
Such addition complies with the fundamental proposition that the 
summands may be interchanged. 

Subtraction here also means the inverse of addition. 

66. In like manner as real numbers can all be brought under 
intuition by terminal points of lengths, measured off for simplicity 
on a right line in the positive and negative sense from a certain 
origin, so complex numbers are all figured as points of a surface, 
for simplicity, of a plane.*) For, in the rectangular system of Car- 
tesian coordinates (§ 15) each point of the plane is uniquely deter- 
mined by two numbers x and y positive or negative, one of them x 
being laid off as abscissa, the other y as ordinate, in a direction deter- 
mined by the sign. If we combine the real numerical values x and y 
in the complex number x -f- iy, we arrive at the proposition: 

A system of coordinates and a unit measure being once adopted, 
each point in the plane has its own complex number, and inversely 
each complex number determines uniquely a point of the plane. 

The points of the axis of abseissfe belong to the real, those of the 
axis of ordiuates to the imaginary numbers. 

The totahtj oi points m the plane gives an intuition of the total 
continuous domain of comple"i niimbeis 

b? This lepiesentation conducts at once to a new and very con- 
venient toim which complex uumbeia admit of. For if we introduce 

*) Argaiid Essai lur une manifire de repr^eenter les quantit^s imaginaires 
dans les constiuctiouo goometriquee 1 ubhshed anonymoualy 1806; eitracts from 
this appeared m 1SI3 in Gergonne a Acnalea vol IV, and it was republished sepa- 
rately ijy HoubI in 1874 A*; to the history of complex numbers, see Drobisch: 
BenchtP uber d e Veihandlungen der K &4chs Gesellsch. d. Wissenach,, Vol. II; 
Hankel Iheoiie der complexen Zahlensysteme ip.71 and 81; Hofiel: Theorie dl^- 
mentaire des quiotites complexes p 4 the importance of Gauss' work is left 
BOmewhlt too much m tl p Vackgrouad in this last treatise. The oldest notice on 
the geometiic mterpretation la in the Novi Comm. Acad. Petrop. 1750. 
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§ Gl, t>'2. Detei-miiiiitioii of a rinoticnt ot tlie form ^. 109 

For we have: 

2) If we put 9j(3:) = a: + sin x, tj^ix) = x, we have for a: = oo, 

is indeterminate. Although the function ip (x) increases continuously, anil 

becomes determiuatelj' infiiiite, it does not satisfy either the condition that 

<p(x-{-h}~q>{w) 

h 

or that q>' {x) have a determinate value for a: = oo. 

If ^{x) and il>{x') both vanish for x = oa (see § 60), let us write: 

= (dAx), —. — ^^^{x); both functions w. and ^. become oo for 

x= oo; so by the rule last found 

Hence we have the equation: 

But the problem of determining the value is not directly solved by 
this equation, since rp' and ^' must also vanish for ic = oo (§ 24e); it 
may however lead to a simplification. 
Example: 
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Second Book. 
Oouiplex Numbers and llinetioiis of Complex Numbers. 

First Chapter. 
The complex nirmber and the Operations of Arithmetic. 

63. In a manner similar to that in which Subtraction, Division 
and Evolution each required the conception of number to be extended 
so as to include respectively, negative, fractional and irrational numbers, 
the attempt to render all the seven operations of Arithmetic possible 
on real numbers without any exception, requires the adoption into 
analysis of a new conception, the complex number. 

Regarding roots of positive quantities we have the propositions: 

1. The root of a number is equal to the product of the roots of 
its factors. 

2, If the exponent of the root be a product mn, the root cau 
be reduced by taking the w*'' root of the «"■ root of the quantity or 
inversely. 

These propositions being extended to the even roots of negative 
quantities, it will appear that the problem of evolution is solved in 
all cases, as soon as we adopt the square root of negative unity into 
the numerical system and define the arithmetical operations with it; 
for we have 

'r-a-'P^VP"^- 

^— 1 is called the imaginary unit and, after Gauss, briefly de- 
noted by + u In like manner as real positive and negative numbei-s arise 
from + 1 '^y uiultipli cation , division and involution , so positive and 
negative imaginary numbers are obtained from + J: 
+ (i + *) = + 2i, + (2^ + = + 3i,''-±(«^ + *) = + (« +1)^ 

The most general imaginary number is: + a*, where a signifies an 
arbitrary real number rational or irrational.*) 

*) It being already known that all qaadratic equations could not be solved by 
means of real quantities, the introduction of im^inarj numbers became una- 
voidable, when it was found in tie irreducible case of solving cubic equationa 
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§ 66—67. Geometrical interpretation. llS) 

instead of the system of Cartesian coordinates a polar system with 
the same origin and its prime radiiB the axis of x, eveiy point P of 
the plane will be uniquely determined by its distance r from the origin 
and by the angle <p taken in a de- 
terminate direction of rotation which 
the radius vector OF makes with 
the axis of x. The length r is 
throughout taken only in an abso- 
lute sense, (p passes through all 
values from to 2ijt; if 9 pass 
beyond 2jr, previous points re- 
^'^' ^' peat themselves. Now x ^ r cos rp, 

y = r sin (p; and conversely we obtain for each pair of values x and 
y without ambiguity the values: 

r = 4- t/x^ -\- v'^, cos w = -- — , sin m = ,, rf__. _ ■ 

These last two equations determine a value of 95 without any 
ambiguity except what arises from additional integer multiples of 2%. 
Our present knowledge enables us to calculate it from the formula 
tan 9 ^ — , whence <p = tan~' — , But since the series for tan~' — 
(§ 48) always represents an angle between — |ra and -j-^jr, we 
must put: for 3; > 0, «/ > 9) = tan"' ^, 

lor X < 0, ,'/ > 9 = jE -f- tan-i -|-, 

for 31 < 0, y <0 7) = Ji -}- tan-' -^■, 

for ic > 0, J/ < cp = 27C -{- tau-^ -|-, or, tan"' -^- ■ 

Every complex number a-\-ih can therefore be written in the form 
r {CQB (p -^ i s\w fp) or mo re b riefly r^'")- After Argand (1814) we 
call the quantity r = -f- V^^ + ^' that represents the absolute magni- 
tude of '« + i^ tli^ modulus, or (after Weierstrass, Journal f. M. 
vol. 52) the absolute amount; the quantity rp (after Cauchy, 
who also called it the argument) we call the amplitude of the 
complex number. Since cos 9) and sin 95 do not vanish together, a 
complex number only vanishes when its modulus r = }/a^ + h'' = 0. 
This involves both » = and 6 = 0. All complex numbers with the 
same modulus r are figured bj points equally distant from the origin 



•) THs representation of the complex number is 
Cap. VIII; as a general repreaentation of all complex numbers it 
firat Memoir (1709). 
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114 The complex niimber and thu operations of anthmetie. Bk. II. ob. i. 

on the circle with radius r. All numbers with the same amplitiide 
belong to points on a right line proceeding from the origin. 

We found for calculating cos cp and sin ip the convergent series: 

cosg) = 1 - S + F - K "> ^^ ^''™ -^ = <^' 

sin^ == ?) - g^ + -|' — ^- + ~ - • ■ -R' -Lim i^' = 0. 

If we take their sum, having multiplied the latter by i, we get; 

(i-|' + |'-g + - + ^) + '(f-|" + E-E + -+-^')' 

Employing the properties of the powers of i, this assumes tlio form: 

The remainder of this series, a complex number, converges to zero 
for all values of fp\ accordingly the convergent series: 

1 + ■>+ if + ^' + !ii^ + '-¥+■■■ i" i-f- 

expresses the complex quantity: cos 9 + » sin qs as approximately as 
can be desired. But this series is got from the exponential series 
found in § 42, by writing iip for x\ accordingly ''■) we denote it by 
the symbol e'f, and obtain in this notation the theorem: 

'Every complex numler can he torUten in the f'oi-m re"^, tvksre &'<" 
stands for the mfmite series jitst defined. 

In consequence of this definition we have: 

68. Complex numbers form a group complete in themselves; that 
is, every operation of arithmetic when applied to complex numbers 
presents without exception a result which can be expressed by 
a complex number. Before this can be shown, we must define what is 
now to be understood by the operations of arithmetic; the definitions 
must be framed so as to embrace those already given for real 
numbers. 

Oy. yum and difference (§ 65): 

(a + ih) ± (a'+ il') = (« + «') + ii^ + ^')> 
or r (cos <p -\- ism^) + r'(cos fp'-^ isin cp') 

= ()■ cos q) + r'eos ip') + i (rsmip + r'sin 9'). 
In this second form we prove most easily the theorem: The modulus of 



*) Euler; Introduetio, I. Cap. VHI. These equations establiRli the c 
stated in § 14 to exist between exponential and trigonometrical fiinotionB: 
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g G7 — 71. Multiplication, DiyiBion. 115 

the sum or of the ditferenee of two complex numbers may have any 
value HOt greater than the sum, and not less than the difference of 
the moduli of the summands. For, putting 

{r cos q> + *■' cos (p") + » {*■ sin 91 + r' sin g)') = B (cos ti' -}- isia 1^), 
if we identify the real parts and also the imaginary parts 

■Jicoe^ = r cosg> + r' cos 95', R sin ip =-r sin cp ^ r'sin qi', 
we find for the required modulus J^ thai: 
E- = r^ -{■ r'^ + 2rr' oos((p — (p'); but, — 1 ^ cos (ip ~ ip') ^ + 1- 

70. Multiplication. 

If m be a positive integer, (a ■j-ib)-m must be understood to mean 
that a + ib is to be put m times as aummand; from this follows 

{a -^ ib) ■ m ^ am -\- ibm\ 
in agreement with this we define in general : 
{a-{-ih){a' + iV) = a{a + ih)-^ih-{a + ih)=aa'^iljd'{-ia}>'-^i'hh' 

= aa' — lb' -j-i(ba' -j- al'). 
This keeps up the proposition of the inter changeability of factors. 
In the second form we obtain: 

r (cos 9) + ^sinip) . r'[cos ip' -J- isinq)') 
3= )■»•'{ cos (p cosq)' — sin <p singj'-l- i(aiu (p cos <p' + cosq5 siuiji')] 
= rr' {cos (ip 4- <p') + » sin (<p + 9')] ^'^^'<p.+ip' ■ 
The modulus of the product is equal to the product of the moduli 
of its factors; the amplitude of the product is equal to the sum ol 
their amplitudes. 

The product vanishes only when one of its factors vanishes. 
We have in general: 

In the third form the equation is written: 

rei' ■ r'ef ■ r"&v" . ■ ■ r'"e^'>'" = {rr ■ ■ ■ r'')e''^+''''+'-'**^ ; 
showing that here also: Powers of the same base e with imaginary 
exponents are multiplied by adding the exponents. 

71. Division is defined as inverse of multiplication : The meaning 
of a -[- *'^ ■ **' ~!" *^' is that a number should be determined, which, 
multiplied by a' -^ ib' shall give a product equal to a -\- ib. As 
^-^%T ^ 1 , the calculation of the quotient can be reduced to the 
multiplication of two complex numbers. 

a + ib _ a + ib^ a' — ib' _(a + »6) (a'--ib') ^aa + bb' , .ba-aV 
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116 The comples number and the operatione of arithmetic. Bk. IT, ch. I. 

Two numbers of the form a + ih' aud a' — ih' are said to be 
conjugate; their product, equal to the square of their common modulus, 
is called the Norm, (Gauss.) 

^&^'"'^-i-f£ll'j^TtW^)'^ 7 ' (cos 9> + ^ sin q:;) (cos q; ' — i sin y'} . 



=(a-. 



^ - { cos (9) — 9)') + i sin {(p — < 
or in the third form, re^'i' tr'e'i'' ^ -> ■ 



The modulus of the quotient is equal to the quotient of the two 
moduli, its amplitude is equal to the difference of the amplitudes. 
If the modulus of the divisor vanish, the quotient is infinitely great. 
72. The Power with a real exponent. 

a) The power with a positive integer exponent n is deiiiied as 
rs-fold multiplication of the base. 

{a + ihy^a'' -\- na'^-^ih) -\- n^a-'-^iihf + ■ - ■ + (*^)", 
or: 

jj-(cosq; -j- «'siD 9)))"^ r'^{coiin(p -\- ^siu wq)), *) 

In the third form we obtain: {re^fy = r'^^'"P. 

b) When the exponent is a positive rational fraction — ,mand« 
being reJativelj prime, the power is understood to be the n^^ root 
of the sm"" power of the base, or the jji*'' power of the jj"' root of 
the base. We shall see bj calculation that both values coiucide. 

To determine the n'-'' root of a number means to find that number 
which raised to tlie )i"' power is equal to the given number. It 
ya -\- ih ^ V. -\- iv, then (u + iv)" must '= a ~\~ ib. 

But the values of u and v are assigned far more easily in the 
trigonometrical form. 

When j r (cos y + i sin y) } " = p (cos iIj -^ i sin -ip), 
r (cos ip -{- isin (p) must = p" • {cosnij! -j- i sin w/i). 
Thence : )■ cos <p = q'" cos n ^ , )■ sin qo = p" sin n ^ , 

aud so: 

r' = p^", i. e. s» = -{-yr; and cos ip = cos jii^, sin qs ■= sinra^>. 
The last two equations are only satisfied, \i nil) ■= f or differ from ^p 
by integer multiples of 2jr: ii'^ == qj + 21iir., so ^ = — + — -^ ■ 
Now as h goes through all positive or negative integers, we obtain 
infinitely many values for ip. But ail of them that differ only by 



*) De Moivi-e (1667—1756): Miscellanea analjtica (1730). 



y Google 



g 71—72. Power with a real exponent. 117 

multiples of 2it belong to the same number p^ . There are therefore 
only n such numbers; they belong to the values h = 0, 1, 2 .. .n — 1. 
For, in the first place, among the different forms for il;, all that have 
a negative sign for k can evidently be brought to be forms with a 
positive sign by addition of integer multiples of 2jt; then again, 
for /c = (n - 1} + r, we have ^ =2jr + ^^^'~''" ■ 

Every complex number has therefore n distinct «"■ roots; these 
are included in the form: 

«/ — , -,■ . -: -. — / ro-f-3j07f 

yr (cos (p -\- I sill q>j =-■ r" (^cos -^— *- 

y% = {Vr),^^^,ov,j/re'9 = j/r -e » ; (ft = 0, 1, ^ ■. - n - 1). 

Every positive or negative real number also has n distinct roots; 
of these however in case of a positive number for which qo = 0, 
when n is odd, only one is real : ft = 0; when n is even, two are real: 
Jc^O, ft = ^n; in case of a negative number for which <p = tc, 
when n is odd, one is real: it = -J (« — 1); when n is even, they are 
all imaginary or complex. 

|/-|- 1 = cos- — ^-|-isin — — , y — 1 =cos • — i— =; — |-jsin-i ■ , 



V+i 



(4fcf l)ji I . . (4fc-|-I)ii "/ . (4Z;+3)5i . - . («+3)jr 



(ft=0, 1, 2 ...71 — I). 

Accordingly by the first deiinition for an arbitrary fraction! 
exponent we have: 



{r(coii(p + iainqs))" == j/r'" (cosmqj -|- i sin m<p) 

= r^ (cos "if±i^- + i sio !?i^±i^)^ 

(7^ = 0, 1, 2... w- 1). 
By the second: 

[r (cos q3 -)- i sin (p))" = ■|r"l^cos ^— ' {-turn - ■ Jc 

— ( flt (p + 2 A:' )» 51 , . . nice 4- 2 h'm iC\ 
= r" I cos —^-^ + t sin - - 1 , 

(//==0, 1, 2. . .K — 1). 

But the last expressions on the right are identical in both equations; 

for, since m and n are relatively prime, each number 0, m, 

2m, . . .{n ~ \)m, divided by », leaves a different remainder; hence 

— ^^ expresses, it may be in altered order, values differing from 

those in the upper line only by multiples of 2%. The value belonging 

to & = is styled the simplest value among the roots. 
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118 Tlic coinples nimibor and the opevations of arlthmetio. lik. 11. oh. I. 

c) Tlie powf^r with aji irraticmal exponent is understood to be the 
limiting value of the series of numbers obtained by forming the 
powers whose exponents are the rational numbers of the series that 
defines the irrational number. If—, '-^, ^■■- be the series of 
defining numbers, (r {cos <p -\- i sin. (p))-" represents all those numbers 

whose modulus is the limiting value of the series r" , r"' , r"" ■ ■ ■, 
and whose amplitudes are the limiting values of the series: 
mi<p+ 2hjt) TO'(y + 3fe3i) w"(y + 2fc7i) 

(7c=- 1, 2, . ..», n+ 1, .. .n'...)- 
To each integer value of Ic belongs a different limiting value of the 
amplitude, so that therefore for an irrational exponent there are 
infinitely many numbers of the form: 

(r (cos ^ H- i sin q>)y' = r'- { cos (*(?> + 27. ^) + * sin ^ (q, + 2 /c «) ] , 
i. 0., ()>)" = J-^(,;,+2j„,, or, (ro'f)" = r" - e'V'(T+2*") 

all with the same modulus r''. 

d) A power with a negative exponent must as before signify 
the reciprocal value of the power with a positive exponent. We have 

(r (.cos (p + / sill q?))- 



()'(co3qi-|-i3inq>))'' 1^ j cos(i((p+yA;)i)+ieiufi(i}i-|-2/i:ji] ) 
= )—*' ■{ COS II [q) -\- 2 hit) — isin ii((p -\- 2/c7i;)) 
for every (t; a result that can also be identified with the form of 
Do Moivre's theorem, since we can write this equation as follows: 
(ricos(p-i-i3inip))~'-=r-f-{cos{~ii{^ + 2ha))+ism(--fi{<p-\-2kn))]. 
73. The power with a complex exponent. (Exponential.) 
The symbol e'l', denoting a power with a real base and a purely 
imaginary exponent, was defined in § 67 as the sum of the inliiiite 
series 

1 _1_ *''' _L f'*)' _L ('^)' _J_ ('*'''■' _1- 

^ + -1" + a + IT + " li"~ + ■ ■ ■ 

whose real and imaginary constituents considered apart, form conver- 
gent infinite series with the values cos rp and i sin gj. In connexion 
with this we define the power with the base e and complex exponent 
X -\- iy as the value of the product of the exponential expression c^ 
by the exponential expression e'" ; i. e. in a formula 
e^-i-'y = ,5^ . e+'^ = e*(cos y -(- « sin y) 

-(i + f+f+|- + -)(i + ?+-!-'+■■)■ 

We shall see in next Chapter how this product of two infinite 
series may be combined in a single infinite series. From the definition 
follows the fundamental property of the exponential (§ 70): 
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that is, powers with a real base e and comples exponents are multiplied 
by adding the exponents. 

Since ei'^'"=l, we have <;l^+'^> ■ e±'^''''= e^'+'"'±^'""'^ e*+'!'; 
the exponential remains unaltered when its exponent is increased or 
decreased by an integer multiple of 2jjt; it has the period 2i%. 

If M be a real number, we have 

In order that we n}ay be able to reduce the most genera,l exponen- 
tial expression always to tlie base e, we proceed to define ; 

74. The Logarithm. 

By the logarithm of a complex number a -\- ib in regard to the 
base e we understand that number x -\- iy, which has the property 
that e^+'C ^ a -\- ib; we denote it by x -\- ip ^= l{a -]- ib). 

In order to calculate the numbers a; and y let us determine 

a -\- ih = r(co8 9 -|" * ^'"^ 9')- 
If then Q be the logarithm of the positive number r '^y'a^ + b- to the 
base e, we have: a -j- *& = e?(cos gi -I- ^ sin g)} ^ e*(cos j/ -f- »sin y). 
Equating separately the real parts and the imaginary parts, we find 
X = ^, ?/ = ^ -]- 2ftre, therefore l{a -\- ib) = l{r) -\- i{(p + 2/i;jr), or, 
employing the definition of <p (g 67),*) 

l{a -\- ib) ^ l{+ y'a^'+b^) + iUa-'- } ± j2Are when « > 0, 

l{a + ib) = i!(+ yoM^fi^) + «■ tan-i ^ + ii^k + l)jr when a < 0. 

Every number has therefore infinitely many logarithms in regard to 
tlie base e; they differ by integer mnltiptes of 2iit. To /c ^ belongs 
the simplest value of the logarithm. A real positive number a has 
one real logarithm, while the real negative number a has complex 
logarithms only, that differ from those of the positive number by iit. 
U+ 3) = + *2^?r. l{—\) = + i{2h+ \)n. 

The equation : e"+*i' ■ c^+'>' = el'^+s^')+<(!/+!''l = (o + ib) {a -\- ib'), 
shows that: I {a -\- ib) -\' I {a + ih') ^ I {{a + ib) {a -\- iV)] , an 
equation however that does not always hold between the simplest 
values of the logarithms, 

76. Powers with complex base and com2)lex exponent. 
(General exponential expressions.) 

•J The connexion between the logiii-ithni anil i;irculiU' f'lmotioiis :s founded 
on ttese equations. 
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120 'fhe comples number and the operations of iiiithmBtic, lik. II. ch. I. 

By the expression (a + 0})"'+'^' we understand 

Putting l(a + ib) = x + i{y± 2hn), 

we find: {a + ilY+"'' = {e^^+fto+^t"! )w+'*), 

and further: je^+ito + s*") ) («-+'-*'l = c««'-(!'±i'M*'+'-|«s'+<!'+2*«)«) 

^ ^.--[y+'^-km' [f,f,s{xV ^{y ±'2h%)a") -{- is\n{xh' ■}- [y + '2ln)a')] . 

Both the modulus of this number and its amplitude have m general 
infinitely many values, corresponding to all integer values of /e; to 
^ ^ belongs the simplest value. For i' ^ this equation iu- 
ciudes the former definition of a power with a real exponent. If a 
and h both vanish, this definition fails; because for the logantlim the 
value X is infinite and the value y is completely indeterminate. By 
this moat general definition also only the simplest value of (e)*+^i' 
is equal to &+*y ^ e^ ■ (cos y -^ isiny), its general value being: 

{eY+iy^&'+^i"'y+iiy±'i^'"')^^^^>'^y{cos{y±2h(!tx)-\'isia{y-±2lax)]. 

However it is usual to denote only the simplest value by the symbol 
^+''J. Inverting this definition we obtain further the definition of 
the logarithm for any base: 

The logarithm of a number a -^ ii in regard to' the base a' -f ib' 
is that number w + iv, which has the property that: 
(a- + iVf+^o = a + a. 

Putting a + i6 = e«+'(i±2inl^ and «' + ?!>' = e'+'*'±^*'"'; wand 
V are to be calculated from the equations: 

SM — (i + 2Ti'n)v = g, sv-{-{t± 2k-%)u = ■»] ± 2k%, 
which determine them uniquely for each value of Ic and A'; to h = 0, 
/£'= belong the simplest value of the logarithm: 

" s^ + t' > ^ s^-i-t' 

This closes the circle of arithmetical operations; their results can 
always be assigned in complex numbers; it is specially to be observed 
that the power with a negative base and any exponent, as also the 
logarithm with a negative base or with a negative number are now 
adopted as numerical conceptions into [ 
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Second Chapter. 
Complex series. Complex variable. Functions of a complex variable. 
7(j. By Uie sum of an- infinite series, whose terms are complex: 
S[u + i») _ (», + iv,) + (», + «,) + ...(„. + i,.) .. . 
is to be understood the complex number U -i- iV whose real part U 
is equal to the sum of the infiuite series Wj, + w, -|- ■ ■ - Mb ■ ■ ■, and 
its imaginaiy part iV to the sum of the series i{vt^-\- v^ -\- ■ ■ -v^- ■ ■). 
The complex series has therefore a determinate value and is said to 
be convergent, only when both JJ and V have determinate finito 

limiting values, that is to say, when both the series Mo + *'i H «/.-■■ 

and v,, -j- ^1 + ■■■"«■■ ■ converge. 

Addition of two infinite series. 
If 1) J'o+i'i+i'3-j Hi'™--- aiKi 2)g■(|^-g■| + 2^■.. + 5^, + .■■ 
be two convergent inhnite series having complex terms 

{>«'="« + "•« , 2« = Wn' + iv^), 
and their sums respectively P and §, the aeries 

3) (ft + ?.) + (Pi + «,) + (?= + «,) + ■■■ (P. + i.)-- 
is convergent and its sum is P + §. For, putting: 

J'«=i'o+i>i + ■ --P"; <3« = ^o + ?j + • ■ ■(2'«> 
as w increases, P„ and Q„ approximate to the limits P and Q, hence 

(ft + 5.) + (?, + <!,) + ••■ (A + i.) -F. + q. 

the sum of the n -|- 1 first terms of series 3) has, as n increases, 
the limiting value P -{• Q. 

77. The complex series is said to be absolutely convergent, when 
the sum of the positive terms of «„ -J- m, + Wa ■ ■ ■ and oivg-\-v^ + f a ■ ■ ■> 
and likewise the sum of the negative terms of each, have finite 
limiting values, or as this property is described : when the series u and 
the series v are absolutely convergent.*) When each series consists 
only of terms with one and the same sign, the only conception we 

*) The conception of absolute convergence was introdficed by Cauchy; 
Diriohlet (1805—1869) notie«d the contrast with^nflnite series in. which the hmit 
of the sum depends on the order of the terms: Abhandluogen der Berliner Aka- 
demie, 1837. 
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reqiiiru of convergence is that of absolute or unconilitioLai con- 
vergence; but when their terms have different signs, ex. gr. are alter- 
jiately positive and negative, a special property is eminciated. (Cf. 
§ 44, III.) 

If a complex series converges absolutely, tlie series of its moduli 



also converges. 

If we denote the terms u -\- iv separated according to the signs 
of ti and V so that 
)) 2;(m + iv) = 2;(m<ii + iv^')) + 2'(m<^' — iv'-^y) + 2:(— Mi^l -|- iv^^^) 

then Oil the hypothesis of absolute convergence, each of tbe aeries: 

2) ^u^^), 2;m(2>, Stif^l, -SmI'I, -SwCI, Swl^l, 2;?!«l, 2.V*> 
converges, and therefore by the theorem of addition the series: 

3) .£(i(l'> + vW)^ z{u^-') + »<^0. ^"("'" + «'"')> ^("'" + i"'")- 
also converge. But now: 



Couseqnently : 

5) ^VWf+wW, ^VWP^c")', ^i^W'T+T""? , 

must have finite values, and therefore the sum of these four series 
Xi /W' ^ w- is likewise a finite quantity. 

The converse proposition is also true; for since the modulus of a 
sum is not greater than the sum of the moduli of its aummands, 
when the sums 5) have finite limiting values, the moduli of the sums 

must also be finite; this requires that the sums 2) should converge. 

The necessary and sufficient condition for tlw absolute convergence 
of a complex series is therefore the convergence of the series of moduli 
belonging to it.*) 

An absolutely convergent series tends to the same finite limiting 
value, and is therefore said to have the same sum, even when the 
arrangement of its terms is changed according to any law. 

Let U„ -j-iV^ be the sum of the terms 

iu, + iv,) + (_u, + iv,)+---{u„-\-iv.), 
and Lim (fJ™ + «F„) = f/ + j"F; further let: 

*) Cauchj: Coiirs d'Analyee algebriquc. 
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{< + i<) + (»,' + '"»,') + ■ • • («,■ + "/) - v; + ir, 

denote the siim of the first p -|- ^ terms of au infiintH series that is 
formed from the other only by a different arrangement of the terms, 
then however large we suppose n, we can always choose p so that all 
the terms which are contained in Un + iV^ shall occur in Up + *F/. 
This latter expression will also contain other terms bnt their indices 
are greater than n. Consequently: 

{U,'-\-iV;) - (U, + iV.) = {n, + iv,) + (M. + ;..)■■■ +(«. + *^-.) 

{q, r, • ■ ■ z> n). 
If now we mate ti and therefore also p increase arbitranly , 
Lim [u^ -\- u,- -i- ■ ■ ■ Ui) and Lim (v^ -^ Vr -\- ■ ■ ■ v^) 
will become smaller than an arbitrarily small quantity; because since 
the series of moduli converges exclusively by choice of n: 



Lim (;/i(/ -|- v^'' + j/m,.* -j-v;'-\ }/u;' + v;^), {q, r, . ■ ■ s > n) 

becomes arbitrarily small; therefore we have: 

Lim {Up + iVp) = Lim {U„ + iV,) = 0"+ iV. 

The fundamental proposition of addition is thus proved to apply 
to a sum of infinitely many summaods that converges absolutely. 

On the other hand, an infinite series that converges only con- 
ditionally, changes its value when the arrangement of the terms is 
altered ; it presents a different sum when the summands are reckoned 
up in a different order. 

Let us take as an example the series with real terms cited § 47: 

,S = 1 — .1 + 4 — .1- -j- -L — -I -j = Lim V (---- - - --); 

i ' i 4 1.) 1 n=«>.^V2»i~i aW 

with a different rule of arrangement of its terms let ns form the series: 

then, since we can also consider S under the form: 

we shall have: 

hence we find: S' ^ | S. 

It is obvious that the terms of such a semieouvergent series can 
be arranged so that their sum shall amount to any required value G. 
b'or, Ua denoting the combination of all the positive terms, 2^6 that 
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of all the negative, both these series increasing beyond any finite amount; 
let us form a series by first taking so mauy a terms that their sum is 
greater than 0, then joining on ao many 6 terms that the sum be- 
comes less than C, and so on. As this alternating arrangement is con- 
tinueilj the deviation from C will never amount to more than the 
value of the term preceding the last change of sign; therefore since 
the quantities a and b converge to zero, the value of the sum of tlie 
series has the limit C^) 

78. Multiplication of two infinite series. 

If the moduli of the terms of the two complex scries (§ 70): 

1) Po + yi + Fs H Pn ■ ■ ■ and 2) rja + Si + 'h + ■ ■ ■ S" - ■ ■ 

(Pn = Un + ivn, q,, = u„- + iv^-) 
likewise form convergent series : 

3) pn + 9i + P3 + ■ ■ ■ p. + ■ ■ ■ 4) p; + ?; + p/ + - . ■ s.; + - - ■ 



(p.., = fuj + vj , p„' = /lf„'^+ 2'«'0 
then the series 

■ ■ ■{P^Q'. +i'i2"-iH PtUn-k-i P'^io)-\ 

is convergent and its sum is P . Q- 

To prove this theorem**) we require the Lemma: 
If R and Ji' be the sums of the two series 3) and 4) that consist 
only of positive terms, the series 
6) PoPo' + (Po9i' + PiPo') + ilfo^'J + Pi Pi' + PjW) + ■ ■ ■ 

■ ■ ■ (PoP«'+ Pip'«-iH P*p'«-* + ■■ ■ p„p„'} -i 

is convergent and its sum = Jl . M'. 

For, denoting tlie sum of the first n + 1 terms of series 3), 4) 
and 6) respectively by K^, Ha, S„, it is plain, that Sn < RnRn', iiod if 
we call m the greatest integer in ^n, that ;S„ > E„iB,a- For, the 
product (po ~l~ Pi "i~ ' ' ■ Pn) (Pn' "J" Pi' 4" ■ ' ■ pn'} contains more terms 
than occur in S„, while all the terms of the product 

(Po + Pi H P™) (Po' + Pi' H P™') 

occur in S„, and in addition to them other positive quantities. It 
follows from the inequality, which holds for every n however great, 

B.Rn'> S„> Ii,^B^', 
that Lim iS„ =^ Lim J?„iJ„' = Lim i?,„J?,„', since as n is arbitrarily 
increased Lim B^ = Lini if„,, Lim M/ = Lira J?„,'. Forming now the 
difl'erence : 

*) Dirielilet: loc. cit.i Eiemaua: Ueber die Dai'stellbailioit einer Function 
dureh eine trigonometrisohe Reihe. Wei'ke, p, 221. 
**J Cauchj: Ooure d'Analyse b' 
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+ (fsP"' + 9i9'u-i-\ 9^9z) H (fn^"'' 

inasmuch as by the theorem just proved Lim (K„i?„' — S„} ^ 0, we 
find, that the sum on the right also has zero as its limit. 

This result enables ns to prove the theorem regarding the product 
in the following manner. 

If jS„' be the sum of the first n ■+• 1 terms of series 5), we have: 

+ (P-An -i~ IhS'^-i H PnSi) -i i'"?™; 

and it has to be shown, that the sum of the products on the riglit 
has zero as its limit when n increases. This will be the case only 
when the modulus of this complex expression converges to zero. Now 
as the modulus of a sum of complex numbers is not greater than 
the sum of the moduli of the summauds, what we have stated is 
proved, since 

iQi9n'+ 02P'«-i-l P»?i') + (03 0'.' + p3P'«-iH S"™ Ps') + ■ ■ ■ 9" 0"' 

converges to zero. 

We apply this theorem to the exponential function as defined g 73: 

<,.+»_..(cos!,+.,,i„!,)-(l+i + I + |+...)(l+a + « + &1+...). 

The product of the two infinite series is expressed by one infinite 
series : 

that can be contracted in the form: 



,...(. 



,f + | 



This is the exponential seiies with a complex argument, it expresses the 
simplest value ot the exponential function e'+'^. 

79. A guantitu !*■ fnlkii a complex variable when it is able to 
assume different {omplex immcucal values 

Whilst any set of real numbers can always be figured by the points 
of a finite right Ime, a hmited range of complex numbers is in 
general presented to intuition by a "domain" of two dimensions of 
the plane bounded by some curve. In each individual case it must be 
specially assigned whether the points of the boundary curve them- 
selves belong to the domain or not, Such a domain can in particular 
cases reduce to a linear figure, a domain of one dimension: to the 
points of a portion of a curve or of a finite right line. 
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ThuSj for example, all complex numbers whose moduli are less 
than r, and greater than r^ form a domain exhibited geometrically 
by the plane ring bounded by the two concentric circles with radii r^ 
and r^ round the origin. But complex numbers whose modiiJua is 
equal to r, form a linear figure, namely the circumference of the 
circle whose radius is r^. 

A domain of two dimensions is said to be connected, when we 
can pass from any one point within it to any other without crossing 
ibs boundary, 

A domain of one dimension is said to be connected, when we 
can pass from any point in the domain to any other point in it without 
leaving the domain, 

A quantity is said to be unrestrictedly variable within a domain, 
when it is able to assume all numerical values belonging to this 
domain. 

A coinplex quantity %s said to he conhmioubly variable, when all 
values which tt assumes, ifilofir/ alnat/s to a finite connected domain. 

lu paiticular a vaiuble is called unteiitiictedly continuous at a 
certain point, when it can assume ill vilues which belong to a 
iiuite domain however small including that point On the other hand, 
the variable is reatiicteJJy continuous at this point, when the values 
it assumes near the point form a domain whose boundary passes 
through the point, or ioim a domain ot (.nlv one dimension. It is 
discontinuous at this point when tho point I'l I'lOlated by itself, and 
so belongs to no domain 

A further circumstance has to be noticed here; II a real variable 
is said to alter continuously within an interval from a value a to 
a value 6, this informs us what numerical values it assumes, or in 
geometric language, we know the path along which it travels. If a 
complex quantity change continuously from a complex value a to a 
complex value 6, this tells nothing at all of its intervening values. 
The ways in which it changes are just as illimitable as the continuous 
lines which can be drawn joining one point of the plane to another. 

Continnoua change of a complex quantity s = x ^ iy requires 
that both the real constituent x and the factor y of the imaginary, 
vary continuously. A complex variable becomes infinitely small, when 
its modulus becomes infinitely small, i.e. when both x and y have 
zero as limit A complex quantity becomes infinitely great, when 
its modulus becomes infinitely great, i.e. when either a; or j/ or both 
together increase numerically beyond any finite amount. 

To the infinitely great values of complex numbers correspond in 
the plane of the figure the infinitely distant points, and as a complex 
number x -j- iy can become infinite, while the ratio x : y assumes all 
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possible values, there ia in the pknu on each direction through the 
origin an mfinifely distant point. In so far the limiting conception 
of projective plane geometry, in accordance with which there is an 
infinitely remote point belonging to each direction, coincides with the 
system of complex numbers in regard to the infinite values. 

On the other hand in analytical investigations the occurrence of 
an infinite quantity always requires special considerations; these are 
mostly independent of the ratio x : y and can be reduced by a simple 
substitution to what takes place with a finite value of tlie variable. 
For, should the variable s increase beyond all bouniJs, the equation 
s ^ —. correlates to such values only a single value of a', namely 
the value 0, leaving it still possible for the ratio of the vanishing 
real, numbers x' and y' in s' = x' -\- %y' to assume any value whatever. 
The infinite values of z are therefore in this manner concentrated into 
one point. 

There are two ways of expressing geometrically this connexion. 
In the first we say directly, the plane is closed at infinity by 
a point. This statement does not coincide with any actual represen- 
tation any more than does the statement, that the plane is bounded 
by a right line at infinity, for there can be no such thing as a 
representation of infinity; it is only a way of stating how certain 
limiting processes are completed. But by passing from the plane 
to the sphere, we can procure ourselves an intuitive image of this 
conception. Let us suppose a sphere of any radius placed on the 
plane at the origin and its highest point joined with the points of 
the plane, each -joining line meets the sphere in a second point. Let 
us consider this point as the image of the complex number x + iy 
which was originally represented by the point of the plane with the 
coordinates x and y. Here, then, all the points corresponding to 
arbitrarily remote points of the plane, converge on the sphere to a 
single point namely its highest point. In this way we can utilise 
a finite sphere in representing the system of numbers; we shall 
however in what follows abide by the plane. 

For there is still a second possibility of giving an intuitive form 
to the way in which we contemplate the infinite by a point. 

Let us lay out in the plane of s all numbers whose modulus 
does not exceed a certain arbitrary limit H; but let us lay out in 
another plane e' , whose points are coordinated to those of the first 
by the equation / = - , all numbers whose modulus is greater than J?. 
Let us put s = r (cos q^ + ^ sin tf) and s' ^ q (cos i) -\- % sin i/i) , then 
p (cos ^ + *' si"! 4'} =— (cos (p — i sin 93) , therefore p = - - , ^ = — (p. 



y Google 



J28 Functions of a complex TariaWe. Bk. li. ch. II. 

To all points of the place s, which aic outside the circle r = H, 
correspond points in the plane z' within the circle 9 = p- ■ Circles 
round the origin 2 = change into circles round the origin g' = 0, 
but these are described in the opposite direction; to the infinite in 
tlie plane 3 corresponds only one point namely ^' = 0. It is this 
Circular Relation between two planes, ^') called Transformation by reci- 
procal radii vectores or by Inversion, which we shall subsequently 
employ in reference to infinite values of s, 

80. When the values of a complex variable w = u -\- iv are so 
determined by the values of a complex variable z ^ x -\- iy =^ r,p, that 
to each value of s within a determinate domain one or more values 
of IV can be assigned by means of any finite or infinite number of 
arithmetical operations (§ 38) on s, w is said to be a function of 
the complex variable s. 

Here also functions are distinguished into one-valued and many- 
valued, according to the number of values of w belonging to one 
value of z\ into algebraic and transcendental, according to the 
form in which the variables occur; and into explicit and implicit 
according as the equation defining the function is solved for w or not. 

The total course of a one-valued (monotropic) function is realised 
by help of two planes. To each value x -{- iy ^ r^, of the quantity s 
corresponds a point of plane A having the rectangular coordinates X 
and y, to each .corresponding value m -j- i-c of w, a point of plane B 
having as rectangular coordinates u and v. If to each value of s 
belong a determinate value of w changing continuously with s, 
then to each point of plane A will correspond a point of plane B, to 
each line a line, to each connected area a connected area. If on the 
other hand, iv changes d is continuously at some points, while s changes 
continuously, disconnected portions of plane B will correspond to a 
connected area of plane A. In a word, the dependence of the quantity w 
on z is geometrically represented as a Transformation of plane B upon 
plane A.**) ?uch a transformation, for instance, was already investigated 
in last Section by means of the equation : tc = — - 

81. Commencing with the case of an explicit function 

w = u-\-iv= fiz) = f(x -\-iy) = f{r (cos y + i sin ?)) } 
— the quantities ti and v are functions of the real variables x and y, 

*) MabiuB (1790—1868): Abtandl. der Baclia. GeaeUsch. d. Wissensch., 1855. 
This paper on Circular Relationship (Kreisverwandtaclmfb) follows earlier notices 
of the same subject in his Gesammelte Wei'ke, vol. 11, p. 243. 

**) Kiemann; Gruudl^en fiir eine allgemeine Theorie der Punctioniau. 
Werke, p. S. 
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or of r and (p — let us ask what ia the analytical characteristic 
that such a function is unrestrictedly continuous io a domain for which 
it has determinate yalues. The foregoing discussions indicate that 
it must be possible to find surrounding any point s at which w 
is to be continuous, a connected domain of two dimensions of finite 
extent however small (the Neighbourhood of the point g), to which cor- 
responds a connected domain of w; i. e. the quantities u and v must vary 
continuously whea the quantities x and y, or r and (p vary continuously; 
in other words: u and v must be continuous functions o£ both the 
real variables x and y, or r and q> (§ 52), When the quantities u and 
V are expressed as functions of r and q; it must however further be 
remarked, that should the function w be one-valued, an increase of 9 
by multiples of 2^1 must not alter the values of these functions. 

Denoting the increment of s by As = Ax -\- iAy and putting; 
w + Aw = (w + Au) + i{v + Av) = f{s + A/), 
then in whatever way Ax and Ay converge to zero, we must have 

Liui Am = and Lim Av = 0. 
These two conditions are combined in the single statement: 

27ie function w = /"{«) is conUrmotis at a point s, when this point 
can he included within a domain mch that tlis modulus of the difference: 



mod [Am-] =■ mod [f(0 + A^) — f{s)] = 1/Am' + Av' 
for everp point s -\- A0 in this domain, shall he less than any arbitrarily 
small prescribed mimber 8. 

82. Turning now to the formation of definite examples of func- 
tions of a complex variable, before all things we restrict ourselves to 
such as admit of the calculation of one or more values of w by 
a given formula for each value of the argument s. The moat general 
instrument our previous investigations have provided for this purpose 
is the aeries of powers, which embraces the explicit rational or 
irrational functions. 

Of such series we have already become acquainted in the domain 
of real quantities with the exponential series, and its inverse, the 
logarithm; to these we can reduce trigonometric aad circular functions 
(§ 67 and § 74). 

Accordingly we propose to ourselves the task of studying in the 
complex domain; first the explicit rational and irrational functions, 
next the exponential function and its inverse the logarithm, and then 
in general the properties of functions expressed by series of powers. 
These problems form the basis of tbe general Theory of Functions; to 
them the following investigations always return, inasmuch as in their 
progress the methods for the complete solution are gradually attained. 
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By these methods we shall be ultimately enabled to carry out the 
development of implicit algebraic fnnctioua. 

1. The power with a positive integer exponent: w = 2™ 
is a one-valued function and continuous for the entire plane, because 
u = r'" cosmip, v = r^'sin Mq) are continuous functions of r and 9 
that do not alter as the amplitude (p is increased by multiples of 23r. 
Such a function having everywhere in the neighbourhood of any 
definite point a finite value that changes continuously with 0, we 
describe as behaving regularly in the neighbourhood of that point, 
or as having that point as a regular point. 

To investigate how this function behaves for infinite values of z, 
let us put ^ -J, then w; = — and to the inihiite corresponds the point 
s' ^ 0. At this point w becomes infinite, that is, its modulus increases 
determinately beyond ail limits in whatever way the point is approached. 
The point infinity is therefore a singular point for this function. But 
inasmuch as the function w = — is such that its product by 2'™ = (-) 
at the point s" ^ has the finite value 1, this singular point is called 
non-essential; the general definition being:*} 

If a function f (z) iecome infimite at a pniie point s ^ a or ai 
infinity e '=<x>, this smgiHar point is called non-essential, provided an 
integer m can be assigned, such that the product: 

((»-«)- ftj)), Of: (i)-fW 
is equal to a finite Quantity G, in whatever manner is made converge 
to «, or to CO, as the case may be; or more strictly: a domain must be 
assignable about the point, within which the above product shall differ 
from G by less than an arbitrarily small number S. Moreover, when 
the value of f(s) = — — — - for 5 = «, or => Q^' for = 00, we 
say that for such a value of the function becomes infinite in 
the order m, or, that in the point its infinitude is equal to m. 

It follows hence : Every rational integer function of the n'* degree 
in is one-valued and continuous for the entire plane and has no singu- 
larity except one, which is non-essential, in the point infinity. For, 
the function /(s) ^ Od + ^i^ + <^2^'^ -{-■■■ «„«", in which <»„ ^ 0, im 
for every finite a sum of functions tliat are all continuous, and 
only for s = tx becomes infinite, as fy—-) = i^ii + -> + ■^+ ■ ■ ■ ~;^ 
does for/=Oj but for/=0, ^"f(—) = „ fi/) ^ a^^e'" -^- a^0"~^ + -■■«„ 
is equal to «„. Thus in ^ = 00 the infinitude of f[s) is equal to n. 

*) Weierstrass : Ziir Theorie der eindeutigen analjfischen FuDCtionen. Ab- 
handl. d. Akad. d. WiBsensch. , Berlin 1876. Reprinted in hia; Abhandlungeu aus 
der Funotiocenlelire. 188G. 



y Google 



g 82. Noa-esaential singular point. 131 

2. The I'atJonal fractional function: is oiie-valued 

and continuous in the entire plane, except at the non-essential singular 
point s = B. The poiet infinity is not singular, since by the above 

substitution we have for it: = j- j 

The most general rational fractional function is of tiie form; 
a„ -f- »!* + "sS' -i a,/" 

It will be shown in next Chapter, that every rational integer function 
of the degree n may be broken up into n linear factors. If this result 
be assumed here, and this fraction therefore written in the form : 

a^ (a-«i)(g-p,)...(g-a j 

6^'(^-p.)(«-/3,)...(«-|5„,}' 

where some of the quantities k as well as some of the (i may be equal, 
but each a will be supposed different from each (J because otherwise 
factors could be cancelled, then obviously; the rational fractional fimction 
is one-valued and continuous in the entire finite plane except at the 
non-essential singular points ^^, ^^ ■ ■ ■ ^•n- The point infinity likewise 
is a non-essential singular point when n > m, but is a regular point 
when n < m. For, the function behaves for = ao as: 

^•'(PfO(l^-)■■■(^fJ~'"■''" <'-'.'> <'=j-^>-^"'-^-'-' 

behaves for g' = 0. 

3. The simplest explicit irrational algebraic function: 
tv = {s' — «)"', m a rational fractional number —, reduces to 
the form s"" by the substitution ^' — « = a. All propositions which 
we shall prove for the function ^, can be easily transferred to the 
more general form {d — d)"* since we have only to observe that 
whatever holds for the point g ^ relates to the point s' ^ a, 

li g = r (cos <p -\- ima <p), then for /c = 0, 1, ... 2 — I , 

» _ r- _ ri (cos I (t + 2i«) + i aiB| (,, + 2i»)) . 

This exposition shows that the function can be calculated. For, 
both cosine and sine are series of powers. Each integer value of h 
determines at each point the corresponding value of a branch of the 
function; it is therefore a many-valuetl function, no longer single- 
valued as those in the previous examples. At the point s = and 
at 3 ^ CO all branches have the same values, namely: 



y Google 



1 32 Piinctiona of a comples variable. Bk. II. ch. It. 

■when — > Q, at s = the value 0, at s ^ rx> the value cc ; 

when— < 0, at = the value cxj, at s = cxi the value 0. 

q ' 

These two poiuta are called brauching points or ramificiitions 
of the function; it has moreover, in the first case the point s = 00, 
and in the second the point s =; 0, as an infinity point. 

The next inquiry is, how can we group together the values 
belonging to a single branch of the function, so as to have each 
branch by itself in general a continuous function. 

Draw from the origin out to infinity any curve that does not 
cross itself; the simplest that can be chosen is one of the axes of 
coordinates, ex. gr. the positive part of the asis of abscissae. 

To each point of this right line belong q values of the function 

i. = M (cos| (.p + 2h^) + i sin| (9 + 2fc^)) 
(ft = 0, 1, ...(2 — 1). 
Selecting one of these values for a point at an arbitrarily small 
finite distance from the origin, for instance tlie value belonging to 
& = 0, let us attribute to all other points of the curve those values 
that proceed from the assumed value by continuous change of r and ip, 
for which therefore k is likewise zero. In this manner the values 

to = r^ are chosen for the positive axis of abscissEe. Now in order 
to construct the values of one branch of the function for other points 
of the plane, suppose concentric circles drawn round the origin with 
ail possible values of r and attribute to their points those values of 
w that result on continuous change of 95, the circles being described 
in one and the same direction, ex. gr, from the positive axis of abscissas 
to the positive axis of ordinates. 

Along a circle with raJius r corresponds in this way to the point: 

gj^O; 3 = r, w ^ r'-i , 

m = --■ g = ri, w = r'i (cos^ ^-1- isin^ ^), 
^ -i' ' \ q 2 ' 3 y/' 

(p = X- s = — )■, w = ri (cos ^ it-j-isin.~ a), 
qj = -- ; s! =~ rt, IV = r' ^_cos ^ — -^ ifun— — ), 
(p = 2jr; 2 ^r, ic = r^ {cos ^ 2 tc -f i sin-^23r). 

Thus 10 is a continuous function all along each circle, only its 
final values for ip = 2% do not coincide with its initial values for 



y Google 



g 82. Bcanohing points. 1 33 

g5 = 0. Therefore also its values that belong to points arbitrarily 
near the positive axis of abscissa with positive ordinates, differ by 
finite quantities from the values possessed by points below that 
axis, A branch of the function constructed in this way is there- 
fore discontinuous along the positive axis of abacissEe. It is usual 
also to state the matter geometrically thus: A branch of the function 

s! is continuous in the connected surface that consists of the iniinite 
plane perforated from its zero point to its infinity point. 

It is in fact easily seen that everywhere else the branch is not 
only unique, as follows from the construction, but also continuous. 
For, s = p (cos ij! -\- imn ip) being any point for which i^ differs finitely 
from or Ssr, let us surround it with a small circle of radius Ap; the 
coordinates of points upon or within the circumference of this circle are 
s + ^^ = ■^ + f (cos + «sin 0) ^ r(cos9) -|- isin 9;) 
(«< Ap, 0<G < 2n), 
so that I 

r cos qi = p cos jIi -\- s cos Q, r sin 9 ^ p sin i^ -|- £ sin 0. 



Hence follows i\mt r = i/ q' -\- s'' ■}- 2 q s coa (ip — 8)5 therefore Ap 
can be chosen so as to make the difference abs [r — p] less than an 
arbitrarily small quantity d, whence it follows further that we can 
also put (p = i!> -\-'^, where 1; is arbitrarily small. If now ^ differ 
from or 2 IT by a finite quantity, ij! -^tj is always a positive number 
between zero and 2 re, and the values of the function: 

io + Aw = (p + dy (cos ^ (* ± ij) + i sin |- (f/- + jj)) 

differ, as the respective series show, arbitrarily little from those of: 

w = p 5 / COS — ^ + * sin — ^j . 

This method of rendering the function w unique and continuous, 
by drawing a section that must not be crossed by the argument s as 
it varies, was introduced by Cauchy. Riemann perfected it by 
a process which enables us to contemplate simultaneously al! branches, 
and to render the function unique aud continuous along all paths 
without restriction. This is effected, for a function admitting oi q 
values, by making the variable s move upon q different plane leaves. 

We shall first consider the simplest case, assuming 5 = 2. Besides 
the one plane perforated along the positive axis of x, to which we 
have coordinated the values of the function starting from the values 

w = r^, we take a second plane for the motion of s. In this, 
conformably with the general equation: 
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^ _ 4 (cos |- {<p + 2fcjt:i + *sm ^(<p + 2/c^)) 

for 5 ^2, we coordinate to the points of the positive axis of abscissEe 
the values belonging to ^ ^ 1 : 

Mj c= r^ I cos (pTt) -j- i sin {p ra) } 
and proceed with laying out the remaining values as before. The 
amplitudes thus assigned to points with arbitrarily small negative 
ordiuates will, for g)^2jr, conduct continuously into the values: 

i(! = r^ (cos 2p% -{" *^i'^ 2j)n;) ■= r^ , 

that therefore again differ finitely from the initial values chosen for the 
second plane; but they coincide with the initial values of the first. 
Accordingly let two banks be distinguished along the positive axis of 
abseissse iu the first leaf; call one with positive values of the ordi- 
uates, 1'+', the other with negative values, I'"' ; similarly in the second 
leaf the two banks II'+'j II'~I. Conceiving the planes superposed, 
join I'+l witbll<"i, 1'""' with 11'+', so that thus both planes or leaves 
cross along the entire positive axis of abscissje, the branching section. 
Thus arises a connected two-leaved Biemann's surface that is called 
a winding surface of the first order. To each point of this 
surface corresponds one determinate value of the function , to each 
continuous curve on the surface, whether remaining in the same leaf 
or passing over into the other, correspond values of the function whicli 
change continuously. As each closed curve must cross the branching 
section either an even number of times or not at all, it leads to a 
final value which is identical with the initial one.*) When there are 
more than two leaves, es. gr. when g = 5, we have corresponding to: 

I'+* the values r-' , 

IH+1 „ „ rs" (cos ^" + i sin -|-), 

III(+) „ „ .i(cosip + isinif), 

IV1+) „ „ r^(cos^'^ + isin^p), 

V(+> „ „ r^(cos^'^. + isin^), 



*) It la manifest ttat mate id of the poait ve axi uf alisi-isei: any other 
curve, ttnt doe* not cross itaelt can be chuseii t,3 bionchmg section, the two- 
leaved auifacp whicli iriseR, is m ita totality alwijs the Bame 
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Branching section. Essential singular ijoint. 



1(-1 the values t 



lVi-1 



Vc-l 






. lOp , _ 



Wp_ 






r^ (_cos — ~ j- * 

We have therefore to connect l<-> with W+\ 11'-' with III'+I, 
nil-) with IV<+>, IVI-) with Yi+\ fioally Vl-I with !<■+), so that there 
arises a connected five-leaved surface; every closed curve crosses the 
branching section either not at all or a number of times that is a 
multiple of 5. 

If the exponent m be a real irrational number, the function is 
infinitely many-valued ; a single branch is constructed in the same manner 
as before, moreover aRiemann's surface can also be formed but now 
it must consist of infinitely many leaves. 

4. The exponential function: e^+'f defined by its infinite 
series, which has the same meaning as e^(eoa y -j- «sin ^/), is a one- 
valued and continuous function in the entire finite plane. But the 
point infinity is a singular point, it is moreover an essential 
singular point. 



For, putting ^ 



, and therefore; 






when the ratio y : x of the vanishing values of x' and if has any 
arbitrary fixed limiting value Ti we have: 



(«•)- 



!C'(1 + S') 



-""^-(1-TP)); 



The modulus of this expression converges to + oo or to zero accor- 
ding as x' approximates positively or negatively to the value zero, 
while the functions cosine and sine oscillate between the limits — 1 
and -{- 1 ■ We can also make tlie values x and y converge to zero so 
that the modulus may tend to any arbitrary finite value e*, by putting 
Lim — E-j — i=- = k, for x' ^0, v' = 0. and therefore x' = y'^lc-, in a 
word: in the essential singular pmnt, that for e" is situated in the point 

e = oo, or for e' in the point e^O, the fimdion is completely 
indeterminate, it assumes every complex value without any restriction. 
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Another property distiuguishing the essential singular point from 
the 11011- essential, is, tliat with the latter an integer m can be assigned 
for which Lim (^ — «)"'/'(2) = G. With the former this is not possible. 



For, putting here: 



■i + H 



r+i;^ + 



l£ s^ 



+ ■ 



, we ha' 



' + E'''~'+--k+-\^-l- 



and however great we may choose m, we cannot give it any finite 
value such that for ^ = the right side shall remain finite. 

A second property is illustrated by the exponential function: it 
is a periodic function; the period is 2i;i, 

gj-4-S(ji^ e* jcos{!/ -|- 23r) -|- jsin (j/ + ^Jt) I = e'. 
If we divide the plane into infinite strips by right lines parallel to 
the asis of abscissEe at distances 2jt, the function reproduces itself 
symmetrically in each of these strips. 

5. The logarithm u -^ iv of the number x -\~ iij = r^p in 
regard to the base e is by the definition (§ 74) an infinitely many- 
valued function. But as long as the simplest value 
u + iv = l{x-^iy)^l{r) + i<p 
is considered, it is a one-valued function. Only the points j- = and 
r = oo are branching points; at these the real constituent of the 
function increases beyond any limit, and the imaginary is completely 
indeterminate. Conceiving therefore a branching section laid from 
the zero point to the infinity point, as in the example of the irrational 
function, one branch of the infinitely many-valued function is con- 
tinuous in this perforated plane. 

It is important for a subsequent application to interpret farther 

in the following manner 

the significance of the 

branching section for the 

difi'erent values of the 

logarithm. If we make the 

variable s describe a finite 

closed curve, beginning at 

a point A and returning to 

it, which curve neither 

Yig, ij, crosses itself nor includes 

the origin, and so meets 

the positive part of the axis of abscissiB either in an even number of points 

or not at all, then as r and <p vary continuously, the value of l(s) 

on the return to the point A is just the same as at first; for, has 




y Google 



The logai'itlim. 




;37 

returned to the same ieaf. In fig. 6, q> decveases from the value ip,, to a 
determinate negative value, then increases passing through zero up to a 
value greater than 7t aud then decreases to the value (p^,. Something 
similar to this will occur along every other such curve even when 
there are diiferent pairs of intersections with the positive axis of 
abscisste. 

If on the other hand we make the argument describe a finite 
closed curve, not crossing itself but including the origin ^ = and 
so meeting the positive axis of abscissa in an oi3d number of points", 
the value of l{s), as r and 
<f> vary continuously, will on 
the return to the point A 
come to be different from the 
initial one by 2i%. In the 
adjoining ligure let z travel 
from the point A so as to 
have the enclosed space on 
the left, then (p increases from 
q),i up to 2'ji, becomes then 
> 2jr, decreases to a value 
between 23r and ^% and again 
increases, ultimately passing beyond 2jc to the value 95,, -|- 2a. Thus 
the value of the logarithm is l(r) -j~ i(q)f, -\- 2%), while it was initially 
W) + i>o. 

We can extend these considerations to curves that repeatedly 
go round the origin, crossing 
themselves in doing so, and 
formulate the following rule: 
If in a determinately directed 
circuit the positive axis of ab- 
scisste is crossed n times from 
beiow upwards, the value of 
liz) is increased by 2 inn, for, 
each crossing shows that a 
circuit is completed. The path 
between two crossings only 
signifies that there has been 
no circuit, when, between the two, the amphtude (p had a retrograde 
motion, so that at an even or an odd number of points the curve 
has cut the positive axis of abscissae from above downwards. If there 
be m such points, 2iam is to be deducted; therefore the value 
of the logarithm changes hy 2iit{n — m), when the numbers 
of the crossings are respectively n and m. 
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83. The complex series of powers iu general. 

The iufiuite series: 
1) a. + «,(/ ~a) + u,(d -„)' + ...„.(«■ _„).+ .. ., 
ill which the coefficients an, a^, . . a^ ■ ■ as well as « signify deter- 
minate complex numbers, can always he given the form: 

2} «„ + «,s + «^2J^ «„3« + .-- 

by substituting z for s — a. 

If we denote the modulus of b by r, and that of cih by ^t, the 
proposed aeries converges absolutely for every value of s for which: 

3) A„-\- A,r -\' A^r^ -^ A„r'' -\ 

converges; and conversely the convergence of series 3) follows from 
the absolute convergence of series 2) (§ 77), The geometric statement 
of this "connexion is: When a series of powers converges absolutely for 
a determinate point b, it "likewise converges absolutely for all other 
points at the same distance from the origin ^ == 0. 

But then the infinite series also converges absolutely at all points 
within this circle. For if / be a value lees than r: 

4) A -\- A^r -\- A^r"" -\ ^^Z" -j 

must be a convergent series, since each of its terms is positive and 
less than the corresponding term of series 3), consequently the sum 
of series 4) has a determinate value between zero and the sum of 3). 
Therefore the domain of convergence (convergency) of series 2) is 
always a circle round the origin ^= 0; the convergency of aeries 1) 
is a circle round the point s'^ a. For, the value of the modulus of the 
difference determines all points ^' that are equally distant from a. 

By the radius of the circle of convergence of any series 2) is 
meant the greatest value of r up, to which the corresponding series 3) 
converges. We are enabled to calculate this value by the Theorem 
(§ 44) that beyond a determinate place n in the series we must have: 

■ ■ K-^r-i^ r. \ 

Lim — T — < 1 , or it < Lim -^ — ■ ■ 



When II = Lira t"""" ^^^ series 3) and likewise 2) m 
converge ; therefore in each case a special investigation is required as to 
whether the series is or is not convergent in the points of the bounding 
circle. But outside this circle it cannot converge, even conditionally, 
because then the moduh of the terms after a certain place in series 2} 
increase beyond any finite amount. When a series converges for a 
value of s even conditionally, it converges absolutely for all values 
having a smaller modulus. For, semiconvergence, in which the series 
of moduli ceases to converge, still requires that: Lim It ~3" ■ < 1 



y Google 



g 83, A couvei'gent inflnite series of powers is continuous. 139 

since the moduli of the terms cannot increase, and only for w = oo can 
we have JR Lim ■■■■ ^— ■ ' ■ =1. H then we give E a smaller value, the 
property of absolute convergence is satisfied. Accordingly, series can be 
semi convergent, if at all, only in points on the circle of convergence*). 
Since each of its terms is unique, an infinite series of powers as 
long as it converges, is a one-valued function of the complex variable, 
that does not anywhere become infinite. This function is continuous, 
i. e. when s and e+d are complex values for which the series converges, 

Lim mod [f{s±8)-f (2)] = 0, for 5 = 0. 
To prove this, we separate the terms of the series /(a) into the groups: 
9(s) = ao + «!« + ■ ■ ■««-l^''-^ 

,1) (z) = a^s« '\- a„ + ie^ + ^ H M,+iS" + * + • ■ •; 

inasmuch as from then"> term onwards, within the circle of convergence: 

A„+iIi < A„a, A+2-fi' < A«', ■ ■ ■ A^ + ^B" < A^cc", 
where a denotes a proper fraction, we must therefore have: 
mod tl) (s) < A^li" Yzr^ ■ 

Accordingly merely by choosing a lower limit for n, wo are able to 
make both mod ip(s) and mod 1/^(2+ d), and therefore also: 

mod [il!{z+8) — ip («)] 
less than an arbitrarily small quantity s. Now, since: 
mod IfiB ±S)-f («)] = mod [^(^±d)~(p{e) + ij{B±d')- >}: (s)] 
< mod [(p{^±S) — ip (2)] + £ 



in which m is a real number and a complex, cotivergea absolutely as long as mod [^J 
is less thau 1; it divergea if mod [jS] >• 1. Por mod [a] = 1; 

If m > 0, it also converges absolutely along the entire circle of convergence. 

If m < but > — 1, the series is semicoavergent, with the eiception of the 
point e = — i, in which it divergea. 

If m ^ — 1, the series diverges in all points of the circle of convergence. 
All these results can be deduced from § 46. In investigating the case ~ 1 <)» <;o 

put )5^ = 1 -[- m,e -| Mi„ j", multiply botli sides of the ecination by ([ + 3) 

and consider the limiting value for n ^^ 00. 

2, The logarithmic series: 

converges absolutely for mod [z] < 1, it diverges for mod [z] > 1. On the circle 
of convergence it is semiconvergeni, except at the point ^= — 1 at which it 
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and (p{si) is a rational integer fuiietion; having choson a lower limit 
for n we can always determine d so as to make the differeuee on the 
right less than any prescribed number, i.e.: 

Lim mod [f(0 ±S) — f{z)] = 0. 
It is proved as in g 44, IV that this theorem of uniform or equable 
convergence holds even on the limiting circle for a point in which the 
infinite series converges, by varying s along a radius and so putting: 

i/'(^) = a„s'' + (/„ + , 2" + ' H «„ + jg- + 'H 

f(, ~S) = u„ {^)> + «„ + , (^7+'.^+i + , . . 

The amount of ■tf' (s - d) is less than that of (p^f M, where M is 
put for the greatest amount in the series of the complex numhers: 
Ob^", anZ" + n„ + is"+^ a„B"- -\- ([„4_i^''+^ + (y„4_2^" + ^, etc.. 
For, choosing s — S upon the ra-dius to b, ~ ^ p is a positive 
real quantity less than 1. Thus: 

^(z^d) = p-'a^^" + p-'+ifl^ + iS^+i + 9''H-^«„ + 3S"+^ + ■ ■, 
and the powers of p form a decreasing series that converges to zero. 

But the Lemma of Abel in § 44, IV can be stated as follows for 
complex quantities. 

If i„, t^, . . . t„, . . . denote an infinite series of arbitrary complex 
quantities and if the amount of the quantity: 

?..-«. + *, + ■■■ '., 

is for all values of m always less than G, then the amount of: 

r = s^t^ + s^t^ -{- ■ ■ ■ £„.t„. is < G ■ £„, 
when £(,, f^, . . denote real positive decreasing numbers. For, we have 

*■ = I'd C«« — «i) + Py («i — £-.) + ■ ■ ■ f".-! (««-i - ^».) + lh.'im 
as before, and so, 
mod r^{ig — £|) mod^u + (e, — s.,) raodjJi + ■ ■ (£,„_i— e„.}niod^,„_i 

-\- £„, mod Pfl, . 
The numerical value on the right side is less than: 

G(i,-, ,+,,-,, + ■■■ s._. - .,, + ..) - G . e.. 

84. The differential quotient of a function of a complex variable 

at a point in which the function is continuous is formed as follows. 

Supposing the complex variable s^x-\-iy to receive the increment 

A0 =^ Ax-\-iAy = Are'i', let us consider the quotient of differences 

f{z_+Az)-~f{^) ^^. f{z+Are-'>') - f (^) 

Aa Are'*' 

The limiting values, to which the real and imaginary constituents of 
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this quotient tend for As = 0, constitute tlie derived o£ the complex 
function. 

We shall concern ourselves in the sequel only with functions for 
which, except in singular points, this limiting quantity is a fnnction of 
z = X -\- ip exclusiveiy and is thus independent of the value 95 or of the 
ratio Ay : Aa^; such functions are called analytic functions. For an 
analytic function f{g) therefore: 

,) Lto«i±M^'-» =/-(.); 

it has a derived function, not only as in real faactions identical when 
taken progressively and regressively but the same in every direction. 
We shall show that every function expressed by an infinite series of 
powers is analytic within the convergency of this series, and that 
also conversely every function that is analytic within a domain can 
within this domain be expressed by infinite series of powers*). 
Equation 1) can also be written thus: 

This last form is the equation for the Total Differential of the 
complex function. 

If we make the complex variable s change only by the real part 
AiC or by the purely imaginary part iAp, we obtain as limiting 
values of the quotient of differences the partial derived functions with 
regard to x or to y. But these likewise, in consequence of our hypo- 
thesis, satisfy the following equations: 

'' y^-Lim ^«+'f4^ .o-'3-fw. 

Therefore the analytic function regarded as a function of the two 
variables x and y satisfies the equation: 

' da: i Sy ^ dec ' dy 

If wo a-sk whether these equations are also sufficient conditions, 
that there may be at a point one derived function depending only on 
a for every direction; the answer is: 

Provided there exist in the neighbourhood of the point, delinite 
values of the partial derived functions ^-^ and -r nJ- that are always 

*) EiemaHU stjled functiocB on the hypothasia of their analytical properiy, 
simply, functiooa of a complex variable. Canchy called functions that are 
analytic in a domain without exception, synoctic. Briot and Bouquet call such 
function a fioiouwH'pAe. 
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equal iiiid moreover are continuous functions of the complex variable 
X -{- ip, we have also; 



For, 


we have: 


A»)- 


-««+•■•/) 


f(^+iy+Ax+iAji)- 


-«a!+.'!/+iAj) 




Ay can 


4 

be chosen so 
+ <S + iAj) - 
iAj 


n^ + iy + i 


Ax 
Ay)-fix+iy) 


• As 


No™ 


small that 


(Aj 


0! + .» 

7i 


Ax + i 



where d' denotes a quantity arbitrarily amail in amount. Fmthor wi 
can choose the value of Ax so that: 
fix + iy J^A se + J Ay)- f{x + iy -\- JAy) _ dnx-\ -iy + BAx + JLy) 



_ dfim + i y) , s _ 1 dfjo^ + iy) I . 
— dx ±° i dy =to- 

From this it follows: values can be assigned to Ax and Ay such that 
for them and for all smaller values the above quotient of differences 
Khali differ from the vaiue -. ^ at most by the quantity 

HAx I HiAy 

Ax + iAy'^ Ax + ~iAy' 

the modulus of 8 being arbitrarily small. Since the amount of the 

quotients by which S is multiplied cannot increase beyond all limits, 

what we have stated is proved. 

The real and imaginary constituents u-\-iv into which the complex 
function f{z') resolves, are functions of the two real variables x and y. 
But as the equation of condition 4) must be fulfilled, they are functions 
of two variables of a special bind: the functions m and v cannot be 
independent. In fact from: 

1-' \ , ■ I df oM , ■ cv df 0M I . hv 

t(s) = u ■+- iv; we have: s— = n his--, tt^ ^ 5— + * h" i 

'^ ' ' ' dx da: ' Sx ' ciy dy ' dy ^ 

then by equation 4) we find : 

By separating the real and the imaginary, this equation resolves into: 



6) 



~ dy' dy 



The two constituents of an analytic function are therefore generally 
continuous functions with determinate differential quotients, For these 
functions the Theorem of the Total Differential holds. For, if we write: 
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'^^ dm 
since /"(«) = 7^ -\- i t^ , we obtain the equation: 

dx ^ "^ dx Vg« ^ 8x/\ ^ dxJ' 
from which and 63 we find for the total differential quotients of u and v. 

du ^ _ 8« ^^^_i_^ ^ 

dx dx dx dx'^ dx' dy dx' 

dv_ 8^i9^1^ dv^.dv^dy 

dx 8x~^ dx' di'^ dx' 8y' dx' 
Conversely, if the Theorem of the Total Differential be supposed to 
hold for u and v, equations 6) are sufficient conditions that the com- 
bination 14-1"*^'='''' ^^ expressible by arithmetical operations on the 
single variable s = x -\- iy. For then, replacing x hy — iy in the 
combination m + iv, this must become altogether independent of the 
variable)/, i.e. its partial differential quotient with respect to ?/ must 
vanish. {§26. 1.) 

Denoting the result of substituting x ^= B — iy in u -\- iv by 
(m) -\-i{v), we find 

^ = ^ r- A -L ^ ^) _ ^ r— A -1- ^ 
dy dx^- *-' "^ Sj/' dy dx^ '^dy' 

when s -^ iy is substituted for x in the derived functions on the right. 

Accordingly, combining these, we have: 

^J^ j_ i m _ r^i^ _{_ Si^l _ i f^ _ an. 

dy ' dy ^dy ^ dx/ \dx dy^ 
In consequence of equations 6) the expressions in the brackets vanish; 
tliey are therefore sufficient conditions that w should depend on z only. 
80. The property of an analytic function of a complex variable, that 
its first derived f{s) is independent of the ratio -^ , is important in 
the geometrical transformation upon plane A of plane B that repre- 
sents the values of the function w = f(s). If we consider in plane A 
a triangle FP' 1'", whose vertices belong to the values 0, s + As, 
s -\- As', to these correspond in plane B three points QQ'Q", whose 
values we may denote by tv, 10 -j- A^w, w + A^y'. Transposing the 
system of coordinates in each plane so as to make the points P and Q 
the origins of the systems, and putting: 

As = Ar-e'-P, As' = Ar' .e'p', Aw = A^ .e"^, Aw' = A^'.e'f, 
the quantities introduced are in each plane the polar coordinates of 
the other two vertices of the triangle in regard to the origin. But 
by the analytic property, the quotients: 

Aw Ag ,,,,, „, , Ami' Ao' ■,,,,, ,.,. 
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( limiting value; therefore unless this Yalue be or co: 
^ Ai' 9' — <P = ^' ~ ^, 
i.e. if the sides of the triangle I'F'F" aud therefore also those 
of tlie triangle QQ'Q" be infinitely small, the angles P, P', P", 
and Q, Q', Q", are respectiveiy equal and their containing sides pro- 
portional. Therefore two corresponding infinitely small parts and so 
in genera] the smallest parts of the planes A and B are similar. To 
two curves that cross in plane A correspond in plane B two curves 
that cross at the same angle*). This hkewise holds for the 
transformation of z and w upon two spheres. 
8(i. Applications. 

1. The positive integer power: w = 3" has the derived I'unctiou: 

-r- =Lirai— J — —'— ■ =Lim — -^ ^- - = ns" '■. 

liz As Are''' 

For if we consider w as a function of x or of y, we have : 

g - ^H?^ - »(- + •»-- If - "-I/-" - •••(« + •!')-'■ 

From this follows, that the rational integer function : 
w ^ 01(1 -f- a, 3 + fl2®' 4" ' ■ ■ '^"^"i 
has the derived function: 

^ = a, 4- 2%s + ■ ■ -KanS"""'. 

2. The rational fractional function has a finite iirst derived function 
except at the singular points, in which its denominator vanishes. 

3. The explicit irrational function : 10 =^{s — a)"', which is unique 
and continuous in the plane perforated along a curve starting from a, 
has a derived function. We determine it, so as to exhibit its ^biguity, 
as follows: 

If we put 2 — <i = r (cos f -\- i sin tp) and therefore; 
w = }•"' (cos m[(p -\- 2kn) -\- isia m((p -j- 2]cit)), 
when we fix upon some one value of k, we have: 
dz = dr (cos 9) + i sill 9>) + r ( — sin gi -)' ^ '^°^ 9") '% 

^= (cos tp -^ i sin <p) {dr -\- ird(p), 
dw ^ mr'"-^dr (cos m (9D -j- 'Zhn) -{- i sin m ((p + 2]c7c)) 
_j_ ^ym ^ — gjn jji {qp -j- 2 S; ir) + i cos m {<f -{- 2kjt)) dip 
= (cos nj ((p -|- 2A3e) -J- i sin m {tp -\- 2Sje)) mr'"— ^ {dr + irdtp), 

*) This property of tlie function of a complex varialile was noticed by Gauss 
iQ solving th.e important problem in mapping: "To represent the parts of one 
given surface npon another given surface bo that the copy maj be similar in its 
smallest parte to the original." See his answer to the prize problem proposed by 
the Itojiil Society of Sciences in Copenhagen foe 1822. Wecke, Vol. IV, p. 1S9. 
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accordingly : 

dm _ jj^^.„,_i (cos HI (<p + ^k^ ) + » sin m(<p + e/c^) ) 

= mr"— -'{cos {m'—ltp + S/^mji) + jsin (^— I <p + 2imjt)}. 
Since coa (2km:!t) •= cos 27;(m — l)jr, sin (27,-mn:) == sin 2]z(m — l)3i, 
this expression takes the form: 

|^- = }Mr"*-i|cos(m— l)(9+2^;r)+Jsin(m— J)(^+2ijr)j = m{0-o)"'-i. 

The value of h originally chosen remains unchanged in the derivate, 
which is as many-valued a function as the original. 

4. For the exponential function: 

ij; = e' = 6^+'!' = d' (cos y -\- i sin y) 
w© have: 

^^ = c^ (cos »/ + i sin y), ^ = (?' (— sin ?/ + ^ cos*/), 
therefore it has the derivate: t7 = <^ ('^'*^ y -{- i sin y) =^ e'. 

5. The logarithm of the number g = x -{- iy to the base e has 
the value: 

w-^l{x-^ iy) = ; (+ V^^~f') + i tau-i -'- + jS/^jt when a; > 0, 

w=^l(x + iy)=l{+ V^IP) + aan-' -^- 4:i(2/f+l)it wh(!nfl;<0. 

A branch of the function is continuous in the plane perforated along 
the positive axis of x; for it we have: 



therefore the derivate is: -,- = — 

G. The complex infinite series of ascending positive integer powers: 

1) m=a, + «,s + ffl.s^ + ■ ■ - fl^s" -f ■ ■ ■ 
is an analytic function within its circle of convergence. 

Let ^ -f" ^ ^^ ^ complex value within this circle, then: 

2) /(3 + J) = ,,,+ <■,(« +.4) + «,{0+hy + . . . o.(j + A)" +■■■; 
arranging this absoluteiy convergent infinite series by powers of /*, 
the coefficients of these powers are infinite series, which we shall prove 
to be the successive derived functions of f{s). With this in view let 
us provisionally denote the series: 

3) a^ + 2a^z + 'da-^s^ + ■ ■ ■ nfKS"-^ + ■ ■ - by i\{z). 

This series converges absolutely within the same circle for wliich 
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the original aeries 1) is convergent; for, li its radius of convergence 
is determined from the inequality § 83: 

It Lim '-^^^ ^±-^ < 1, or ii < Lim -~- , since Lim '"^— = 1. 

Similarly we obtain by eontinned differentiation of the several terras 
the following series that all converge within the same circle; 

4} 2a, + 3 .2«,2H n{n~- l)a^0»-'^- ■ ■ ^ f^ 

3 , 2^3 + 4 . 3 . 2«,2 J^...n{n~l)in- 2)a^z^-^-- =f,{^) 

Introducing this notation we obtain for series 2) arranged by powers 

of h the value: 

6) /(«+*)= /-(J) + 4 f,{l) + !^f,{i) + ...'^ (,{,) + ..., 

where Lim -— /^(«) is certainly zero, because the sura of the moduli of 

"i^/n(^) is smaller than^ the sum of the moduli of the absolutely 
convergent series of powers : 

«„(^ + JiY + ««+i(s + ^Y+' + «>,+.(^+ Ar+^ + ■ ■ - etc.. 
The convergeiicy of this new series 5) is therefore a circle with its 
centre at the point ]i ^ 0, i. e, at the point .s, and its radius S at 
least equal to: H — mod[^i]; for, as the circle, whose radius is equal 
to this, touches the inside of the original one, all its points lie within 
that circle and for them series 2) converges absolutely, therefore aeries 5) 
derived from it by arranging its terms differently also converges absolutely. 

We have still to convince ourselves directly, that it is allowable 
to reason thus from the absolutely convergent series 2), for this might 
seem doubtful, since in the new arrangement of terms each coefficient 
requires the summation of an infinite series. Let us therefore examine 
whether n can be chosen so as to make the difference between the first 
n -|- 1 terms of series 2) and of series 5) arbitrarily small, always 
; the absolute convergence of the former series. Putting: 

/■(«) = «» + «i« + «2^^ H «"^" + P-. 

/i(^) = a^ + 2a^s + ■ ■ ■ n«„^"-' + p.;, 



the difference between the sums of their first n -\~ i. terms is : 

P« + 7- P" + "(F «*" H -R P"' ■ 

Now since series 2) converges absolutely, we can always choose n, such 
that for every vahie of Ic: 
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ii... - a,+, (s + i)-+' + 0.+. (3 + *)■+• + h ". + . (2 + *)■+» 

shall be smaller than S, as long as s + ft lies in the conyergency of 
series 1), even when we put for each term its absolute value; when 8 
is prescribed the value of n is determined. But now 7; can always be 
chosen so great as to malce the amount of: 

K,,^ — \pn + Y 9« + -|2- Qn -] -f^ i>„t'"j 

smaller than any quantity however small. It'or, each of the series p 
converges absolutely; therefore in each of them can be found a place 
h from which onwards the remainder of that series is constantly 
smaller than a determinate quantity ^. Hence we have; 

mod [r.,. ^ (s. + a p.- + . . . |- (,.w)] < s + a: e-"i«, 

therefore we have also: 

mot] r^., + Y p„' -I -^ p„wl < 2^ + 6'. e'"""!'-]. 

This proves that the difference between the sums can be made arbitrarily 
small by choice of n alone, so that series 2) and 5) must be identical. 

Each point wiihin the circle of convergence of 1) can therefore be 
tahen as the centre of an expansion, and its convergency will he at least 
as great as the circle touching the inside of that original hoimdary circle. 

Now from series 5) it follows that: 

therefore : Lim ^t^ + ^'j^'- ^<^' = f^ (g) , 

i. e, the fxrst derived funcUon of f{z) is expressed hy the infimte series 3) : 

f'{s) = fj{s) = «! -f- 2%5 -j- Sa^j^^ -\- ■ ■ ■ «fl„3*~' -f. . . . etc.. 
Or, the complex series of powers is differentiated by forming the series 
of first derivates of its individual terms. This series converges within 
the same circle of convergence as the original series. 

Further, by differentiating the series for f{s) it follows that: 
/"(^) = /',(5), similarly r(^) = /3(^). etc.. 
Accordingly we have series 5): 

f(»+ 4) -/■(«) + |f M + l f W + ■ - f /■« + ■ - 
identical with Taylor's expansion for the function of a complex 
variable given by an infinite series of powers. 

Comparing this with 2) we find the meaning of the coefficients in 
the expansion; we have: 

a„^f(0), a,=f(0}, a^ = -~-f'{0), ■■-((,.= l^f"{0), etc.. 
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Hence toe see that whenever it is possible to express a unique function 
f{^) by a series of powers of s, it can be possible only in a single way. 
For, the coefficients of this series must be equal to the values of the 
function and of its successive derivates at the point s = 0. 

In fact, if two deTelopmeats convergent within the same domain: 
f{B) = fto + '^y^ + «.«' + ■ ■ ■ "x^" H 

were found, we should haye: 
- («. ~ !>.) + (a, - S,) J + (», - i,)3' + . ■ . (a. - S.) J- + ■ ■ ■ , 
and since all the successive derivatoa of the constant zero vanish for 
all values of B, we must also have: 

«„—&(, = 0, (t, — ^, = 0, a^ — l^ = 0, . . . rt„ — 6, = 0, etc.. 
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Third Chapter. 

The vanishing values of a series of powers, specially those of the 
integer rational algebraic function. 

87. The Theorem last proved in the previous Section for series 
of powers assists us in enquiring; liow many points are there within 
a circle of convergence, for which the fimcHon f{s) vanishes? 

The function vanishes in a point jSq, when, taking this point as 
centre, it gives rise to an expansion in which the first term /'(«o) 's 
zero. When other succeeding terms also vanish, so that the expansion 

begins with the term ^'/'"(^u), the point is called a vanishing or 
zero point (nullity) of the order (nuUitude) n; it must be counted as 
n vanishing points; the quotient — r^ — then remains finite at tlie 
point ft = 0. We have first to prove: 

The function f{z) cannot be zero at infinitely many points within 
a finite circle of convergence, unless it be zero identically, i. e. every- 
where in the circle, so that all the coefficients of the series vanish. 

In fact, if there be infinitely many vanishing points, there is also 
a region of arbitrarily small estent which contains infinitely many 
of them. For if the entire domain be divided into an arbitrarily great 
finite number of parts, there must still be in at least one of these 
parts infinitely many vanishing points. Let 2 be a point in such a 
region ; the expression 

1) fit + 1,) - /(2) + 1 r w + f r w + • ■ ■ 

must become zero for a value h, whose modulus is arbitrarily small. 
Since the coefficients of h, h"^ . . . are finite, the amount of tlie termy 
multiplied by h is arbitrarily small; accordingly if the expression 
is to vanish, the amount of /"(s) must also be smaller than any finite 
quantity, i, e. since f(^^) is a determinate value , wu must have : 

m - 0- 

Now considering the product: 

''('"w + |/"w + -t '""« + ■■■)■' 

there is an arbiti'arily small but finite value h for which it is zero, 
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tlierelbre tlie bracketed fuctoi' vanishes. Hence IbllowH as before: 

rw - 0- 

in IJlse manner from the vanishing of the product: 

it results that f"(g) vanishes, and similarly it is found that: 

f"(s:) = 0, . . . /W(s) = 0, . . . etc.. 
Thus f(s + h) and all its derivatea vanish for all values of 2 + /( 
that lie witliin the circle of convergence of series I). In this circle a 
point / for which mod s^' < mod s, being chosen as centre, gives 
rise to an expansion the radius of whose convergency 

H'-^B — mod [/] is > H. 
The coefficients in this new expansion all vanish, i, e. the function 
is zero everywhere in this greater circle also. Taking a point a" 
within this circle as centre, we obtain a new circle, and this process 
can be continued till we reach a circle that includes the origin 
s = 0. Since for this point the function and all ita derivates vanish, 
the same is true for all points of the original circle of convergence 
of the series: 

M - «o + fli^ + «,s^ + ■ ■ ■ «.^'' H ; 

that is, we have 

/■(O) = a„ = 0, f'{0) = «, = 0, f"{0} = a^\2=0, . .. /■''{0}=B„l2 = 0, etc. . 

By means of this proposition we can generalise the Theorem 
proved at the close of last Chapter concerning the unique expression 
of a function by a series of powers. For, from it follows that: 

When the values of two series of powers are the same even only 
in infinitely many points of a domain, the series are identical throughout 
the entire common part of their convergeneies. E'or let these series be : 
a,+a,(2-«) + a,,(5-«)' + ...im(l(.. + S.(»-/i) + !.,(s-«»+.-, 
then tJieir difference can he expanded for a point y, within the domain 
common to their circles of convergence, in a series of powers 

c, + ci{s - y) + c,{s — rf-i etc.. 

This series vanishes in infinitely many points, accordingly it is zero 
within its entire circle of convergence. But from this series we can 
attain to any other point lying at a finite distance however small 
inside the boundaries, by adopting a new point within its circle of 
convergence as centre of an expansion, that in like manner must 
vanish, and continuing this process. 

88. Suppose a domain of convergence with the radius li is to 
be investigated; since there is only a finite number of vanishing 
points in each finite part of the plane, we can assume, that none of 
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these points lies upon the bounding circle. Let the vanishiug jioiiita 
within it he b-^, s^, ■ ■ ■ s^ , and their respective orders -t,, Aj, . , . A,,, 
Calling the product: 

(, - «,)'■ (» - %)'• ...(»-«.)'.- n (S) ; 

f\2} is divisible by W{s) and the quotient is a series of powers that 
converges foi' the original domain and is not zero at any point in it. 
To see this , let us put h ^ s — «, in the above development, hence; 

/■(«) - ft', + s - «j - fts,) + '-^/>,) + '-^^'r(»,) + • ■ • i 

but since ^j ia a vanishing point of the order (nullitude) A^, wo havo: 

fM-fM-fX',') - ■ ■ •-("'-■(*■,) - 0, 

therefore : 

(s — a,) ' U. Ll3"_ 

This absolutely convergent series proceeding by powers of s —- s^ can 
be rearranged fay powers of s and resumes the original circle of 
convergence. For, then again the circle of convergence of this series 
must include that for the development by powers of s — s^. Since the 
new resulting series vanishes in the point % in the order Aj, it is 
divisible by (s — ^^Y'l in this way we ultimately obtain: 

where (p [s] is a series of powers that is not zero at any point in the 
domain. 

The propositions hitherto proved apply in particular to the integer 
rational algebraic function: 

/■(s) = aa + Oi2 + fljS^ -\ h ««^- 

The convergeuey of this function, in which a^y, ... a„ mean determinate 
finite complex values, is the entire plane, i.e. to each finite value 
of s belongs a determinate finite value of /"(s); this function cannot 
vanish for iniinitely many values of s without vanishing identically; 
and further if ^i, s^ . ■ ■ iSt he vanishing points, f{s) is divisible by 
n(s), the quotient being again an integer rational algebraic function; 
in this case, if A, + Aj -f- ■ ■ ■ A^ = «, cp{s) is constant and equal to o„. 
Therefore an integer rational algebraic function of the order n can 
certainly not have more than n vanishing points in the entire plane. 

89. Forming the logarithm of /'(^) we have : 

if(s) - m(ii + Ufip) - i,i[s - s,) + i,i(s -«,) + •■• 

+ i,Up - 2.) + !?■(«). 
For each of the logarithms on the right we take one of its infinitely 
many values, and let £ describe the circumference of the bounding 
circle from any point A, keeping the inside of the circle on the 
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left. Since the argument s — s^ vanishes oniy once within the circle, 
namely for « = s, , the value of the logarithm when s returns to 
the point A will differ by 2i% from its initial value, §8^,5; the 
same will happen with l(s — g^), . . . l{si — .Sv); on the other hand 
l^{s) on its return to the point A will resume the value it bad at 
first, because (p{s) does not vanish at any point within the circle, but 
has for every point a determinate finite continuously changing value, 
so that no branching point of its logarithm is included. Accordingly 
we see that: If there hev vanishing points of the function ({z) within 
the circle of convergence, the valtie of lf{s) changes hij 2iitv when tlic 
argument s describes tlw entire circumference; and conversely: If the 
logarithm of the function change hy 2imv ivhen Us argument s descrihes 
the circle of convergence, v is the number of vanishing points off{s) within 
this circle. 

90. Applying tliis Theorem to the algebraic function, we ca,it 
take the circle, for whose points the values of « are to be formed, with 
a radius so large that the amount of the term UnS" shall far exceed 
all the rest, and accordingly the amount of: 

be smaller than an arbitrarily small quantity 3; to attain this, we have 
only to take mods greater than unity and then to determine that 

mod s shall be also > - -2 ■ ., , 



each A denoting the modulus of the corresponding a; then lot us put: 

tflg)-Hc,.i') + l{l + "~^"'''^'''l ^^.-—-—-)-l{V)+t{'+t); 

writing £ for the complex quantity, whose roodulus is smaller than S. 
Now 1(1 -\- e), formed from a determinate point upon the bounding 
circle, differs everywhere inappreciably from J(l) = + SAira; thus if 
we begin with any value of the logarithm, ex. gr. the simplest, since 
when 6 changes its- value, the corresponding logarithm must vary 
continuously, it will always differ only inappreciably from the simplest 
value of l{i) namely zero; therefore when s has returned to the 
original point, the value of l[l -j- ^) will not have inereasoil by a 
multiple of 2 in. 

But while s describes the circle, llunS") = nl(a^'' x:) changes 
by 2jje . w, since the point s = is included within this circle. 
Accordingly lf{s) undergoes the change 2i'3in, i. e. im the arbitrarily 
great circle of convergence there are altoays n values, for which the 
rational function 

«o + "i •^ + "2 1^'' + • ■ ■ da^ 
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vanishes; some of these vanisliiiig points may coincide, but always the 
total sum of their nullitudes is n. This theorem, which can also be 
stated in the words t Every equation of tlie w"* degree 

f{s) = a^ ■^ a^s + a.,?!" -\ a,s" = 

lias n complex roots; is known as the Fundamental Theorem of 
Algebra.*) When the coefficients a,,, a, . . . a^ are all real, if the 
equation have one complex root s = « + i^, it has also the conjugate 
complex root s ^ a — j/3j for then we have in general; 

n» - ijl) -U-iY, if f{„ + ifl) ~U+iV. 
But, when a + i;5 is a root, both U and V vanish. 

The implicit algebraic function, defined by the equation § ^5 : 

Jo + ^i^+ A^y- -\ A^y =-0, 

ill which A^ ._. . A„ signify integer polynomials in x, is accordingly, 
when complex solutions also are taken into account, an n-valued function, 
i. e. to each value of a;, for which the values of the coefficients ^o-.-^a 
are determinate, belong n equal or different values of y, namely the 
n roots of this equation of the n^ degree. 

The calculation of the n values of the roots, i. e. their expression 
as functions of the coefficienis, forms the object of the Theory of 
Equations. As long as «^4, the roots can be developed in a closed 
form as functions of the coefficients by help of the explicit algebraical 
operations of the first six species; if )j > 4 the solution of the general 
equation gives rise to new functions whose properties we have to 
investigate in the nest Chapter. But it is in all cases possible when 
the coefficients of an equation are given in the form of determinate 
numerical quantities, to express each root numerically with any 
required degree of approximation, i. e. after the method of inclusion 
within limits to form two infinite series of rational numbers, whereof 
one has the real constituent, and the other the factor of the imaginary 
constituent of a root as its limiting value. 

*) Tlie theorem was first proved by Gauss in Lis doctoral diBBertation 1799, 
to this there is a supplement of the year 1849 ; Gaiisa published two other proofs in 
1815 and 1S16 (Werke, Vol. III). The proof detailed in the teit, applicable as 
it is to infinite series of powers, is derived essentially from Caiicty (Jontnal 
de I'i^cole polytechnique, Caliier 26, 1837); he had previously, in his Analyse 
aSg^brique, chap. X, 1821, given an elementary proof for the existence of the n 
roots of Etn equation, that coincides in principle with that developed by Argand 
(Gergoune Ann., Vol. V, 1815). 
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Four Ml Chapter. 
The implicit algebraic function.*) 

91. The most general form in which a variable tv is delined as 
an algebraic I'linetion of the variable s is by the vanishing of a 
polynomial consisting of integer powers of s and of w: 
1) /(»-,8-)-»-,..(2) + «.->y,(2)+ ■ ■ ■»,f._,W+ 9>.(3)-0, 
the factors tp (s) being integer polynomials of arbitrary degree in s with 
complex coefficients; let the highest power of « in any of them be m. 
This form is of the «*'' order in tv, assumiag that all coefficients in 
the polynomial (p^{s) do not vanish; let (p^ be of the degree li in s, 
7c = denoting that 9)^ is a constant. It may be assumed that the 
form 1) is not reducible, i. e. that f cannot be resolved into products of 
algebraic expressions of lower order; for if it could, each factor equated 
to zero might be investigated separately. 

Integer and fractional rational functions are included in this 
form, for these « = 1 ; in like manner it includes the explicit iiTational 
function treated above: 

tv ^{s — a) '', which in form 1) is : w' — (2 — aY = 0. 

To each value of s, correspond n determinate values of w, different 
or equal, the roots of equation 1), as was proved in last Chapter. 
Let those be denoted by w,, w^, . . . w„; they will vary according 
to the value of s. The equation 1) presents therefore n functions 
of ^, or in other words: it determines an »-valuod function of ,s. The 
following investigations have to demonstrate how these n branches 
of the function may be separated, and how far they are continuous 
functions with determinate derivates. **) 

93. If the function w be considered at a determinate point, and 
so one of the possible values iv calculated for a determinate s = ^^, 

*) In tbis chapter tlie tlieoreras of Algebra regiu:ding the resultant and 
the discriminant are supposed known. 

**) Cauchy; Exeroices d'analyae et de physique matli^matique. I'omo II. 
V. Puiseux (1820— -83): EecheroheB sur les fonetions alg^briques. Journal de 
Mathi5matiqQea, T. XY et XVI. 1850—1. (German translation by Fisohor, Hallo 
18S1). Briot et Bouquet; ThfSorie des fonctions elliptiquea. Paris 1875. 
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the queatioii arises, how is this value of iv altered us the value s 
changes. The value s^ , chosen to begin with, can always be assumed 
finite ; for when the change of w from an infinite value s concerns us, 
let us substitute s ^ ■ ._ , thereby converting 1} into a relation 
between w and s', and investigate what values w assumes for s' = a. 
Now we must first establish, what kind of singular points can 
occur. An equation of the «.*" degree has always n roots. When 
its coefficients are variable, as in the present case, these roots can 
exhibit the peculiarities either of becoming infinite or of some of them 
becoming equal. These two are' the only kinds of singularities. As 
we pursue the investigation, we shall show, that the number of such 
points is finite. 

1. Let us put IV = — -- and determine the points at which /y'= 0, 
then we have instead of equation 1): 

9'o(^) + ^>t(^) H if'''-'g)„_i(^) + ^■''9«(2) = 0. 

If w' is to converge to zero, ^q(^) must become = 0. This is an 
equation determining k separate or coincident finite points for which 
one value of w increases beyond any finite amount. These singular 
points of the function w we shall denote by «,,«;... «*; they are, 
in the absence of further conditions, non-esseniial infinity pomts 
(infinities); for, it follows from the equation 

wtp^is) (p^{s) — l^ (p^{z] — ^:r:^y„_,(s) —-—fpni^), 

that, though to is infinite for s = a, the product u>(Pq(s) = — 9^1(2) 
still temaina finite. 

In such a singular point, besides the one infinite value, n — 1 
further values of w, generally finite, will be found from the equation 

m;«-Vi(«) + w^->j('>:) +,- ■ ■ eP9>„-i(c) + SP«(«) = 0. 
Only whenqojfa) also vanishes, a second value of w becomes infinite; 
when 9)2 (") ^^^"^ = 0, a third; and so on. Such an infinity point « 
can lose the non-essential character, because it is at the same time a 
critical point. Critical points form the second Mnd of singularity. 

2, To investigate an algebraic expression of the w*"" degree f{w) 
at a determinate finite point w, , let ns bring it to the form (§ 87): 

/■(i^) =/Xw,) + {w-w,)fiw,~) + '"'~"'''V >l) + ■ - ■ ^-^^^-/^CwJ- 
If /' vanish simply for «f = w,, we have /'C^fl) = 0, while the value 
of its first tlerivate f\w{) at this point is not zero. But if there be 
k roots =Wi, all the derived functions up to the (yl ^ 1)*'' inclusive 
also vanish: 

/■(w,) -^ 0, fitv,) ^ 0, . . . f>-^ C^.,) ^-. 0. 



yGoosle 



156 The imtjlicit aigebraic fuuctiou. Bk. H, oh. IV. 

If therefore w = 10, be a double or a multiple root of equation 1): 
fXw", s'") = 0, it caa be ao only for such values of as make the 

derived function - ^' — — simultaneously vanish. From this theorem we 
derive in Algebra the condition which subsists among the coefficients 
of an equation that has a double root: Forming the resultant of the 
equation and of its first derivate, either by continued division, or, 
with Euler, as the determinant of the coefficients of a system of 
equations, we obtain tbe discriminant as a rational integer 
function of the coefficients. But in the equation f{W^, s"'') = the 
coefficients are integer polynomials in z, accordingly we find on 
equating the discriminant to zero, a finite number of points, that 
we shall denote by ^^,^^.. .^i, which alone can be critical points 
of the function iv, i. e. points at which two or more values of w 
coincide. 

Besides these points r and p, there 'remains further only the point 
infinity, which is to be investigated by meaus of the substitution 
.s = -i— — 5 it can be either a regular point, or a singular point of 
the first or second kind. 

93. It is now possible to show, that each branch of the algebraic 
function proceeds in general continuously. Let us bound off all 
critical points in the plane of s by circles of arbitrarily small radius, 
and likewise the non-essential singular points. Let us consider some 
one of the possible n values of w, ex. gr. the value w, , at the point 
.s = Su that must not be a (riticil point or a non-essential infinity 
point for w, , even though it may be a singular point for some of 
the other values of w; thus w^ must be at s^ a simple finite root 
of the equation. If now we change „ continuously, by making its 
representative point travel from .?„ to another point Z along an 
arbitrary curve which does not cioss any of the bounding curves just 
named, we are going to show that 1^^ also varies continuously. 

Denoting a point upon the curve near g^ % ■^o + ^^ ^^^ *^ 
corresponding value of the fimchon hy w, 4-Az«, if stick continuity 
exist, it must he possible, for uny aumhei 8 however small, to assign a 
value h, so (hat mod Aw shall be less than d, as long as mod A0 < h. 

Putting 5 = 3„ -j" As, 10 ^ w, -\- Aw in the equation: 

let ua suppose it arranged by powers ol Aw: 

/■(So + As, IV, + Aw) = .^0 + -^1^^" + Z^Aw-^ H Z^Aw" = 0. 

The coefficients Z^,, . . .Z^ are functions of A^f and of the constants 
«„ and Wj. For As = 0, a single root of this equation is Aw = 0, 
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therefore Zg must vanish, while the other finite roots each increased 
hy Wj , express the other n — 1 values of the algebraic function 
at ^1). Since mi, is uot a multiple root at Uiat point, Z, certainly 
does not vanish for As == 0. Now let the modulus of As be chosen 
so small, that, for all values within the circle described with it as radius 
around «y, mod Z), shall not exceed a determinate arbitrarily small 
number A; the modulus of Zj will then not fall below a certain 
amount B. This requirement can be satisfied; a superior limit of As 
is determined by the assigned value A, for, in the polynomial Z„ 



there is no term free from Az, whereas /?i contains s 
Now if we consider the form 

— Z,Aw{l + P) 
anrl put mod Am) ^ d, then, if S denote the f 
.5a 



idi 



nallest amount oJ' 2. , 



mod J' = mod 



< 



Ills 



lZ\Aw 



^,+ S:^^ + - 



+ d mod Z,-] (V' ■ 



therefore if C denote the greatest of the moduli of 2, . . . Z„ within 
tlie limit assumed for As, 

modP<iK+C(.+ ....-.,]<J-[.| + ,i^J. 

We can choose 8 so as to make -^ smaller than ~, where e is 

arbitrarily small. In like manner we can determine the value of A. and 
thereby the superior limit for As, so that however small 3 is, we shall 
have ^ "s" < Y ' ^'"^ ^^^^ ^^ ^^^^ choose A<i s -^ ■ The corresponding 
limit for As we call h. Now it has to be shown, that within the 
circle having the i^adius d there is one and only one root of the equation : 

/■(So + As, M, + Atv) = 2, Aw(l + P) = 0; 
for any value of As, whose modulus ^ fe. This we show by taking: 

log {fi^o + As, w, + Aw)) = log Zi + log Aw + log (1 + P). 
When we conduct Aw along the circle round w, with radius 5, log i^, 
remains a constant, log Aw increases by 2i7t, since the zero point 
is included, but as mod P remains smaller than the arbitrarily small 
number £ for all points on the circle, log (1 4* -P) does not change 
its imaginaiy part by the circuit; in the circle consequently there is 
one root Aw, whose modulus is smaller than d, as was to be proved. 
Accordingly it follows, that on a determinate path, leading from 
iSfl to Z without crossing the boundary of a singular point, each value 
of the algebraic function w varies uniquely and continuously. 
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94:. The algebraic function thus varying is moreover an analytic 
function, i. e. at each regular point s it has a determinate differential 
quotient that is independent of the differential (?^ = (?a; -j- idy. Let 
and w, s-^- As and iv -j- Aw denote a pair of corresponding values; 
if A^ converge to zero, Aw also becomes =0, it is required therefore 
to determine the ratio -^— • 

Let mod As ^^, then mod Aw < tf, Xow from the equation 
f{, + As, w + Aiv)^0, 
that becomes on expanding bj powers of A^' and Aw: 

/■(^,..) + (|{a.h-|^a„) 

+ J (|f A«' + 2 j|i; A.Aa. + |i A..= ) + . . . - 0, 

in which the first term vanishes and the last are of the dimensious 
of As"" and Aw"; dividing by As we obtain: 

(df, Sf A"--) , , A,/'«Y , a 8V A.. , 31/- /ta,>\ 

+ ^A«H )+... = (). 

The quotient ~ is by this equation an w-valued algebraic function 
that for A 2 = has one and only one finite value, namely : 

because by hypothesis, B not being a critical point, -k— is not zero. 
But we have just proved (§ 93), that a simple branch of an algebraic 
function varies continuously in the neighbourhood of any point; 
accordingly we have 

(^'^ ti^" _ (It . ^/' 

a value proceeding continuously from the quotient of differences --, 
and tliorefore the required differential coefficient (derived function, 
or, for brevity, derivate). Accordingly we have found for the implicit 
algebraic function for any complex value the same rule of differentiation 
as was already established for real arguments. The fact that here the 
derived function is expressed also in terms of tv does not contravene 
the statement that it is determined exclusively by the value of s, 
because w depends uniquely upon s. 

95. So far we have always had to speak of a determinate path 
that the argument s has to travel from s^ to Z, in order to keep in 
view the variation of one branch Wj^. Now the question arises, whether 
the value of w, at the point if will always be the same, however 
the path be chosen. For, the algebraic function has n different values 
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that w, may pass over 
3 travels by different 



at the point Z; it ia therefore conceivable, 
into these n different values at Z, aecordir 
paths from g,, to Z. 

When two differeni paths leading from s^ to Z hound a finite 
surface and neither enclose nor pass through a critical point, the values 
acquired hy w at the terminal point Z are identical- If on the other 
hand there be any such points within the surface, the values may 
be different. 

When there ia no critical point within the surface, a finite 
quantity D can be assigned that will be the minimum absolute difference 
between the various values of w belonging to any single value £. 
With «(, as centre and radius h a circle can be drawn, such that for 
all points within it, one and only one of the values at any such 
point differs from the value w, by a quantity with smaller modulus 
than i^D , while the other values corresponding to the point must 
differ from w, by more than^D; for w^, as was proved, is a unique 
and continuous function along every 
continuous curve, and there can be 
only one value differing from w, by, 
less than \D at each point in this 
circle, because if there were two 
such values they would differ from 
each other by less than 1). Let this 
circle intersect the curve (I) in 
the point s' and let us call the 
corresponding value 

^l!^ -j- A^y = w'. 
A circle with radius /*' can be 
drawn round s' as centre with a 
aimiiar property; let it cut the 
curve (I) in the point ^"; we have 
w"=w' -\- Aw, (modAi(? < ^D). 
Repeating this process a finite number of times we arrive at a point 
3' with the value mi* and from this reach the point Z with the value 

W = iB'' -\- Aw, (modAju < i^D). 
Now if we draw between (I) and (II] a curve (2) from g^ to Z, near 
enough to (1) to intersect the v circles in the points t', t". . . f, the 
portion s^t' must be within the circle round g^; t't" within the circle 
round s'; , . . fZ within the circle round s". To t', then, belongs one 
and only one value w = v' differing from ^v^ by a quantity whose 
modulus is smaller than \D. Now we must observe that if z move upon 
the curve (Si) from s^ to t', w passes continuously from the value w^ 
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precisely into this value v' and into none of the others. For, at each 
point through which S passes, there is always only one value that differs 
from wi| by less than \'D. If tlien w were to change continuously to a 
value differing from w^ by more than^i), this difference should somewhere 
become equal. to \D\ hut this cannot be for any point in the circle. Thus 
too since t' lies in the circle round z', tlie difference between v' and 
w' is smaller than ^-D. Similarly, to t" belongs one value v", differing 
from the value w' by less than \J), since t" is on the circumference 
of the circle drawn round e'. This vaiue is obtained by travelling 
along the curve (2) from t' to t" \ for were w to assume a different 
filial value, it would be one differing from w' by more than ^D. 
Therefore there should he upon the path %'t" a point at which the 
difference is \D\ and this again is excluded, because V and t" are 
within and upon the circle round s'. Since i" lies in the circle round 
the centre z" we have: 

mod \v" — w"\ < \'D. 

In like manner it can be seen that for the values at t^ and z^: 

mod \f — %ir'] <-ll), 
and from these points we arrive at the values W and V- liere the 
inequalities are: 

mod [W— ifj < \I>, mod [F- ttvj < !/l). 
Hence follows that mod [JV— V\< I). 

Now since by hypothesis the n different values of w at the point 
Z differ from each other at least by D, W and V cannot signify two 
different values, so that we must have V= W. Therefore the curve (I) 
and the curve (2) lead to the same final value. From curve (2) we can 
pass over to a curve (S) closer to (II) and proceeding thus we must 
ultimately be able to arrive at curve (II). For, all the radii /( are 
of finite assignable magnitude therefore it ia not possible that the 
number of steps can be infinite. Such a frogressus in infinitum can 
only occur when the interpolated curves are approaching a critical 
point of w. for, in the immediate neighbourhood of such a point no 
circle can be determined within which always one only of the 
corresponding roots differs from iv^ by less than \ D : the quantity 
indicated by D, here converges to zero. If in the included domain 
there be a non-essential singular point that is not also a critical point, 
the theorem still holds. For, although the algebraic function becomes 
infinite in this point, yet it retains the character of a rational function 
and remains unique. In fact if we surround the point by a circle of 
arbitrarily small radius, then, while goes round this circle, that root, 
whose amount increases beyoud all limits as the singular point is 
approached, passes through a continuous series of values, that returns 
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back to its initial value. For in thia ease in the equation f{s™, W} = 
we have at the point s = a, g}^ fa) = 0, while 95, («) is different from 
zero. Therefore if we put ^ = « 7^ Ak and consider the equation: 

W^o + iV^-^Af -\- ■ ■ A„ = 0, writing A,, = (pk[a + ^k)- 
we can choose A« so as to make A), smaller than an arhitrarily small 
number A, while mod [A,] certainly remains greater than some finite 
number B. Consequently it is true, in conformity with the proof 
§ 93, of the equation: 

J,, + ^^,'^^ + w;-2^^ _| jt,'n^„ = Q, 

that it has for each value of Ak one and only one root, for which 
modM)'==mod — < tf, or, mod w > -^r ; 

i. e. when 2 has gone round the arbitrarily small circle, the final value 
of IV can coincide with no other than the initial value. 

From the theorem follows further: If we make the argument 
hegin at a point s„ and go round a closed finite curve not including 
any critical point, the fmal value of w?, at s^, is the same as that with 
which it began. 

96. These Theorems do not yet enable us to picture to ourselves 
a branch of the function. For, having calculated the value w^ at a 
point 3d, we can arrive at any other point by very different paths and 
any two of them may include a critical point; thus it is still possible 
that we may obtain at each point different values according to the path. 

The perfectly unique exposition, already exemplified in the explicit 
irrational function, is obtained here also by Riemann's method of 
adopting for the representation of 0, instead of a single plane, n planes 
fastened together along their branching sections. But this requires that 
we should investigate more closely the properties of the critical points. 

Let the point s = be a regular point for all values of the 
function w; i.e. let n simple finite roots of the equation 

f{z"', W-) = 
belong to it. Now conceive n different pianes lying one on another; 
to each of them coordinate in the point 2 = one of the values 
Mf,", . . . Wn", indexing each plane by a number 1, 2, . . , n. Further, mark 
in each plane all those points jJ, which are critical points for any values 
whatever of w, and from these points to the point infinity draw curves, 
intersecting neither themselves nor one another; in all the n planes 
the curves proceeding from a point (3jt are conceived to be identical. 

Let us further coordinate to each point of plane 1 that value of *o 
into which Wf" changes continuously when the argument s is made 
travel along a path not crossing any of the curves starting from the 
^ points. In this manner a perfectly determinate value of w belongs 
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to each point, and this system of values w is in general continuous. 
Only at the two sides of a (S-curve is it possible that the values of 
tv differ by a finite quantity. We shall distinguish these two sides as 
left % d ght binL. fix n^ then 1 y tl e d' eet o from the point ^ to the 
p t nhn t} We then let m ne a follows whether there is a finite 

1 flere ce o not bur oun I the j o nt / by an rbitrarily small circle 
and n ake the argume t go o nd t &tart g towards the left at 

ts p ut of ute eet w th the / e an 1 returning to that point. 

If n th s c cu t ha retu ned to ts n t al value and not passed 
ove to some o ti e — 1 othe poss ble v hies, the values of w 
il II ove nto one anothe at both s les ilong the entire (J-curve; 
thu /3 not 1 u h Bf, 1 nt n 1 af 1 tl e curve starting from /3 

n tl leal an 1 e e ised B t f tl e alue of w changes in this 
e t we have on tl e leit 1 nk of the /3 c rve values that must 
1 e I ot 1 by ad n th gl t otl e alue that we may call IV^. 

Conceve tie leaf je to tel along th eu o Let the same thing 
he done to 11 jonts/3 that ae 1 inch ug points in leaf 1, then 

fte th coo d nit on a eont uo s function in regard to all 

otnuu 1 tls n leaf 1 tl at do not cro any section. 

Now when on tl e gl t s le of i /* cu ve n leaf 1 there are values 
w^ different from iOj , among the remaining leaves, for which the values 
W2'', ■ . ■ wj' respectively weie coordinated to the origin, there must be 
one and one only with the property, that to the points upon the 
left side of that ^-curve correspond all the values w^- For, the path 
along which we arrived at io^ from w," in the lii-st leaf, must when 
reversed lead hack w^ into one of the values that w has at the point 
s = 0. In the leaf in question, let it be called 2 and its value at the 
origin w^", the values Wa belong therefore to the left side of the (^-curve; 
the same values w^ cannot however now correspond to the right 
aide, for it was assumed that the path, which leads to a point on 
the right side, leads w," over into w^; therefore it is not possible, 
reversing the same path, to come from w^ to w^"- Therefore on the 
right side of the /5-curve in the second leaf there are either the values 
M!j or new values w^. If the former, fasten the left bank in the first 
leaf to the right in the second and the right bank in the first to the 
left in the second along the whole ^-curve, thus a winding surface 
of the first order is constructed about the branching point j5. The 
leaves 1 and 2 form a cycle; a single circuit round the branching 
point leads from the first leaf into the second, a further circuit, from 
the second leaf into the first. The same point /3 can determine a 
winding of the first order also for other leaves. 

But in the latter case, when leaf 2 brings new values w^, 
we have to determine that third leaf, which presents the values MI3 on 
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the left side of the ^-curve. Either, this leaf has theu ou the right 
side of the /5-curve the values w,, in which case the three leaves: 

1) with the values: w^ on the left, w^ on the right, 

2) with the values: w^ on the left, w^ on the right, 
y) with the values: w^ on the left, tv^ on the right 

form a cycle, and constitute a winding surface of the second order: 
on completing a circle therein round the point ^, keeping it on the left, 
we pass from leaf 1 into 2, in a further circuit from 2 into 3, and in a 
third from 3 into 1; if we travel in the opposite direction along the 
circle we come from leaf 1 into 3, from 3 into 2 and from 2 into 1. 
Or else, the third leaf has new values iv^ on the right; there is then a 
fourth leaf which either concludes the cycle or leads to new values w^ 
and thereby to an enlargement of the cycle. 

Accordingly certain cycles of values belong to each branching 
section j5; and an w-leaved Biemann's surface is produced by fastening 
together the different leaves belonging to each cycle along all sections. 
Throughout any arbitrary curve drawn upon this surface, whether it 
cross branching sections or not, the algebraic function w is completely 
unique and continuous. It can become infinite only in the non-essential 
singular points a. 

97. The only further remark we shall here make is on the values 
of w at the point infinity. In our distribution of values to each 
leaf, the point infinity occurs as a many-valued point, i. e. at the 
two sides of the /5curve that is a branching section in leaf 1, the 
function w takes for s == co both the values which ex. gr. iP, and w^ 
assume for this value of the argument. Within any finite distance 
however small from the point infinity, taking the illustration (§79) from 
the sphere instead of a plane, or in numerical language, however 
great may be the value of s, complete uniqueness still prevails. 

The character of the point infinity, as a regular point or as a 
branching point with determinate cycles in regard to the different 
values of «;, reveals itself, when starting from a leaf I we construct 
a circle surroundings only the point infinity and no other branching 
point, and consider how w changes value along this circle. By a circle 
surrounding only the point infinity, the Transformation by Geometrical 
Inversion plainly shows we have to conceive a circle round the origin, 
whose radius can be arbitrarily great, but at any rate must be so 
great that it shall include all finite branching points. When we 
go quite round this circle keeping the finite surface on our right, this 
signifies a circuit of the point infinity that is included on the left. 
Accordingly we have the relation: 

When the circuit of all finite branching points does not chcmge a 
value Wf , the point infwtity is not a branching point for w, ; and conversely. 
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When on the other hand the circuit of ail pnite branching points 
in a determinate direction brings on a cycle : m', into Wj, Wj into 
w^, . . . Wp^t into Wp, lastly w^ mto w, , the point inanity is a 
branching point for the p leaves. The cireiiit of the branching point 
in the prescribed direction, which becomes reversed in transforming by 
Inversion, brings on the same cycle. 

98. We shall work out the general theory in the following: 
Examples, 

Let the quantities b, ^3,, ^j have any arbitrary complex values; and 
let /3| be different from (Sj. By the substitution — , it appears that 
there are no finite non-essential singular points. The critical points 
can easily be determined by means of the explicit form: 

For, at points at which the two values of a square root are equal, 
the function under the root must vanish, therefore the critical points 
are: s = (5,, s = j5j. 

In going round such a point the values are interchanged. For 
if we consider a neighbouring point s = (3, + rc'i', where r is arbitrarily 
small, the amplitudes of the corresponding pair of values 

^y = (;,j-e'-v(^j — ft + rc^f)]^, 
differ by x. If we choose one value and make <p go through all values 
from zero to 2jt, 6^'"+'^ occurs instead of <?v. In the last factor the 
amplitude will not increase by 2h, since it always differs arbitrarily 
little from the amplitude of the constant number ^, — ^j. Accordingly 
the root undergoes the change by the factor e'", i. e. the two values 
interchange. The same is true for the point ft . Therefore they are 
both branching points. The two leaves are connected along sections 
which start from them. 

If we call leaf 1 tliat which has at the origin the value: 

»," - (6ft ft)' - (-B B, B ,)-'■ (cos "-+JJ ± * + i rin !^+ !!y + *) , 
6 = if (cos a -i- iain a), ft = B, (cos ¥'i + ^ sin j/',), 

ft = Bj (cos iji^-^- i sin ip.^), 
and leaf 2 that fur which: 

»," = (BB, BJ* (cos « + *■ + *■+ ' J! + i ,i„ . + f.+^*.+ ^ -), 

we can decide what value of w belongs to each point in each leaf, 
as soon as we have settled about the branching section. If this be 
drawn fi'om /i, parallel to the positive asis of abscissie, we have to 
determine what values belong to leaf 1 along the right line Oft. 
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Let a point on this riglit line he s = r(cuis j/j, -f- * i^iii (''i); tc' i^- 
w ^ IB (eua a-\-ism a) (r— B,) (cos i^, + * ain ^i) 
! r {cos ^£ + * sin ^i-i) — B^ (cos ^2 "h ^ ^'1* V'j) | j i 
or puttinff : r(cos ip^ + i sin »!']) — Bj (cos i>., -\- i sin j/'.j) 

= P(eoscl>H- i sin *), {<^<23t), 
the values for »■ < Bj are: 

w, - (i' (B, - r) P)i {cos « ±»1±_*± - + i sin " + *!-+ * + •} , 

«., - (B (B, - r) P)«{cos ?+«±»±lI + i,i„ l±«i±*±l.V. 

Now if r converge to zero, P becomes B,, fti ^ i/'^ + i ; thus we see 
that tlie first value passes over into tv.," and the second into Wj". 
The latter lies in the first leaf. 

But in order to consider points for which r > Bj , let us surround 
^, with a circle of asbitrariiy small radius p and let us travel along it 
from the point below ji^ to the point above ^, on 0^,, in such a 
way as not to cross the branching section. If we put: 
/ (cos 95 + * ain 95) — Bj (cos ip, -\- i sin ^,) = p (cos %-\- i%m %), 

a glance at the figure, in which q cos % and p sin % can be constructed 
geometrically for a!l values of r and p, shows that when % begins 
with the value ^, -)- Sti it changes to the value ip^-^2%, so that 
now at a point of the right line 0(i^ the value in the first leaf is: 
(0 < 2x) 
10, = {B(r- B,) P)^ (cos t + ±'±^±l^ + i sin "-+^^±±±1^). 

If we surround the two branching points jSj and /5j by a curve, and 
travel along it so as to keep the finite surface on the right, we pass 
from a point of the first leaf by crossing one branching section into 
the second, and then by crossing the other, back again into the first leaf, 
so that therefore w returns into the original value of the function. 

Consequently also the point infinity is not a branching point. 
This appears by substituting s -■= — in 1); for, the point s' ^ is not 

a branching point of the function iv = ' '^' ^~ • '"^'' ^^ 

branching points are the points s'= g-, s'= ■ -• 

2) «()■' — 35M' + ^^ = 0. 

To determine the critical points for this f'uuctiou, we ciilciilate 

1^ = 3 (m;'^ - 0) = 
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and from this we substitute tv'^ = s in 2); thus they will be determine tl 
by the equation ~* f-^ — 4) ^ 0. 

At the point & = three roots of this equation vanish. To decide 
whethei this is a blanching point of the three leaves of not, we talie 
an arbitraiily im^l value of r and put s = re^f; then 

tv^ — Sre'^w + r'e^"!' = 0. 
Since the algebraic function is continuous, the modulus of each value of 
ti; must decrease arbitraiily at the same time as r does; but as the 
ratio — is the root of an equation : 

(f)' - 1- (r)"^ +«"'=». 

and thus can never become indeterminate, it may tend to a value 
either finite or aero or oo. 

Now we see by this equation that the limit of the ratio ;- 
cannot be finite, for, its middle term increases beyoud any finite 
amount when r == 0. 

If we assume that the limit of — is zero, the first term vanishes 
in comparison with the second and third, so that we have 

Lim (— A J£_ e"p) e^^'P, therefore: Lim w = ^rV'v = ly,"; 

this shows that close to the origin one root of the equation differs 
arbitrarily little from ^r^if'i' = ^s^. This root is unique in the 
neighbourhood of the point zero. 

Again, — can only tend to an infinitely great value if 
Lim (■'-)'— I Lim ^ e'v -j- e''> = 0, 
or, as results from dividing this by - - , if 

Lim (^)'~ I e''" =0. 
It follows hence that either: 

Lim w ^ Y'd . r^ e^ = tv^, 
or: _ , !.?+i« 

Lim to = ^'6 .r^e = Wj", 

Two roots of the equation differ arbitrarily slightly from these values, 
and for these two the origin is a branching point. Let us choose its 
branching section along the negative axis of ordinates. 

The other branching points are determined by the equation 
s* — 4 = 0, which gives three values: 

,3, = //4, ^2 = y'i (cos ^ + J sin -^) = pi e ^", 
^, = pi (cos ^ + i sin ^) = plc^. 
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In order to establish in what manner the roots interchange about the 
points (3, let us start from a point & at the arbitrarily small distance r 
from the origin on the axis of abscissEc; the corresponding roots are 
real and quam proxime: 

w," = ^r^ w^'> = }/3r^, W.J*' = — y^r^. 
Two of them are positive and one negative, and all three remain real 
aa s moves along the axis of abscissae towards the point /5,. For then, 
since complex roots can occur only as conjugate pairs, and moreover 
the real constituent and the imaginary vary continuously, a transition 
to complex values can only occur in points wherein the real constituents 
are equal and the imaginary constituents vanish, that is to say, in 
branching points. In the point (3j the value of the two equal roots is 

the two positive values interchange; it is a branching point for the 
leaves 1 and 2; let its sectioji be chosen so as not to cut the segments 

Let us now consider a point arbitrarily near the origin upon the 
right line 0^^; when we proceed to this point along the circle with 
radius r without crossing the negative axis of ordinates, we have: 



= y^r^e 



-yz. 



w*-i; 



^yzf 



A point upon 0^^ is > 
root for the point /^^ is 

w = 2'e ^ . If then we 
substitute : 



in our equation 2), it takes 
the form: 

w''^ — bQw' + p^ = 0, 
from which it appears 
that w' behaves along 
0^2 just as w along tlie 
radius ^j , thus the two 
positive values with the 



the value of the double 




factore ^ , viz.M;jandw3, ^ 

interchange; therefore ^.^ 

is a branching point for the first and third leaf; let its section be 

drawn so as not to cut the segments O^y, 0^^. 
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Lastly we obtain upou the radius 0^-^: 

and Id the same maniieF it is established, that ^3 is a branching point 
for w^ and w^. 

Accordingly the system of branching sections is established. A 
circuit of all the branching points leads each value back into the 
initial value; consequently the point infinity also is only a non-essential 
singularity. 

99. We are not going to enter into the methods of simplifying 
the system of branching sections — such investigations are important for 
the theory of algebraic integrals and their periods — but we must raise 
the question: By what general method can the difi'erent values of w, 
which continuously follow each other as s varies continuously, be 
calculated? For, the previous investigations have only demonstrated 
that this problem is determinate, and in our simple examples, rising 
no higher than the 2"^ and the 3'''* degree in w, only some methods 
of treating the values a,t the branching points have found application. 
The general problem of calculating the algebraic function therefore 
still remains to be solved (see Book IV), and will find its accomplishment 
by means of Taylor's series for complex functions. 

We shall have occasion at the same time also for showing how 
to determine the liigher derivates of an algebraic function. 
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TJiiiTl Book. 
integrals of functions of real variables. 

First Chapter. 
The definite and the Indefinite integral, 

100. Before consideriDg the fundamental pvoblem of the Integral 
Calculus we must make ourselves acquainted with a, theorem which 
is supplementary to the propositions proved in § 21 and g 22. 

From the Theorem of the Mean Valae in § 22 we deduced that: 
A fuuetion whose progressive and regressive differeutia! quotients 
vauish everywhere in an interval, is continuous in this interval and 
in fact is constant. The example mentioned in § 17 shows that this 
proposition does not admit of the enuuciation: If the progressive 
differentia] quotient vanish at each individual point in au interval, the 
function is constant. For, the discontinuous function |/ = G- (a;), where 
& signifies the greatest integer number contained in x, is discontinuous 
at the points 1, 2, 3 , , .; and yet we must admit that its progressive 
differential quotient is zero at each individual point. For, however 
near, ex, gr, we may assume a: =^ 1 — s to be to the point 1, still 
an interval Ax < a can be assigned such that a: -[- Ax < 1, therefore 



G{a: + Ax)~G{^ _ 



0. 



By the htlp of the Iheoiem of the Mean Value, however, we can 
peicene that a cintinuous function, whose progressive differential 
quotient vanishes everywTiCi e m an interval, is constant, and at the 
same time prove the Theorem of §21 in the form: 

When m an tntejval in wJicli fix) is conPlnuoiis, its progressive 
diff&iintial quok nf is also a corthmious function of x, there exists 
teeri/wliert, tn fhts tntetval a detetmmate value of its regressive 
diffetentml quotieui that ib identical with tJie progressive. 

Whereas theieioie the unifoim continuity of the quotient of 
differences in regard to x and Ax formed previously the hypothesis 
whereon rested both the identity of the two differential quotients and 
their continuity, here tliat identity is to be deduced from the continuity 



y Google 



170 The definite and l,hc indffliiite iiilesjnil. Ek. IJI, oli. 1. 

of one of them; we shall also find that the uniform continuity of the 
quotient of differences arises from it. 

The propositions we have stated caii be proved by the following 
considerations : 

1, When a continuous function has throughout the whole of 
an interval a positive progressive differential quotient, the values of 
the function increase in this interval and its initial value is less thau 
its final value. 

At each point, at which a continuous function has a progressive 
differential quotient different from zero, a progressive interval Ax 
can be assigned, within which the difference f(x -i- QAx) — f(x) 
does not change sign, § 20. Hence, if the function were to decrease at 
a point instead of increasing, f{x -}- QAx) — f{x)) and therefore also 
the differential quotient, should he negative. Moreover the case is 
iu conceivable, that while x converges to a determinate point x' in the 
interval, Ax should fall below any assignable limit. For, let ua form 
the difference f(x' — « -j- Aa;) — f(x' — s) and make e converge to 
zero, tlien in case Ax were to converge to zero, this difference should 
become zero in consequence of the continuity of /, but since at the 
point x' there is a positive differential quotient, there must at any rate 
be an assignable interval A, within which f{x' -\- h) — f(x') remains 
positive. Therefore f(x' ■-{- h) — f{x' — e) also is positive, however small 
e is chosen, 

2, When a continuous function assumes the same value at the 
extremities of an interval, throughout which it has a determinate 
progressive differential quotient that is continuous in the entire interval, 
there must be a point, at which the differential quotient vanishes. 

Since the function attains the same value at the extreme points, 
unless it remain throughout constant, it must undergo alternation in 
its continuous increase or decrease, i.e. must have points at which 
its differential quotient is positive and points at wliich it is negative. 
But as this latter is continuous, there must be between these a point 
at which it vanishes. 

3, For every continuous function f whose progressive differential 
quotient fi is also continuous, we have in an interval from ai^ to X 
the equation: 

For, if we denote the value of 

then <p(x} = {f{x) — Kx] — {f(x^) ~ Kx,,\ 

is a continuous function of x, which has the same value, aero, at both 
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extremities x^^ and X of the interval, and its differential quotieat is 
continuous as that of /' is; thereforu tliere is a point 

X. + e (X - 1.), 

at winch: 

The equation : 

'^&^_/',|a:. + 0(X^^'.)l, 0.-: »» + «-""' - f,(x + S/.), 

holds for every value of li, when x and a^ -(- A denote any points in 
the interval. For an arbitrarily small prescribed value of h, we can 
choose X so that x -{-h naay represent any point x^ in the interval. 
Hence we have the result: For values of h however small, the equation 

can be fulfilled at every point a;, in the interval. Making ft converge 
to zero, while maintaining the value a;,, the right side passes over 
continuously into t\ (^i)j therefore the regressive differential quotient is 
identical with f^ at every point, as was to be proved. 

Accordingly the Theorem of the Mean Value Mds for a 
function if its progressive differential quotient is Ukewise 
and hence follows: A conUmious function, whose progressive differential 
quotient vanishes throughout any interval, is constant in this interval. 

We shall further for completeness deduce the uniform continuity 
of the quotient of differences. It has to be proved, that in con- 
sequence of the continuity of / and /J for every value of x, a superior 
limit can be assigned for h and Ax, such that for all smaller values 
\- flx + h + Ax)-f(x + h) ■ f (cc + Aa^)~ f{x)l 
L Ax A a; J 

remains m 11 than an arbitrarily small number 8. 

Th h t i t nt can be brought to the form /j (x -{- h -\- 6 A a:), 
the see nd q 1 to f^{x + 0'Aa;). Since f^ is continuous, we are 
able me ly bj 1 of h and Ax to make the difference 

/ C + h + SAx) - f,{x + 6-Ax) 
smaller than d. 

Thence it follows, that if the function f(x} and its derivate f [x) 
be defined for an entire interval from » to 6, a superior limit can be 
assigned for Ax, sufiicient, for a given value of 6, that every smaller 
interval A a; between a and h shall satisfy the inequality 

For if, while x converges to a value x', Ax were to fall below any 
assignable limit, arbitrarily near this point it would become impossible 
to satisfy the inequality: 
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f,{x-\-Ql^x) — f^{x)< d 
by any assignable value of Ax, but tbis would be contrary to tlia 
continuity ol f\. 

101. The fundamental problem of the Integral Calculus consists 
in the inversion of the problem of differentiation ; it may be expressed : 
Any arbitrary unique function f(x) being given in the interval from 
a: => a to x^h; it is required to find a contimiom function F(x) 
possessing the property that its derived function is identical with f{x) 
for all values from x = a to x =i. 

Begarding the function f(x) we make here the following restrictive 
hypotheses: first, f{x) is to be throughout the entire interval finite; 
second, f{x) is to be throughout the entire interval continuous, or if 
not, its discontinuities must be finite, and, however numerous, they 
must occur only at isolated points. 

When f{x) is a continuous function, the required function F(x), 
if it exist, is such that its progressive and regressive differential 
quotients coincide everywhere in the interval. But when /(a?) ia 
discontinuous at separate points, so that at any such point the values 
Lim f(x + S) and Lim f(x — S), that by hypothesis are determinate, 
are different for 6 = 0, the function l''(x') must be such that its 
progressive differential quotient at this point is equal to f(x + 0), and 
its regressive is equal to ffai^O); these abridged notations being 
employed for the limitmg values abovo named. 

JSow the first question to be answered is whether under these 
conditions and with these data the problem is definite or not; that 
is, whether there are not different continuous functions whose 
derived functions coincide in the interval from a to b. Suppose that 
besides F{x) a second function <i>{x) were found whose differential 
quotients ia the interval ato b likewise equal f(x); then <^{x) — l'\x) 
is a continuous function having its progressive and regressive differential 
quotients throughout that entire interval zero. Such a function can 
only be a constant, as was proved in the last Section. Hence: 

c\>{x) = F{x) + Const., 
i. e. all continuous functions, that have the same determinate values of 
the progressive and regressive differenHal quotients respectively in an 
interval, differ from each other only by am additive ctmstartt whose 
value is arbitrary. 

This result can also be stated as follows: There is only a single 
continuous function whose differential quotients coincide with /"(a:) in the 
interval a to h, and which has a determinate, arbitrarily chosen value 
at the point x=a. For, the additive constant is uniquely fixed by 
establishing a value of the function at the point a; =' a. 
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103. To determine the function F{a;) ou the hypothesis that 
fix) is throughout continuous, 

A continuous function F[x) is connected with its progressive 
differential quotient hy the equation: 

«^+^g=ZW _«,, + ,, 

where S denotes a continuoua function of A a;, that converges to 
zero with i^x; the value of 8 for every finite Ax is, unknown as long 
as the values of F are unlinowii. We assume the interval from a 
up to any value x^i to be of finite length, and divide it into n 
parts by the points a;,, a^j . . . x„-i; let di,d^ . . . d^-i, d« denote the 
lengths of the parts Xj — a, x^ — x^, . . . x„-i — Xn-2, x — 3;„_i; 
at the point a let F{a) = const, be chosen at pleasure, then the 
required function F(x) must satisfy the equations: 

F{Xi)-F{a) =dj{a) -\- d^S, 

F(x.,) ~ Fix^) = d,f{x^) + d^S^ 
I. F{x;) ~ Fix.^=d.,f{x.:) + ^id'a 



Fix) - F{xn-i) = dJXx,^-0 + d„<h. 
From addition of all these equations we find; 

writing the unknown quantity: 

dydi -\- dj. -\- d-Jj H f?«-i^«-i + d„S, == A. 

Now if we denote by d tlie griiatest in absolute amount of all 
tlie values d", , dj , . ■ S„, the absolute value of A is certainly not greater 
than the absolute value of the product: 

S(di + (?,-! d„) = S{x - a); 

so that for a continuous function F{x) whose derivate is to be f(x), 
the value of A will become smaller than any assignable quantity when the 
partial intervals d all fall below a certain amount. Therefore should 
equation II. serve for calculating the value F(x), it ia requisite that 
as the number of partial intervals is arbitrarily increased, the expression 
within brackets on its right shall converge to a determinate value 
depending on x and on the constant a, and moreover that this value 
shall be a continuous function of x with the derived function f(x). 

103. In order to show that this first requirement is actually 
fulfilled, we proceed as follows. Let the sum: 

S - <!,/■(<.) + ilJix,) + d,f{t,} + ■■■ d.^4\x.-,) + d.f{x.-,) 
be altereil by breaking up each of the intervals (?,, d.^ . . , d„ anew 
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174 The defljiite and tlie indefinite integral, Bk. III. cB. I. 

into subdivisions; let S' denote the corresponding sum of products 
formed like S by multiplying each new partial interval by the value 
of f at the beginning of that interval; let n' be the number of the 
new intervals; after this each of these intervals is to be broken up 
into an arbitrary number of subdivisions, let the respective value of 
the sum of products be called S" and the number of intervals n"; 
proceeding thus we obtain a series of arbitrarily increasing numbers: 

n, n', n" . . . w'*' . . . etc. 
and a corresponding series of sums; 

S, S',S" ... ySW . .. etc.. 
This series must represent a determinate limiting value, i.e. for 
any number 8 however small, it must be possible to find a value «'*' 
such that the difference between 6''*' and any following value S'*"*"*' 
shall be smaller than S. 

We first remark, that a sum of the form S can be represented 
always by an expression of tlie form: 

III. S={x — a) f{a + Q{x ~ a)), where < 6 < 1 ; 

for if, taking account of the sign, the greatest value among the 
coefficients f{a) . . . f{x„-^ be denoted by G, and the least by K, 
we have K{x — a) < S < G(x — a), or /S is equal to the product 
of X — a by a value between K and G. Now because f(x) is a 
continuous function of x, it assumes at least once each value between 
the least value K and the greatest G, it overleaps none, therefore there 
must be a point at which f actually has the value that is requisite for 
equation III. 

Now if each of the intervals from « to a:, , from Xj to x^, etc. 
be divided into smaller intervals, new sums come up in place of the 
products d^fia), f'aA^i)'*-) ^^'iMely, when the dividing points in 
the A*'' interval: from Xh~i to Xt, are denoted by a;/*', «,'*>, , . . a;,,ii*l, 
the product d^fixt-i) is replaced by the sum: 

In analogy with equation III, the sum on the right can be brought to 
the form: 



i' 



;g 0t < 1. 

Thus, partition of the intervals of S into new 
subdivisions leads to a value S' , that only differs from 
the former by each term dif(xie^{) containing in place of 
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§ 103. Utiiquenrsa of the limiting value. 115 

f(xii~i) another value of /' that belongs to 'a point within 
the interval d/,. 

In like maaner, S" arises from S' by the occurrence in place of 
the term d'i/'{a:'s_0 in 8' of another value of f that belongs to a 
point in the interval d\; where rf'^ denotes that one of the n' partial 
intervals that begins at the point x'i--i; and so on. 

But now since the function f is continuous, at each point a 
finite interval can be discovered wherein the various values of f differ 
by less than an arbitrarily small finite quantity e. Therefore by con- 
tinued subdivision the intervals can certainly be made so small, that 
in each of them the absolute differences of the various values of f 
shall be smaller than a; let the number of these intervals be «W, 
the respective sum Sf'^l, when we advance to any of the further partitions 
vfe have: 

abs [m - Sl*+-*J <s{d,i-d^-\ d^w } ■ 

but as the total interval is always equal to [x — a), this difference 
is smaller than £{x — a). 

When therefore the partition has advanced so far, that in each 
interval the fluctuations of /'are smaller than ■= £, any further 

[a 1 1 ons can alte the amo nt of S *' only by less than fl; therefore 
the e es (ii S S etc ajj os u at s to a determinate limiting value. 

Bttnttllle t ted, whether this limiting value 

Iej>e ] on t! e ig ual pa tit on into n intervals and the con- 
sequent J art ton of e ci ot tlese nto smaller intervals, or whether 
t iu te n I ft nt h t w y the total interval from « to a; is 

b oken j nto s 1 d v ons tl at It mately decrease below any finite 
mount *) That the 1 tte & tl e ease, appears from the following 
cons de ^t on 

Let the o g uai p^ "t t on be nto m parts, the corresponding sum 
be ng '^ By f tl e d v I ng the e intervals we obtain as before a 
series of values S,''l, S/^', . . . j5,'*' . . ., the numbers of intervals being 
m\ m", . . . Mi'*' etc.. Let the partition have advanced so far, that 
each further partition can alter the value of jSj*'* only by less than d. 

Now let ua conceive these two partitions: -into m'*', and into n'*' 
intervals, eombioed into a single one, then to it belongs a sum Z that 
differs from S'*l as well as from jSj'*' by a quantity smaller than d; 
for, this third partition arising from their combination is to be 
regarded as a continuation of each of the two former. Abs [fii*' — iS^'*'] 
is therefore smaller than the arbitrarily small quantity 2d, i.e. the 
series S^ has the same limiting value as the series S. 

*") This is investigated with still oiore detail in g 142. 
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176 The definite and the indefinite integral. Bk. III. ch. I. 

Thas as a particular case we can coHceive the interval from a to 
X broken up into equal parts Aa:, of wliich the number « increases 
without limit; the required value is then expressed in the form: 
Lim {Ax(A«) + /■(« + A^) + /(a + 2 A:*;) + • ■ ■ /■(« + ^"■- 1 A^))} 
^ ~ " = Ax, for ti.x = OJ ■ 

Employing the sign of the differential dx= Lim A a:, ive. follow 
Leihnits in denoting the sum hy ike abridged symbol: 

TV. ('f{£)dx = Lim { d.x{f{a) -[- f{a + £^ x) -{ fix — t^x)) j 

for Aa: = 0, (*^-" = As;); 

and call it the Dejmite Integral of the function f(x) taken from the 
lower limit a to some determinate wpper limit x. 

The integral sign / is a sign of a sum; on the left side of the 
defining equation IV. stands a symbol , on the right an expression that 
can be calculated. It is to be observed regarding this formula, that 
X as upper limit represents a definite value, but under tlie integral 
sign it signifies a variable, since f is to be formed for the points 
fia), f(a + dx), f(a + 2dx), etc.. 

The conception of the integral as a sum gave rise to an erroneous 
impression. For, if we first put Ax equal to zero on the right side 
of equation IV., since all terms have the factor Ax, we obtain only 
summands whose value is zero, and however many of them are added, 
the resulting value of the sum is necessarily zero. An integral could 
therefore never have any value but zero, or equation IV. should 
contain a contradiction. This is not removed but only obscured by 
'the further contradiction: f{x)dx is not zero but an infinitely small 
quantity. Euler therefore (see foot-note § 105) completely rejected the 
definition of the integral as a sum, and maintained only the definition 
that follows from inversion of differentiation. Meanwhile, as the 
above development shows, this same definition ieads unavoidably to 
the conception of a sum and this contains no contradiction, when 
we bear in mind, that 

is not the sum of the limiting values oi' f{x)Ax, but the limiting 
value of the sum of the terms f(x)Ax; in other words: what is 
required is, first to find the sum for a finite number of terms as a 
function of Aa;, aud then to determine its limiting value for Aa: = 0. 
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§ 103—104. The definition. 177 

We have, ex. gr. for Aa: = —^ — : 
Cxdx = lAmAx{a'iria + Ax)-^ (« + "ra— 1 Ax)) 

= Lim anAx -\- LimAa^^-— -^ — - 

= (?;-„) rt _|_ Lim ^(b — a) {b — a ~ Ax) ^ i^b-' — i a"". 
In equation IV. the proposition holds for aay value of Aa; however 
small, that the sum on the right is equal to the product of a; — a by 
some value between the greatest and least values assumed by f at 
the different points of division; but since by hypothesis f is con- 
tinuous it must actually assume this mean value at any rate once, i. e. 
we have also: 



fm<> 



= (x - a) f(a -{- eix ~ a)), where 0^0^]. 



104. But the determinate limiting value is moreover (§ 102) a con- 
tinuous function of its upper limit x; for every number S however 
small, a number /* can be found such tliat: 

abs r i'f{x)dx - ('f{x)dx'\ < d, 

on the hypothesis, that x -^h also lies within the interval u to h. 
For, from the definition as a sum we have: 

l'f(x)ilx—i'f{x)dx=^UmAx{f{x)-\-l\x-\-Ax)-^---fix + h- Ax)) 

= if{x)dx. 
But by Equation V.: 

j)\x)dx = Mix + GA), < e < 1. 

Since f{x) is throughout finite, ]i can be chosen so as to make this 
expression arbitrarily small. Similarly: 

j'f{x)dx-- i'f{x)dx^—UaiAx(f{x-h)-\-f{x--'h-^Ax)-\r"-fi.^-^^)) 
^ ^j'f(_x)dx, 
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178 The definite and the indefinite integral. Bk. III. eli. I. 

and by Equation V.: 

— jfix)dx = —hf{x — Qh), O^e^l. 

It also follows from these equations, tiiat the integral regarJed as 
a function of its upper limitj has f{x) as its derived. For we have: 

Lim-lj i'f{x)dx- Cf{x)dx\=Um\ Cf{x)dx=L{mf{x-\-Qh), 



Lim - 



- -j_ \ if{x)dx — I f{x)dx\ =LimT- i f{x)dx^ Limf(x — Qh). 

At points in which f{x) is continuous, both f'{x -j- Qh) and f(x — Qh) 
pass over continuously into the value f(x) : the progressive and regressive 
differential quotients are here identical. 

Accordingly the conditions are fulfilled which are necessary and 
sufficient for us to obtain from Equation II. the Theorem: 

The conUnuom function F{x) required to possess tlte properly, that 
its progressive and regressive derived functions every%vhere vn the interval 
from a to b have the same values with tite eontmuous ftmction f(x), 

is equal to the def.nite integral tf{x)dx increased hy the addition of 

an arhitrary constant: 



-F(») -y/w. 



dx + Const, 



The function i''(a,') is called the Indefinite Integral of f{x). The 
constant is fixed, once the value is given that F is to have at the 
point a. For if we put a; = m in the equation, we have; 

l'f{x)dx = 0, thus F(a) = Const. 

Conversely therefore the definite integral can be described as the 
difFerence of the values of the indefinite integral formed for the upper 
and lower limit: 

105. Tho definite iutogral / /'(x)f7a^ admits of a sinjpie geometrical 
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§ 104— lOo, Geometrical meaning of the defioite integral, 1 79 

interpretation, when the values f(x') are represented as the ordinates 
of a curve, or more precisely as the ordinates of the corners of a 
polygon of arbitrarily many sides, 
for here the couditiou that f 
may admit of representation by 
a curve or of being differentiated 
is not necessarily fulfilled. If we 
construct for the points: 
a, o + Aa;, 

the ordinates: 

/■(<•), /■(o+^»), 

/(i.+2Ai).,./'(» + »-lAi),/i:i) 

and join consecutive extremities 

the area ABGD bounded by the 

1, boiug a sum of trapezia, is equal to : 




of these ordinatea by right 
polygon and by the coordir 



f(a)+f(a+A.x) I fia+Aa:)+f(a + 2A^: 



Ax 

or equal to: 



where S stands for a sun" 
we make A a: converge to 



iAx] + f( !c)l 



^ 



of products of the previous form, Now if 
;ero, i, e, in geometric terms: if we construct 
the polygons corresponding to the 
function f with more and more 
corners, S passes over into the 
value of the definite integral; 



/ f(x) dx , 

while the second term of the 
equation converges to zero. 

Thus the definite integral is 
equal to the number of units of 
an area when the values of / are 
interpreted as ordinates of points; 



of the area bounded by a portion of a curve, by the ordinates of 
its extremities and by the axis of abseisste, in the particular case when 
the polygons of the function f converge to a definite curve.*) If the 

*) From the solafion of this geometric problem; that of measariag the 
surface bounded by an arbitraij ourve given by a function, the Integral Caleulns 
ongioated BimultaneouBly with the Differentia! CaiculuB from that of the problem 
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180 Tlie definite and the mdeEnite intcgrsJ. Bli. III. ch. I. 

values of /' in the interval from a to x differ in sign, the definite 
integral measures the difference of areas. This geometric intuition 
brings home to us most simply tha^t the deflnite integral 



I f(x)dx 



has still a determinate finite value, although the function /' is discon- 
tinuous at any finite number of points c,, c^, . ■ ■ €,„ while remaining 
finite. 

In that ease : 

ffix)dx = ff{x)dx + (f{x)dx H lf{x)dx + l((x)dx 

is a determinate finite quantity, namely the sum of the areas bounded 
by the several polygons or portions of curves and the ordinates of their 
extremities. At such a discontinuity of /', the indefinite integral 

F{x) =Jf{x)dx + Const. 

has as its progressive differential quotient f(c-{-0)-, for we have; 

and as its regressive differential quotient f(c — 0), for we liave : 

as was originally required when proposing to find the function F. 

of tangents. Leibnitz and NBwton in the writings named in § 2S gave the first pro- 
positions of both; before this, Permat (1H08-1665) and Wallis (1616—1703) had evol- 
ved the fundamental conception of a summation for measuting areas and applied 
it to parabolic curves. But the priuoipal merit of the farther cultivation of this 
calculus belongs to the brothers Jamea (1G54-1705) and John (16S7— 1743) 
Bernoulli of Bale, who strove to outbid each, other in the solution of problems 
by its means. John Bernoulli compiled in the years 1091 and 1692 at Paris 
bis Leotiones mathematicEe, the first test-boot on the integral calculas; in 1742 it 
appeared in print in the complete collection of his writings. In forwarding tbem 
to Euler, John Bernoulli wrote; "Exhibeo enim niathedn subliniem, qualis fuit in 
infentia, Tu vero eam nobis aisiaB in virili aetate." Euler's systematic treatment 
of the integral calculus: Institutiones calculi integralis, appeared at St. Petersburg 
1768—70. 
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5 lOIi — 107. Extension to discontinuous fiinctioni: 

100. Hitiierto tho formula 



F{x) = j'f{x)dx + Const. 



haa beeu derived in the sense of expressing the indefinite integral 
F{x) from the definite integral; it therefore requires the calculation 
of the limiting value of a sum with arbitrarily many summands. It 
can however inversely be employed in calculating this limiting value 
of a sum, when the indefinite integral F{x) is known. But now since in 
the differential calculus the derived functions f{x) = F'{x) belonging 
to whole classes of functions F{x) have been calculated; inversely, the 
indefinite integral F{x) belonging to each of these derived functions 
f{x) is also known. On the hypothesis that this integral is 
unique and continuous in the interval from r/ to 6, we obtain 
by Uie difference of the values of this function the definite integral 
from a to b. This calculation is still valid when in the interval 
from a to 6 the function f{x) assumes infinite values, while F{x) 
remains finite, since at such a point c we have to put: 

o-S 

ffix)dx = Lim j ff{x)dx\ = Lim { F{c ~ d) ~ F{a) ]==F{c) - F(a), 

and it holds even for an infinite interval from a to <x), or from 
— CO to + CO, when the function F{x) retains a determinate finite 
value actually at these limits, if we introduce the definition: 

j'f{x)dx = Um[ff{x)dx\^Um{F{w)-F{a)]=F{^) - F{a). 

The indefinite integral of f{x) is usually denoted by the symbol 
//■(^)rf« + const., so that ^^^^ = /^(^); /'{,«) is called the function 
that is to be integrated; F{x) the integral function. 

107. Fundamental formulas: 





» ^r = 


= x'"dx, 


C«;>-i). 


2) 


i(i.-s--i- 


3) 


^=c'"dx. 


1) 


"■»"'' c»,,«rf«. 


°) 


'""" .mm^d^. 


6) 


<""«' («.«)'■ 


1) 


- ''■"*" -TiS'.r ■ 


8) 


dsin-^x — y^-^—- 


'■>) 


_j™-.^__i|^. 


10) 


,(ta->a. /'^,- 


11) 


-,!oot-j._j|^i. 
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182 The (k'liiiilc antl the indtliaitB iutegi-al. Ek, 111. i;li. 1, 

From these we find hy inverting; 

1) rx'"dx^^rl + const., (m ^ — 1). 
2) j '^^ = J(x) + const. 3) jti^'^dx = *— + const. 

4) i cosmxdx =^^^ h const. 5) j ammxdx= 1- const. 

6) / ^^ = tan a: + const. 7) f~- = — cot a: + const. 

8) f y=^=-^ = sm-~^x -\- const. 9) j yy—^.^ — cos-^x4- const, 

10) Jy^-, = tan-'x -!- const. ^^)J [-^"'^2 = ~ 'i'-t-'^ + const. 

These formnlas only state in another form the same thing as is 
already asserted by the first eleven equations. 

But now the definite integrals can be got from these; the region 
in which they are valid, determined by the requirement that tliu 
integral function remain real, continuous and finite, is assigned in the 
brackets adjoining; the foUowing equations furnish new information 
since they express the calculation of the limiting values of sums. 

1) jx'"dx=^ '''"'^J^-" l't!^(,„^^i, 0<(Kcx), 0<i<a>) 

if «i -|- I > the formula holds also for « or & equal to 0, if 
ni -\- \ < the formula holds also for a or i equal to cx>. 

3} j e'-'^dx = '"' ~J"'' , (if m > 0, — c» <;<:(< + 00, 

-- 00 < & < + oc). 

,-. i' J sin (inh) — sin (ma) , , , 

4) \ cos mxdx = — = — -i — , (" ix> < « < -j- cxs, 

— 00 < i < -|- od). 
5J /sin luxdx = — cos('"^' T^°^(L"'^_1 _ (— co < « < + co, 

— <x. < ?» < + CO). 
6) / —1— = tan b — tan a, (in every interval from a to b, which 

does not contain odd multiples of ^Jt). 
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§ 107 — 108. Fandameiitiil formuliia and rules of integration. 183 

T) I — -^— = — cut h -\- liot a, (in every interval from a to &, 
which does not contain jr or multiples of ii). 

8) and 9) ( '^. = = ain~^i — siii~-« = — cos"-^& + C08~'fl!, 
i—l<:a<.+ l, — I ^ & ^ + 1). 

10) and 11) y — -T^j- = tan~'^ — tan^'« = — cot""'Ii -]- cot— 'a, 

(— c^^d < + co, — CO < ?J ^ + cx)). 

108. We can also assign the indefinite integral for functions 
compounded of the simple ones; for this we require the General Rules 
that can be derived by inverting the Rules of Differentiation (§ 26). 

If: 

a) n^-) - /; (^) + A W + fa c^) + ■ ■ ■ + />. w 

we have: 

JfC^)dx ^Jt\ (,X) dx +j'f, W dX -^Jts i^')d^ + ■■■ ffn {X) dX, 

that is, the integral of a sum of functions is equal to the sum of the 
integrals of the several sumraaniJs. This is proved by differentiation. 
If: 

b) F(x) = (p(a;)^(ic), then F' (x) = fix) = (f>(x)ip'ix) + il!(x)if/{_x), 
therefore inverting: 

/ fp{x)ii!'(x')dx -|- j%>{x)(p'{x~)(lx = q; (a:) 1// (a;) . 
If we write this formula ; 

j <p{x)i!!'(x)dx = <fi{x}il'(x) — I il'{x)<p'(x)dx 
or again; 

j(pix')diii'{xy) = <p(x)ii!{x) ~Ji'{x)d{<p{x)), 

it shows how to reduce the integral of a function, consisting of two 
factors of which one can be integrated, to another integral. This 
reduction, called the process of integration by parts, in many cases 
simplifies the problem. 

Special theorem; If: 

F(x} ^ aip{x)f then F'(x) = j\x) = a^){x), 
therefore : 

j (iip'[x)dx = aq>{x) == a f<f>'{x)dx. 
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Ig4 The definite and the indefinite integral. Ek, IH. ch. T. 

c) Let us introduce a uew variable for x into tlio formula 

F(_:^-) =jfXx-)dx 

by the equation x = ip{u), such that to continuous consecutive yahies 
of X from a to 6 correspond uniquely continuous consecutive values 
of it not undergoing any alternation of increase or decrease, so that 
^— does not vanish; thus let F(x') become ^(tt), and let f(x) become 
ip^ti). We have then the relation: 



and so : 
whence : 



V(«) ^fi,(uW(u)du. 



Substitution of a variable by the equation x = cp(u) 
reduces the determination of the integral of f: 

I f(x)dx, to that of: j il!(iC)tp'(u)du; 

by an apt choice of the formula of substitution this integral 
may be more simply found than the original one. 

When the original is to be taken between the limits x = a and 
X ^b, the new integral is to be formed with the limits «„ and ih for 
which a = ip(ua), l> ^ <p{ui~), so that the values from x ^ a to x = b 
are uniquely related to the values from m„ to mj. 

But if the relation between x and m is not uniquely convertible, 
the total interval must be broken up into partial intervals in which 
a mutually unique relation cau be established. 

Thus, when the integral es. gr, fflax -\ J dx is proposed, 

a and h being positive, if we put ax -\- , = m, to each value of a; 
corresponds a unique value of u, but while cc passes from to oo, n 
which began by decreasing, undergoes a change and subsequently 
increases: to each value of ti correspond two values of x, 



as we can realise geometrically by drawing the hyperbola. We can cal- 
culate the minimum value of why means of-=— = 0, that is a ^ -^ ^= 0; 

__ ■' dm ' x' ' 

we have x = -^ J/ - , m = 2 fob. 
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§ lOS, Kediictioii by substitution. 185 

As X goes from to//--, m diiuinishes from oo to 2!/ab and 
we have: 

Jf'i'" + ')"«- i/^w (i - r.s^-j.v) ""^ 

on the other hand, in the interval from x = j/— to od, ^f increases 
from 2(/aJ) to oo, and therefore: 

Hence adding up we have: 

We proceed to apply the general theorems to various functions f(x) 
with the view of determining j f(x')dx by means of the Fundamental 
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Second Chapter. 
The integral of rational algebraic functions. Partial fractions.*) 

109. The integral of the rational integer function of the ra*" order : 

f{x) = Ofl -|- ffl,a: + «j3:^ + ■ ■ ■ + ^Tc^" 
is, by Theorems a) and b) § 108 and by Fundamental Formula 1) § 107: 

F{x) = lf{x)dx = «o I dx + «! jxdx -\ }- a,, jx^dx 

= a^X + «i Y + ■ ■ ■ «B -^irT + Const. 

110. A rational fractional fuactioa: fix) = ^^^ , iu beina of the 
m^ and (p of the Ji*^ order, when w^m can always be resolved 
into an integer function and a proper fractional function, i.e. a 
function in which the order of the numerator is at most n — 1. 
This only requires the division by the denominator <p(x) to be 
carried out until the order of the remainder becomes less than n. As 
the integration of the integer function has been given already, we 
have only to determine the integral of the form: 

C^dx 

in which ^ is of lower order than tp and they have no common root. 
This prober fractional function can he resolved into a sum of 
fractions with constant numerators and with denominators that are 
linear functions or powers of linear functions. 
Partial fractions, 

111. Let u,, ojj, . . . a„ the n roots or vanishing points of 

q)(x) = a„ + a^x -i +a^'* 

be real or complex, but first let them all be different. The coefficient 

of the highest power of a: in gj is supposed unity, it can always be 

made so by putting the original factor before the entire quotient 

*) Leibniiz and John Bernoulli: AetiL crud., 1702—1703. Eulor: Institiitiouea 
calculi integralifi. Vol. 1. Sect, I. Cap. I, 



fl 
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and therefore also before the integral. The n vanisbiug points shall be 
assumed known and <p(x) resolved into the product: 

q>{j;) = (a; - «,) (a; - k^) ... (a; — «„). 
Calling the product of all these factors except the first, ^i {x), so that 
cp(x) = (x — a^) (p^ [x), we are going lo show that; 

The fraction -4 : can be resolved in one way only into the form: 

where A, is employed to denote a constant and ipi(x) an integer func- 
tion of the order n — 2 at most. For we have identically: 

therefore : 

2) »,W-i4i5^f^' 

Now for this to be an integer function of the order « — 2 at most, 
the numerator on the right must be divisible by a; — k,, i.e. must 
vanish for a; = k, ; thence follow.s: 

3) 0_*(«.)-^,9',(«.), or J, _*';■}. 

The value gj) («,) = {Wj — «j) (k, — %)... (ft, — «„) does not vanish, 
because all the roots a are different; moreover by means of the 
derived of <p{x) it can be written in the form 9>'('^l)i since we have 
for a: = «^ 

Lin, j»_W- _»■(«■): 
accordingly: 

Proceeding in like manner we shall resolve the quotient -^-^ into the 
form: 

«41 = -^— + *»SlJ ^hore ;j,, (I) - (j; - »,) y, (»') ; 
further : 

Si-?^V + :fg. 9,(«)-(x-..)^.(.); rtc. 

lu the second quotient on the right the order of the numerator is at 
least one lower than that of the denominator, so that ultimately: 

where J„_i and A^ are constanta; thus we have proved: 

The proper fractional function can be resolved in only oiie way 
into partial fractions of the form: 
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The integral of ratioaal algebraic fuuotioiss. Bk. III. ch. II, 



We can also now give a uniform method of determining the coeffi- 
cients A, independent of the order in which they are calenlated. For, 
multiplying both sides of equation 6) by ip(x), we have; 

*W - --l'-| 9> W + -^-^- f W + h „-t'v; f W- 

Substituting for ^(3;) everywhere its value as a product, each deno- 
minator cancels; and if we put in for x any vanishing value a^ of <p, 
all terms having the factor x — a/, disappear, leaving the term with 
the coefficient -4*; so that 

if'(«i) = ^t . Lim J^^y = A^cp' (a,,) , 

ip'(ai,) cannot vanish, since <p(x') = has only distinct roots. Obviously 
also, since <p'{^) would vanish for a multiple root of 9^(3:) = 0, the 
present method does not apply when there are multiple roots. 
Accordingly : 

fix) __ -y ^("4) i__ 

Each integral / x— a is brought to the Fundamental Integral / ---^1{b) 
by the substitution x — aj = ;2, dx=ds, thus the final formula is: 



Examples: 



l(x — «„) + Const. 



— x+il{x~Vi + \l{x+l) — 2Hx) + Comt. 

The definite integral can be had from this formula for every finite 
interval to which the vanishing points — Ij 0, + Ij do not belong. 
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The logarithm of a complex quantity is many-valuGd, but as its 
values differ only by an additive imagjuary coustant, it is indifferent 
in the indefinite integral which of its values is attributed to each 
individual logarithm. The transition to the definite integral by for- 
mation of the difference of two values of the function, requires that 
the value of the function at the one limit shall proceed continuously 
from its value at the other limit; compare the end of next Section. 

112. If the coefficients of if{x) be real, it may have complex 
roots but they are conjugate in pairs (§ 90). When it has, we can 
[trevent complex values appearing in the final formula, provided the 
coefficients of ip are also real, by combining the partial fractions 
relative to conjugate complex roots. 

Let a -\- i^ and a — ifi be two conjugate roots, then 

"7 X '^1 '^ ^ complex quantity: M-\-iN, 
and -■}~~-^i" is the conjugate value; M — iN; 

therefore : 



is a real quotient. The constants of the numerator can also be dii-ectly 
determined, by starting from the identity: 

-:%- , ''"tS.a. +^. »i>™ ?.w-(?^ii= + /i')T,M, 

hence: 

* (I) = (Pa; + 6) T, W + ( s^^' + ;?■)*■,(;»)• 

Substituting for x the two values k + i(3 we have the equations: 

whose real and imagiiiavy parts give two equations to determine 
P and Q. 

Tlie integral : 



J (' 
ean be resolved into the integrals: 



-1-,,1-c 



p/,feff^ + (P« + «)/5 



- «)■ + f 

Putting a: — k' + |5-' = g, (a; — a)dx^^d^, the first of these becomes: 

^J (=>-.]• + f d • 2 'W- 2 '(»-« +f)- 

The second can be reduced, by putting a: — a = (iz, dx = ^da, to a 
Fundamental Integral : 
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190 The integral of rational algeliraio functioDS, Bk. III. cli. 11. 

Pc + Q f dB _ P(-+ (> ..,„„, ^-cc 
Accordingly: 

"■ £-^+¥ ""^ - -? '(^^^' + ''"' + -°P '"" T" + "■ 

Treated thus, the last Example gives the vakio: 

/^+T *^* = i ^(^' + ^) + ^^"^'^ + C- 
Moreover the definite integral can now be calculated at once from 
this for any finite real interval by the formula: 



/'5+T''»'-i'5+I + 



tan— '^ — tan~"'( 



From the two different forms found for the same integral it i 
obvious that we must have for all values of x, 

tan~^a; == — - l\ j_ y + Const.. 

But this is id fact involved in § 74 which gives: 

' 1^ = ' -^'^^r-r^ *t''^~'^/:rT+ = 2? tan-' a; + C. 

Ex ample: 

This expression is real, provided ac — i^ > 0, i. e. when the roots ar 
complex. Under the same condition we have the definite integral : 



/ -- ,--.. "'i i = -,, " , otherwise thii 

J a-i-2ba:+c!K' fac - ¥ 



this formula does not hold. 



113. If the funetion <p have multiple roots: 

g)(3;) = (x — «)*'(x — ft/^--- (x~ x)'«, A, + Ag H f- A„, = w, 

Q\.e foregoing process of resolution into partial fractions no longer 
applies; but we have now the theorem: The quotient ^^^77; can be 
■ always resolved in one way only into the form : 

1) ^== ^° : + ¥^^. ■«'here <pix)=^(x—ay-<p,(x\ 

A(, denoting a constant and i^, (x) an integer function of the order 
)i — 2 at most. This follows from the identity: 

2) ^{x) = A,q>,ix) + {x- <^)t,ix) or: ^,{^) = ^l^ri^^^iW . 
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In order that this quotient may be an integer function, its numerator 
must vanish for «; therefore we have 

> ' T.W ,.'■(«) 

where tp'-<(a) means the value of the A^^ derived function for x = a; 
the constant A^ is neither zero nor infinite. 

Applying the same process to the second quotient on the right 
of equation 1) we shall obtain: 

^iW _ _A i_ _ fs(?X_ _ j^ ^ tiM . 

The value of Ai , however, can vanish, since we may have ip^ («) = 0. 

Continuing this method we obtain the equation: 

4\ . .*(^? ^_ + . ^i \ ^ L../^':ii+:((f) 

The quotient -^^ in which the order of the numerator is less 
than that of the denominator, can be resolved by the same rule for 
that we have in general and iu only 



each multiple factor ot (pi, . 


so t 


one way the equation: 






: + 




,+ 






The constants A^, S^, . . . K^ do not vanish, any of the others may. 
The best way of determining the coefficients A in equation 4) is 
to put cc — « ^^ h, then since: 

^t<^JLR=A,-{-A,h-i-AJi^4- |-yl;-ife^.--'+ ^^"Vf. ■ /''*; 

^(1, A^, . . . Ai,-j are the first Aj coefficients when the quotient on 
the left ia expanded in ascending powers of h; when this is done by 
Taylor's series, denoting ^^l by ^Ja) we have: 

A^=<i>,[a), ^, = tl)|'(«), ^, = J \^ */'(«), ...,4),_,= 1^ */,-i(«). 
Hence in the general case: 






^+' 
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192 The iutegral of rational algebraic ftmcliona. Bk. Til. ch. li. 

But, 

r_l£ ,- = --- ' ■ —A.,-- il' ;i > 1, and /- -- =l[x — a), 
hence : 

III. flf^ d^ = ^'^ A^ ' ^^A,,_,l{x - a) 

+ 

The integral of any tational alff<,hraic function -|— r can he ex- 
presseii by a combmation of rational algebraic functions and logarithms; 
to inteqiaie ^t cxphcitly the vanishing values ofq>{x) must be determined; 
moiem^ei circular functions can be tntioduced instead of the logarithms. 

Example 

Ijliv) iv* — Sz" — !C+ 21 

If wo put X ^ — \ -{- k, then 

■^{—i+h)_ _ £7 — isfi+aife' — iift'+ aft^ _ o, ills J 'i' 



/^ 



'^W _ 3 _, 3 , _^ 

q^iX) {X + 1)= "•" (a; + 1) "f (X ~ S)' ' 



^W "-^ "2 (a: + 1? 

114. It is also possible in the general case just treated to pre- 
vent complex quantities appearing in the ultimate result, if, when 
fp has complex roots, the coefficients of cp and ip are real; here 
again the partial fractions belonging to conjugate complex roots are 
to be combined. We start directly from the theorem: 

When f{x) ^{x — cc^ -\- ^^)'q:>, (a^), there is onlj a single way 
in which to effect the resolution: 

where P^ and Q,, signify real constants. 
We must have 

tix) = ll\x + Q,)<p,{x) 4- %:,{x) i^-^'a^ + (30, 

i'o(« + »^) + ';^. 
Aceordiuglj : 
<.(»)_ P.»+e » I lirc + Qj , 



J^ 












•+'i^ 


' + «!- 


' + 
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g 113 — 115. Pai-tial fi'actions in case of multiple conjugate roots. 193 

An integi^l of the form: 

when A > 1, consists of the two parts; 

J isr^.' + P')' ^ ^ *'.7 (sr^'+iJ.)' 
The value of tlie first of these is at once: 

p / ■ (I - „-}4x __ _P 1^ 

J W^' + f •! ' '"■- ' IM^ '' + fl' ' ' 

Let OS convert the second by substitating X — a ^= y, into the integral; 

C i'J 
Tlien since; 

. (y' + Fl-fl- , 



l(- " , \^— -"-1-,-,- 2(1^1) -J^ 



we arrive at the formula; 

IV / ' ') ! J 9 I "-» f _i!/ 

J V + fl' f{ii.-vly' + f'f-^ f("--nj Kf + f)'-' 
ftepetition of this recurring formula; 

roducua the proposed integral to algebraic functions and to the integriil: 

Example: 

fi+l , r xdx , C .fa 

J r.'+-ni •'" -J (.--+-.7 + j 5.+ 1)- 

115. To integrate: 

•( = )/— "i , m — ] < K, — TC < Q ^ + jr. 
The n roots of the denominator are complex and al! are different: 

«) Euler: Inst, calculi integr., Vol. I,, Cap. I, g 77—80., Cap. VIII, § 351—355. 
Dirichlet: Vorlesnngen fiber die Theoiie der bestinimteu lategrale. Bcarboitot 
von Meyei-. Leipzig 1871. § 27. 
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194 The integral or rational algebraic functions. Bk. Ill, ch, II. 

X = y — e"' ^ c " = cos ■ — ■ J- j siu - — --■ — , 

/c = 0, 1, 2, .. .n— 1. 
Accordingly thu type of the constant numerator of its partial fractions is : 

1 isi+i)'^*- 






therefore: 



If we separate the logarithm of the complex quantity (§ 74) into its 
rea! and imaginary parts, supposing x real, and call; 

P,=ll (^^ - 2^cos ^.^-i-i^ + l) , 



incorporating the laultiplcs of ni in the arbitrary constant we may 
write this indefinite integral: 

Let the definite integral be required between the limits zero ami co, 
when al! roots of the denominator are conipJex or negative, thus 
— at < « < + IT. To obtain it, Pi aud Q^ have to be determined 
at the limits and oc; they must however remain continuous in the 
entire range from x ^ to x = ao. 

The value of each P vanishes for x=-0 and continuously in- 
creases as the values of x increase. But inasmuch as 

X- > iia: COS ■ ' 1 , 

if we write: 

« - i IW) + >,'.{} J? j , 

and combine all terms multiplied by ^lix') in the sum, they amount to 
this formula is no longer valid when m = n. In this case the integral 
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between infinite limits is no longer finite; hence we introduce the 
hypothesis that m is at most equal to n — 1. 

The second part only of each Pj has now to be considered in the 
summation and all of them converge to zero for x ^ co. 

In order to determine the value of Qi, let us observe, that since a 
was assumed < jt, we have 

for all values of ^ ^ 0, 1, . . ., w — 1. For x = 0, Q^ = tan- ^ (tan ;t) ; 
let us put it equal to ^ in whatever quadrant this be. 

If It lie in the first quadrant (cos (i > 0, sin ji > 0), Qt increases 
as X does, it becomes + ^« for x^confi. For greater values of 
X the argument is negative, for a; = oo we have §* = %. 

If jt be in the second quadrant (cos fi < 0, sin (t > 0), the argu- 
ment is throughout negative, for x ^ ao, Qt ^ ^■ 

If ft be in the third quadrant (cos ft < 0, sin ji < 0), the argu- 
ment is throughout positive, for x = oo, 1^* = ir. 

If ft be in the fourth quadrant (cos ft > 0, sin ft < 0), Q^ de- 
creases as a: increases, it is ^ji for a:==cosfi; it becomes less than 
^n for greater values of x and for x ^ as, Qk = t- Accordingly: 






_ _±«L+ 1 



The summation is carried out as follows: %e have for any value of 
i<2« 

"vln_^=i '"•VL... »«■"(«"- ■) - ." !«■" - I) 

The second formula results by differentiating the first with respect to A. 
Putting ni = 2mn we obtain: 

^' • -i^^-0. 2'" • --id -.-^Tlii- 

k — ii g „ _ -^ * — u ^ „ _j aisin ^^ 

Accordingly when m <^ n: 






Substituting z for a;" in this formula and writing a for the proper 
rational fraction -, we obtain tlie fundamental definite integral: 

-^^-? = ^" . cl"-""', - jf < ft < + 5r; see further § IfiH. 
»+« SHI (sm 



/ 
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11(J. An expression ol' the form: 

f fix", a^, . . . x')dx 

in which a,b,...l are rational fractions, and /'the sign of functionality 
denotes a rational algebraic combination of the quantities involved, 
is reduced to the fomi of a rational integral by a simple substitu- 
tion.*) If m be the least common multiple of the denominators of 
a,h, . . .1^ and we put x = s'", dx = ms^-^ds, then: 

jfix", x'' , . . . x'-') dx ^ m I tip""', s'"", ■ . ■ !s"") z"'~'ds 

is the integral of a rational function. 
Example: 

/■,_+ r^-fc ^^ _ 5 nj ,• - ,. ,,^^ ^_j 

- 6/(- S' + 2« + 2' - 2< + «• - 1 + 1 _|^-i)(!2 

- ~ i'' + t2' + 2' - t2' + 22' - (is + Olaii->2 + f; 
and replacing the value of 2; 

/'■^t^^' <i^ - - i^t I'S + S « i^S + »: - I K'i^' 

+ 2 j/a; — 6 ^a; + 6 tan- ' ^a: + (^■ 
*) Eulet: Inatit. cale. integr,. Cap. I, g 27. 
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Third Chapter. 
The integral of explicitly irrational functions, 
117. The function to be integrated is said to be explicitly in-a- 
tional, when, besides integec or fractional powers of the variable a; 



(see last Paragraph), it contains polyuomials in x which ar. 
with fractioiial exponents. The simplest of tliese is the lin 
mial and it gives rise to: 


e affected 


Jf{x, {a + hx)^]dx. 




where p and q denote integers lelatively prime. This is 
into the integral of a rational function by substituting: 

a -\-l)x ^ z'l, hdx = qzi-^ds, 
thus: 


converted 


fr[x, (« + b-4] dx = -ij'f^^^-^, ..)^-,;5, 

We sty](! an integral of the form: 





/. 



■'(a + hKf'ydx, 

I general binomial integral, where m, n, p stand for any rational 
fractions.*) Without any restriction of generality, however, we may 
always suppose m and n integers; for if they be fractions whose 
denominators hare v as least common multiple, we can put s* for x. 
Further, n may be always assumed positive, for otherwise we may write: 

a?"-''- {a + bx'Ydx = a;"'+"P~'(a3;-""-{- bydx. 
If now p also is an integer, the function is at once rational; hot 
when p is a fraction, the function can in certain cases be brought to 
a rational form. Putting; 

we obtain: 

') Euler: toe. cif,, Cap. II, § 103-124. 
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198 'i'he integral of espliuitlj irtatioiial t'imctions. lik. Ill, i"h. Ill, 

When — - is an intej^er, the first expression becomes rational by 
substituting s = i'' , q being the denominator of the fraction p. 
When J) -|- ™ is an integer, the second expression becomes vationa! 
by substituting; 

lis. Now although it is only under these determinate conditions 
thst the binomial integral can be expressed by explicitly irrational 
algebraic functions and by logarithms*), yet in all cases its integration 
can be reduced to that of certain simple forms. 

Consider the differential a^— ^(o -)- ba^'Ydx as a product, either of: 

then integrating by parts: 

I. fx"'~\a -i'hx')"dx='^^^~'^- ~^-f-"J u:"-^ "'^{a + bx-y-hix, 

II. i x-'-Ha+hx"ydx = ^"" "'^t^ -fr!^-- — -j^-rK lx'"-'-~'(u+(ix")i'+'dx. 

We can alter these formulas so that in each integral on the right, one 
exponent only shall be changed. In equation I. let us write: 

jx-"^''-'{a-\-bx'')i'-'ilx= -,- fx"'--\a-\-h3^yilx—'f J3^'-^[a-\-lx''y-h}x, 

also in equation II.: 

I x'"-''-'(a-\-bx''y'+'-i(x=a f x'"—~Ha-\-bx'')Pdx + b I x'"-'{a-\-bx''ydx, 

and combine in each case the integral on the right side with the 
equal integral on the left; we find: 

IV. /i— (« + i^-V" - '^r:^±jf)'±t 

-'{a + lx'ydx. 



{m — H)a r „ 



ITius the formulas III. and IV. diminish the exponents p and m 
by the quantities 1 and n. These formulas can also be regarded as 
reducing the integrals on the right to those on the left. For unifor- 
mity let us solve each equation for the integral on the right, having 
first put J) for 2» — 1 in III. and m for m — n in IV. the resulte are: 
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^{a-^hx^^y+^dx, 



±J!l^J x'<.+—i i^a + bx'')p dx. 



These formulas of reduction become useless when the quantities 
in the denominators vanish ; but in all such cases the integral becomes 
rational by the substitutions already assiyued; the only cases worthy 
of special notice here are m = and np -\- m = 0; for these: 






Formulas IV. and VI. ahow that the binomial integral can be 
expressed by algebraic functions and by an integral in which m the 
espouent of x is between zero and n , aud therefore the ratio m : n 
between and 1. 

The forma III. and V. show that tiie binomial integral can be 
expressed by algebraic functions and by an integi'al in which the 
exponent p is likewise a positive fraction between zero and 1. 

Finally if neither — vanish, nor tbe two fractions — and p 
supplement to unity, the value of the integral can be expressed only 
by an iufluite series, by expanding in a series of powei's the binomial 
of the function to be integrated, and then forming the integral of this 
series multiplied by X^-' (Chap. IV). 

119. The group of irrational functions next in order consists of 
those in which the square root of a polynomiiLl of the second degree 
enters*): 

fF{x, }/~M)<lx, i^ = « + ^6^ + cx^ 

where i*' means a rational combination of x and }/R, The sign of 
/li is to be taken positively unless the opposite sign is prefixed. 
Arranged by its rational and irrational parts we have: 

») Euler; loe. dt., Cap. II, § 88—93. 



y Google 



The integral of explicitly irratioDiil fuootioas. Bli, III. cIj, III. 

G,{cc) + JI,(x)yM' 

G, H, (j|, //, signifying intuger rational functions. If we rationalise 
th(3 denominator of this quotient by multiplying by 

G,(x) ~ l£,{x)yil, 
we have: 

q) and ^ denoting rational functions. We ave concerned henceforth 
only with the irrational part, which may be presented in the form; 

VTi yn ^0^^ ^ ^ [x ■ y)" yjt ' 

for, the rational function f{x) breaks up into an integer function 
and a proper fraction that can he resolved into partial fractions. 

The integral I — j^— is reduced by means of a recurring formula 
to algebraic functions and to the integral / "^^ • In fact: 



hence by integration : 

T „ i./jj T' / ^~^'i'J: r .. " I I / a:"~'(Z^ . Cx''dx 

' J ve ^ J vji J yn 

Putting for n the values 1, 2, 3 . , . in succession, ive have: 
/'xdo! I /J-, b r dx 

J VK^ ii^" '.'J VE "Jra 

J n -^o'^" »«j n 'oj fg 



In general; 



.f7:-^"-'S""-+d'yf 
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The coefficients k„ and /J are determined by recurring formulas that 
can be found directly by differentiating this equation, thus: 

or, multiplying both sides by j/Ji and arranging by a, h, c: 



+ »2«.(» -■")»— -' + /'• 



Hence, comparing coefficients we have the relations; 

1 =^cci^n, () = cix.,(n-~ l) + 6a,(2n- 1), 
{) = ca.,{n — 2) + ;-«5(2)j — 3)+ ««|(w— 1), 
in general: 

j^j =c«.(n- 1-+ ]) + 6<.,^,(2n-2i' + 3) + «-.._,(™-^/ +2), 
^ = — ba„ — aa„_i. 

Note: When i = i), H = a -{- cx^, then the middle term in the 
recurring formula for «» disappears ; consequently w^ , «., , and in general 
every even a vanishes. Further we bave: 

= (;Ka,„_[_i(w — 2m) -\- o«g„,_i(n — 2m -j- 1) 
therei'ore : 

„ _ 1 „ — — '^t'''- - ') „ ^ 5! ( 't - 1) (w - 3) 

"i— c«' "3 c^«(„_2)' "s c' M[«_2)(«-4)' 

- (_ IV" J^ (w -l)(H-3)...(w-2m+ l) 

When n is odd, /J vanishes; but when n is even = 2p, we have: 

p = — ((«s„ .-1 = [— If --■ — ■■■■-■ ■■■■ ■ ■ — - ■ - 

' ' -^ c^2p(2p — 2) {2j) — .1) ...4.2 

In the first of these cases the integral 

reduces to algebraic functions only; in the second case to algebraic 
functions along with 

'^JVa + cx^ 
120. The integral 

/' dx 

J Va+^bx-i-esc' 

can always be given a rational form. When the coefiicients «, h, e 
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ari! real, we distmguiah between the cases when c is positive and 
negative J and endeavour whenever possible to express the integral 
function hj means of real quantities only. 
1) When c > 0, let us substitute: 





ya+'2bx + c 


■.x^ = s — x\/c 








3' - a 




i>s 




X 


2(«Fr+j)' ' 




thus both n and 
the eqnation: 

it follows that: 


fS are expressed 


rationally aijd uniquely by 


S. Fro 


tdx — sds~ 


xds/i^idxl/c, 
Ax ^ 


(b + sfc^dx- 


(a --a 


:]/c)d3, 




+«r. 





Hence i 



J'fi-jTT^7-rl"^' + ^^'^ + '' 



2) When e < 0, if a> 0, let us substitute: 





]/a-^2bx + cx^'^Ya + 


x^^ 




Therefore: 





Jf « < and the roots of « + 2hx + ca:* = are complex, 
so that ac — i' > 0, M is negative for all real values of x, and ;/S 
is imaginary; in this case there is no waj of avoiding the introduction 
of imaginary constants in expressing the integral function. 

But if both roots a and jJ be real, then for values of x between 
K and ^, yn. is real; in this ease we can give the integral function 
a real form by substituting: 

3) B = ffl + 2&« + ex'' = <:{x — a) {x — (i), /Ii^{x~ a)z, 
consequently: 



--tri", /-"-tlf 



rs 
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Thus we have: 

irr i'^^ _ y /' ?^_ — '^ f _ '^^ — ^ ^ 






-_- + G. 



These substitutions cau also be employed from the very beginning 



JF{x,fii)dx 



into the integral of a rational t'liiictioii. 

Note. The case t = reduces to the simplest binomial integral, 
the integral then becomes: 









(■ 




|/<r+TJR 


+ 6'. 




Jr-. 


+ 26^ 




121. 


In orcl 


lev to determine 


the integral: 












u 


-eTVTl ' 




let 11 

it li 


s be^ 


jiii by investi 




a recui 




x" 


x""- 


^yn 



i{a + Ux-\-cx ^) 



dx + ^-!qii^ 









When we put for n the values 2, 3, 4, . . . 
leduces ultimately to the form / -^j-=. ■ 

The formula ia generalised by substituting x ^ s — q; then, 
i? = ^ + 2U^ + 6V = (m — 2Jp 4- (!(»5) + 2{b - cq)3 + cs"; 
thus : 

(^ = C, ?» = i.' + Cp, a = A + 2Bq + 6'p3. 

Now write on both aides a, h, c, for A, B, 0, and for s put x, 
also for brevity write : 

then, provided /'(p) does not vanish, we have: 
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( /*_ '''^ - = - —L ^^ 3W-3 f'JQ} f dx 



r_(?) 

Prom this we see that 

The quantities «„ and /^ can be calculated by recurring formulas that 
are found by differentiating this equation : 

'_ >+<:Ty -, ./ry "■-"■■- 1 f 

which becomes, on multiplying up: 

i-u/'(p)+»r((.)r2".«'-"t/(9)+»f(?)+i'r(rti2'(—' ')«-^"' 

Arranged according to the coefficients this equation assumes the 
form: 

- w"((>)2(» - " - ')"'"'+' + f*''""'' 

Hence : 

f{&){u^ 1)«, + 1=0, /■(t.)0*-2)«, + /-'(e)(n- i)«, = 0. 
In general for v = 3, 4, . , . m — 1 ; 
III. /■((.) (n-v)<,,+r(p)(.. -^. „ + i)„,,_, + i/-((,)(»-r+l)»,-,= 0, 

/J - WW". -1 + «"(?)«.-=■ 

Note. The formulas developed in this section undergo a change 
when /'(y) = 0, and therefore p is a root of 
a,-{'2bx + ex' =0. 

Multiplying the identity 1. by /'(?) and then putting [[q) = 0, 
we find: 
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or putting M + 1 fo'' ^*' 

T' f ^^ : ^ - ^^- _ "-ir i f'lM f ^^ 

Hence : 

r(9)<.,(« - ^ - ^) + i.r(c)(« - '')«v^i = 0, 

«" "^ ''' (?(?))"+' t2« - 1) (2« ^ 3) . . . (2m - -iv - 1) 

In this case therefore the integral can be expressed by algebraic 
functions only. 

123. Ttie substitutions giyen in § 120 cnablu us to calculate 
the integrals : 

In expressing the former, it makes a difference whether a > or « < 0. 
In case a > 0, we employ substitution 2); we find: 

Putting for x the value s — q and workiug precisely as when wo 
made the same generalisation in la. § 121, we get: 



r f ^'^ .-'_ I ( yjirw-n e) ~if'ie) (<^~e) \,n 

J(x-e,ys 'yfis) \ ^-e )^ ' 

a real formula, if [(q) > 0. 

In case a < 0, we employ substitution 1); we obtain: 
J-, r dx it f ds 2 , , z , ., 2 . ,yTl+xy~e , ,-, 

Hence results by the eaine process of generalisation: 

j{x^Q)yR y-f[^) y-fiej 

Lastly, in case o; < 0, c < 0, a -{- 2hx -\- ex' = having its 
roots real, and consequently of like sign, we have further by means 
of substitution 3) : 
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/.W = -FgF^""'"/^' 



This equation can also be generalised according to the above process : 
we have 



'■h 






where a and ft are the roots of the quadratic equation E = 0. 

Note: The integral j F{x,]/^) dx can be discussed by the help 
of geometrical considerations. Denoting the value: 



j/E = j/a -\- 2bx 4" ca;' by y, 

the equation: y-= a -^2hx -}- ex-, referred to Cartesian coordinates 
represents a curve of the second order; this is a hyperbola if c > 0, 
a parabola if c = 0, an ellipse if c < 0, but, when at the same time 
uc — &^ > the curve is completely imagiuary. The axis of abscissEe 
is ail axis of the curve, to each value of x correspond two equal and 
opposite values of y, or + j/B. 

The integral: j F(x, y)dx is uniquely related to the curve, i.e. 
to each of its points, real or complex, belongs one value of the 
function to be integrated, for, the sign of the root is determined by 
the point of the curve. Now our investigations have shown, that 
such an integral extended along a conic can be transformed into a 
rational one, that therefore tire coordinates x, y, of points on the conic 
can be expressed as rational functions of a variable s. If conversely 
we assume this theorem, that is found in the projective geometry of 
conies to be a fundamental theorem, the methods of treating the irrational 
integral are simple deductions and lose all appearance of an artificial 
substitution. Thus ex.gr. for the hyperbola y'^ = a -\- 2bx -\- cx^, c > 0, 
the directions of the asymptotes are given by y' — cx^ = 0. If now 
we construct a system of right lines parallel to one asymptote, we 
have for the equation of this system y-^-xfc^s, where s stands 
for a variable. Each of these right lines meets the hyperbola only 
in one finite point, its other intersection being always the same point 
at infinity, and the coordinates of this single finite intersection are 
i the following functions of s: 
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Geometrical d' 



2 {^r^+ b) 



2 {^Vc 4- 6) ' 

But these are tlie formulas of the first substitution in § 120. Both 
the other substitutions of that section are accounted for by analogous 
considerations. By considering the pencil of rays at any point of the 
conic, we obtain all possible substitutions by which the integral 
is made rational. The study of algebraic integrals in general first 
gains connexion and perspicuity by the geometry of algebraic curves; 
this was first brought out in the fundamental works of Aronhold and 
Clebsch (Journal f. Math., Vol. 61. 63. 64). 

Regarding the present problem we have still to remark: the two 
fundamental integrals to which every other was reduced, were: 

, , , , where y"^ = a 4- 2hx 4- cx^. 

Now considering one of the solutions we established for thera, ex. gr. : 



/t "•"/(? 



J {" 



-e)y 



'rm'l 



m - >f (g) ( :' 



jll 



+ 0, 



we perceive that the integral fuaetion does not become infinite at the 
points p = 0. These intersections with the axis of abscissse, at which 
the tangents to the conic are parallel to the axis of ordinates, are 
branching points of the function y but !ire not infinities for the 
integral function. On the other hand, in the first formula the argu- 
ment of the logarithm is infinite when x becomes infinitely great. 
For the hyperbola there are two real points in which 3; = oo and 
for the ellipse two complex points. 

In the second formula, when x = q the argument of the logarithm 
, and therefore as: 



(r W{g)-^f M~ht'{Q}{^~ 



^y 






■m9)) - 



:0 



the logarithm itself is infinite. The one fundamental integral is 
logarithmically infinite at the two points at infinity upon the conic, 
the other at its two points upon the right line x ^ q. This con- 
nexion between the two integrals becomes evident, when we can treat 
the equation of the line at infinity like that of any other right line. 
We can do 50 most simply by using homogeneous coordinates. 

Putting (r===— , y=—, the equation of the line at infinity 
is x^=0; that of the conic is x.^ = ax^ -\-2'bx^x■■^ -{- cx^'^\ and 
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we liave: 

/dx ( x^Ax, ^ Xid x^ C ilx __ I x^dx, — x,d^x. 

Hence we see, what; is lost sight of in the n on -homogeneous form, 
that the first integral is only a special form of the second, since 
it inyolTGS the intersections of the conic with the right line x^ ^ 0, 
instead of those with the right line x^ — qx^ = 0. (Aronhoid he. cit.). 
When /"(p) = 0, the right line a: ^ p is a tangent to the curve, 
for, its two intersections have the same coordinates x^q, »/ = Oj 
hut then: 



J (a 






-q)VB fiQ)'^- 

and for ic = p this algebraic expression becomes: 

V fie) x~^) \ f{&) fB ) \ vm^ 

The same holds for the parabola where it meets the line at infinity. 
123. Prom the indefinite integral we can form the definite for 
two limits between which the integral function remains continuous 
and does not become infinite; tlius for instance, if p^ >■ 1, we have by 
formula IJI' § 122: 

-fl x= + l 

When x = — 1 the argument of this circular function vanishes ; its 
values are continuous and negative as a: increases, when x ■= -^ \ the 
value becomes — co ; for, we have 

the factor 7/ — T-f i^ positive, therefore we have : 



h 



(a; — e) Fi — x" Ke'— i 

This reasoning would not be possible if q'- < 1; in this ease tan-^ is 
discontinuous in the interval; the value of its argument is — 4 
when a; = p. 

134. The class of integrals of explicitly irrational functions next 

in order is given by ( F{x, ]/lt) dx; B being a polynomial of the third 
or fourth degree in x, 

R ■^^ a -\- hx -^ ex"- + (Ix^ -\- f!,**, 
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ill which e may vanish ; and F a rational combination of x and yii. For, 
just aa it was really indifferent in considering the previous class whether 
the polynomial under the square root was of the first degree or of the 
second — the integral could be reduced to a rational form in botli 
cases — , so also here the cases of the third and of the fourth degree 
are equivalent: the integrals can be transformed into one another; they 
no longer however in general become rational. This transformation is 
effected by the substitution: 

*-'' + 7--fiir -'• + ''■ 

by which; 

li ^^ a -\- hx -\- ex' -\- dx^ + e^* = f{^) 
becomes 

/■('' + '0 - m + i>m + 1 -J r'm + nfri rw + yJjtti f'f'i' 

or 

/■('• + '•) - (,+»).{(« + '")*«'') + (2 + "'fifij') + '^^ t'f"i'') 

Now if wi! determine k SO that f(J^) = 0, i. e. that 7^ bo a root of the 
equation li = 0, we have: 



A—lf{i), B^Smtr{li) + il'f"(li), 

c - im'irm + miT'ik) + vv -3 r CO, 

D - mHf(h) + im'erm + ,-;£ /"■('•) + 1:1^374 /■"('')■ 

The quantities I and m remain arbitrary. 

Under the square root there is now only a cubic polynomial, 

and since x is rationally expressed by s, / F[x, y^)dx is transformed 



: is rationally expressed by s, f F{x, y^)dx 
,0 / <t>(s, 'y'^)dSy as was stated. Denoting the roots of JJ = I 



and making h coincide with a, the corresponding values of 

z are: oo, -= — m, — — - — - in, t m- Therefore to one 

^fj — K ' y — a S — a 

vanishing value of II corresponds a value of s that becomes infinite; 

to the others correspond the roots of Z = 0. 

The evalaation of the elliptic integral:^) 

*) The geometric problem , to determine tlie length of tho arc of nn ellipse 
or of B, hyperbola between arhitrariiy given terminal points, led to integrals of this 
form. The Italian mathematician Fagnano (1682—1766) (Produzioni matematiche, 
t. 11, 1750) first found geometric relations among ares of one of these curves by 
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I F{x, j/B)dx, w}m-e 11 = a -^ hx -\- cx^ -{- da?, {a = 



0), 



can be reduced to algebraic and logarithmic fundioits and to three 
fundamental integrals: 



Vb' J rs' J (x~ q) 



Vm 

When arranged according to its rational aad irrational piu'ts, we 
have (compare § 119): 

, y-^ _ GiX) + m^m^ _ y(x)+ ^(a.)|/ji, 

ip and ^ denoting rational functions; the integration of cp loads to 
algebraic and logarithmic expressions; the aoeond part gives us: 

Vm Vm ^, YM '^ -^"{x-er vb' 
Tiie integral f ^y=- can be reduced by a recurring formula: From 



we find by i 

I. X-Vii - »(» - 2)J-^ + H» - i)]'-^ 

Now putting in succession for n the values 2, 3, 4 . . ., we get: 

-yji-id y^ -idj ys sdj Ym' 

ys bd^y^^ bdj yji tdj yE r.dj yji ■ 
In general for «^2t 

yx" da: /-jj ■^l „ 1 ^ , n { ^^ I i xdx 



means of the integral; for these relations Buler (in tlie Nov. Com. Petrop., 1761, 
Vols. VI, VII; see also his Inst. cale. integi-al.. Vol. I, Sect. 2, Cap. VI, §g 606-649) 
disooi'ered the general ground, in the theorem of addition; "par ime comhinaison 
qu'on pent regarder comme fort heureuse , qaoique ces Lasards n'arrivent ciu'a 
ceux qui savent lea faire naltre", aa Legendre says in the Introduction to bis great 
work. Enler perceived that by these integrals new functions are introduced into 
analysis, so that the group of tianscendental functionb (log-irithmic and ciicular, and 
their inverses the exponential and trigonometric) beuDmes legitimately enHiged 
Legendre (17o2— 1833) estabhshed a theory of theac new ti a ascendents bi his 
Traits des fonctions elliptiques et des integiales Euleriennes, 1825—26 
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SO that tlie reduction to the first two fundainentiil iiitegral.s is; 
otfectod. 

Putting the values 1, 0, — 1, — 2, . . . for n in the same recur- 
ring formula, it enables us to express integrals of the form / ni/u 
by means of the first two fundamental iutegi-ala and by the integral 
/ ~i/Y,- To show this, let us put ^ « + 3 for w; we find: 

/dx f dx 

Now provided a does not vanish, this gives for n =' 2, 3, etc.: 

f dx ^__ J_VR _ Sb r dx _ e__ f dx d^ Cdx^ 

J x'VE ~ '■^« ^' ' '^"■J x->fB 2«J ^y^ iaj yji ■ 
III general for j* ^ 2: 

-^ys-t'''2^. + Pj ^ys + >'J rs + V nr 

In ct^e a vanishes, / is expressed by the first two fundamentiii 

integrals, as appears from the recurring formula II. . 

Formula II. admits of generalisation according to the method already 
applied (§ 121), by writing for x, x^ ^ and for a-^-hx-j- cx'''-\- dx^, 
A-\- Bx -\- Vx'' -\- Dx^, where: 

a = A + qB -^ Q'C + Q'D = f\Q), 
6 = B + 2pC+30''I' = /"(?), 

«! = D = ir(p). 
Then if we imagine the letters a, h, c, d, put for A, Ji, 0, D, 
we have: 

in y^ „ _ rr^w., .. 1, r <i^ fi^\ („. _ 3\ r__ . -^^^ 



J {x—^) yn J (a:-e) 



In accordance with this formula we have for « ^ 2 : 



- ,fy* 



= ^^Ss^-^+''/s?^ + ''/S 



+ « 



/^ 



-rti!. 



FS 
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i. e. it is expressed, as already stated, by the three fundamental integrals : 

/ dx r xdw /• dx 

VB' J Ym ' J ix~,)VB'' 
these ai-e called the elliptic integrals of the first, second anti 
third kind. 

Employing the substitution which served to convert a polynomial 
of the fourth degree under the square root into one of the third degree, 
by transforming these integrals back again, we can also state our result 
as follows: 

Every elliptic integral j F(x, /M'jdx, in which: 
-K = ii + fta: + ex'' -\- dx^ -\- ex*, 
can be expressed by three fundamental integrals; 

/ do: r d:c r da: 

VR ' J i^-a)yB' J {x-9)rB 
and by algebraic and logarithmic functions. 

In the integral of the second kind, a denotes a root of JS ^ 0. 
It can also be shown, by developing a formula of reduction analogous 
to HI., that: 






Vs. 

can be introduced instead of the last two integrals. 

136. We now proceed still on the basis of these reductions to 
establish the three normal integrals to the calculation of which 
Legendre reduced the general elliptic integral. 

Let the coefficients in H = a -{-hx -\~ ex"- -j- dx^ + ex^ be real, 
then whether the four roots of £ = be real or complex, we can 
always by a real linear substitution cause the odd powers in the 
polynomial to vanish. 

When the four roots are all real, let us name them so tliiit 
« > jS > y > tf ; when complex let a be conjugate to /5, and y to S. 
Putting 
R = e(x — a){x — ^){x—'y){x~S) = eix^' — 'AXx-^ ^){x'~'iQX-\-r)), 

then : 

a-\- § = 2K, aji = (t, j^-f d = 2(>, j'5= r>. 

From the substitution: 

„ J' + gg 



we have; 



-2(,.t4 .«_ -- ^-jT^- 
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A = (/ — 2lq + ft, ^' = 2= — 2^11; + «, 

B = 2{pQ ~ l(p -f q) + t^), ir = 2(pq - ptp + 'i) + <?), 

C? =' ;;^ — 2 ^j) -4" ft , C = j)^ — 2 p^ 4" "^ i 

^ aud g can always be determined so that B and B' may vauish. 

for from the equations: 

jjg — A{p + 5) + f( = 0, pi^ — i>(i> + 'i) + tf = '^> 

uiileas ;t — J) = 0, wo have : 

and heuee: 

Siuce the values p -\- q and p2 ai'e real, the values oi p and g will 
separately be real unless {p — qY be negative. 

When two oi" the four roots are real and two complex, P — (* and 
p- — e are different in sign, hence the numerator is positive. 

When the four roots are real, developing the numerator we find: 
y + y,^ fe+jML+il)' _ 4 (,, _ (Vil)'-) (|.^ „ (.±1)' ) 

This expression is symmetrical in a and (5, y and d, it vanishes for 
(£ = 7, tlius has (« — J-) as a factor, it has therefore also the factors 
(a — d), {p — y), {/3 — ^). Being of the fourth degree, it consists 
of their product multiplied only by a numerical factor, which is found 
to be I as the term k^/J' occurs in both with that factor, thus: 

This product is positive since « > ^5 > y > iJ. 

When all the four roots are complex, let them bo: 
K ^ A + ««') ^ = A — ia', y ■= p + iy', d = p — if', 
then r 

„ - , _ (1 - s) + .;(„■ -y'), „ - « = (i ~ (,) + •;(■.■ + y-), 
,i - , _ (i - (,) _ ,■(«■ + 7'), /J _ * _ (1 - p) - i{o' - r'). 

Thus llie produot is ((J - (>)' + if' - rj) ((-l - p)' + («' + y')'), 
i. e. positive as before. 
Wlien ^ = p : 

B — e{!if — 2ia; + (.)(«« — 21a! + o), 
if we put if ^ 2 + 1 ■ 

B _ ,(2' + ,» — J') (s' + » — r). 
By tl]e assumed substitution the reduced elliptic iutegral becomes: 
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214 The integral of explicitly irrationiil functiocti, Bk. III. ch. 111. 

fW "' - '-^-fr ( M^) H' "^ - '-**" + ^'' <''■"■' + ''''' 
whure : 
A^{q-a)(q~^), C = {p - a) (p - ^) , A' ^ (q - y) (q - tS), 

All these quantities ave real, when the coefficients in R are real. 

Developing the rational function ■F(— - ^ - ^ ) we can collect Llie 
udd and the even ternia in its numerator as well as in its denominator: 
p ff(a')+^Jf(a ') 

If we multiply this ahove and below by (?, —sH^, we get in the 
denominator only even powers, so that: 

Vz Vz'^ VB ' 
The iiitegnil of the second term is converteti by the substitution g'= t 
into an integral of the form: 



ifn 



lyut+c){A-t+uy 

and is therefore evaluated by logarithmic and algebraic functions. 

In the integral of the first term the polynomial Z can be brought 
to the form: 

(1 _ ,/) (1 _ ]c1y2), 

where < 7^^ < !■ In order to examine this, let us write: 

taking k^ > ^^. Of course a, ^, y here are not to be confounded with 
the former notation for the roots of li. Now according to the signs 
eight cases arise; in each we consider those values of s, with values 
corresponding for y, for which Z remains positive, so that both the 
fiinctiou to be integrated and the integral function are real for real 
values of the variable. 

1) 2= + y?(l + K^s^ (1 + ^'^s') remains positive for al! real 
values of 0. Let us put: 

K s = —1 adz--^ ^^ 

^1 - !/' ' (1 - y')^ 

If z increase from — oo to 0, y increases from — 1 to 0; and if s 
increase from to + '^< V increases from to + 1 ; thus we hbbve: 
(Ja_ dy ,,j __ a' — g' 

yz '^ «YV{i~y^ni~w^)' " ~ n= ■ 

The radicals in this equation as well as in all the analogous roi^ults 
from 2) to 8) have the aame sign on both sides. 
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^) Z ^= -|" y'^i^ + tt':S*) {1 — (3* 5') remains positive as loug' its 
lies between — -^ and + o"' ^^^ ^^ P^^*- 

If s increase from — -3- to 0, let us make y increase from to -f ^ 
taking the square root in the formula of substitution negative; but if s 
increase from to + 5 > ^^^ "^ make y increase from — 1 to 0, tlie 
square root having the positive sign; then: 

dz ^^ dy ^j ^^ __^'L_ 

3) Z == -\- ^^(l — ffi*2^) (1 + ^^^*) remains positive as long as s 
lies between -- - and -\ ■ Let us put: 



= |/'i — y^, ad^ = 



y^y 



if s increase from — - to 0, y increases from to -f- 1, the square 

root is uegative; if s go from to -| , ij increases from — 1 to 0, 

the square root is positive; then: 

_43_ ^ dy J,.; ^ (i' _ 

yz yV^^fp y{l-if)(l-k'y^) ' " <(^ + P' ' 

4) Z = + Y^il — tt^s') (1 — (5*2^) remains positive as long as 2 

lies either between — -- and -) , between -f- ^^ and -j- ^^ , or 

between ■ — 00 and — -g- ■ Let us put: an = y, ads = dij in the 
first case, — -^ = y, a~i^^ '^V ''^ ^^e others, then: 



dy 



P=i 



5) Z =^ — y-{\ + ^''^'') (1 + ^^^^)j in l^tis case Z is negative 
for all real valiLcs of n; the integral function cannot be expressed by 
means of real quantities. If we put the factor j/ — I before the integral, 
this case is in other respects reduced to the first. 

G) Z=^~ fO + a^^'-*) (1 - ^^s'^) remains positive, for from 
— cx> to — -5- , and from + -«- to + ^^- Let us put; 

- ?/^)^ 
If z ijicrease from — 00 to — -^ , y increases from — I to 0, the 
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square root is to be taken uegiitii'sly ; if z increase iTom + „ to -|- oo, 
y increases frouj to -f- 1, the square root is positive. We have: 
S-a „ 1 <^__ __ 1^1 ^ _ P' 

7) ^ = ^'(1 — «'^') (1 + |3^0 remains positive, lor ^j iVom 

— CO to , and from -j to -|- oo, Let lis put: 

ces = — —--— , ads ^= — —--% > ^^''■'^ ^^'^ have: 
Vl ~ »/ (1 _ ,/)-5 



tiy 



^2 = - 



^-2 r^«= + r ni-!/')(i-*V) 
8) Z = — /'(l — k'^.s*) (1 — P0^) is positive, for z from ~ J to 
, and from -j to -f- -3- • fj^t us put; 

If 5 increase from — -r,- to , ?/ increases from to + 1 , the 

square root is negative; if g increase from +- to + — > t/ increases from 
— 1 to 0, the sqnare root is positive. We have: 



dy 



W = 



This conclndes the proof of our insertion for all casea. To iiU values 
of s for which ]/Z remains real, correspond values y'^ ^ '■ 

But if we observe that all the substitutions vre have employed 
are included in the form; 

„_ S + (t,/ 
i + ^^y" 
we obtain the result: The elliptic integral j -^^- th, disreffardiiig 
constant factors, can always be brought to the form: 



/^ 



,y^, „^^.. ^ ~-^.^f){\~hh/). 



in which, provided Z has real coefficients, Jc — the modulus of 
the elliptic integral — signifies a real positive proper fraction. 

Putting y"^ = t in order to complete the reduction of this integral 
to the normal forms of Legeudre, we have: 

i'(S + ^<y'\ 'Jy ... I /• I'Wdt 

It was proved (§ 124) of this integral, in which tho polynomial 
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is ouly of the third degree, that it c^ii he reduced to the? three 
I'undiimenta! t'orms: 

/ dt rtji r __dt 
rr' Jn-' J (f-,)n-' 

aceordjiJgly Legeudre's normal iuiegvals expressed iu y are: 

/ dy ^^ r _ y^dy /" J.^ 
(/(I -^ ,f) (1 - 7,>i^ 'J ')/[!- /)"(! - it'!/') V ('/-y)'^(i - V) n-i^'y'i' 

or asLegendre, restricting himseif primarily to the investigation of 
real values of the integral, by suhstitiiting 

f/ = sin <p, dy = cos q)dq>, 
wrote them: 

Agj = //l — /.:- sin'^ ip- 

The coeflicieiit n —-■ in the third integral is called the Parameter 

of the third normal integral.*) 

Note. From the central equation of the ellipse 

.5-+-f-l, «'>¥, 

introducing tp the eccentric anomaly reckoned i'roni the axis minor, 
we have: 

X = asiiiip, y = 1} cos (p , 

/ Yd3?-{-dy^ = \ d(p j/a'coa^ <p + &'sin'''9i = a I d'p j/X — /^'^sin'^^ , 

*' = ^.?-<>- 

Thus the length of the elliptic arc that belongs to the values and 
qi depends on the calculation of the integral: 

From the central equation of the hyperbola -^ — -^ = '\; in 
which a means the length of the real semiaxis, putting x =^ a sec «p, 
we find y = 1 tan tp , 

*) A more compendioua acuouiit of tte trans formatiou to the normal form, 
due to Weieratrass, iu which the coeffi-cients of a fractional linear subBtitution are 

determined so that the values y = i 1, ± y- shall cocrespond to the four roots 
of ii = 0, is eommuniciiteil by Schollbach; Die Lehre von den. elliptiachen Inte- 
gralen UEd den ThetafunclJonen; anil KCnigsberger: Vorlesmigen fiber die Theorie 
der eUiptisehen Integrale. 
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To obtain iutegrals of the previous form, however, we intro- 
duce the (JistLiiiee from the centre to the focus, c' = a' -{• b', and put 

cy = b'^ tau tp, then: 



X ^ a sec q) j/i — Ic:' ain^ ip , c' fc^ =^ o 
thus; 



£t?!_±5"l 



C J OOB'<pA(p ' r t r 

Therefore the integral Y(95) by which the length of tiie hyperbolic 
arc from 9) = is measured, is directly equal to that third normal 
integral TT(q)) in which the parameter » ^ — 1. But when « = — 1, 
this third integral can be reduced to the second iiiid first, it is the 
case of tlie vanishing value 9 of the linear function coinciding with 
a root of y^ 0. From the identity: 



tiifAf ^ sId' ifdif 



d(A<p , 1 
we have; 

Y((p) - cA ^ lull y - °' J-'Cv) + ^- yAv) , 

or: Y(q5) == vA(p tan 9? -| -f (9) — c]i{(p). 

The first term has a simple geometric meaning. It is equal to 
the length along the tangent to the curve at the point belonging to 
9), measured from that point to the foot of the perpendicular let fall 
from the centre.*) 

126. Elliptic integrals of the three kinds, or the three normal 
integrals ofLegendre are calculated by means of expansions obtained 
liy converting the function to be integrated into a series of powers and 
forming the integral of this infinite series. But this method requires 
some preliminary general investigations. 

*) Legendru: TriiitcJ des fonctioiis ulliptiqutis, j), 16. 
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Fonrtli Chapter. 

Uniform eonvergenoe, Differentiation and Integration of an 
inflnito series. 

127. Ill the (Jeueral Theorems concerniiig series of powers, 
(g 44. IV), it was indicated that the proof of the continuity of a 
function expi-essed by a aeries of powers, as well as the rule for 
its differentiation, is based on a definite property of these series, 
namely on their uniform or equable convergence. 

We are now going to discuss this conception more closely for 
any arbitrary infinite series which converges for a real interval. 

Let the infinite series ; 

f,{x) + f,{x) + AW + ■ ■ . + ux) + r.+,{x) + ■■■ 

be convergent in the interval from a to b; let its sum be denoted 
by Fix). The functions f'„(x) can be continued unrestrictedly according 
to some law, and we assume that however many of them are formed 
they are all continuous in the assigned interval. This hypotheeiy 
is to be maintained in all the following theorems. 

The convergence of the infinite series requires, that, for any 
number d however small, it shall be possible to find a place n in the 
series, such that every remainder : 

B. - Ux) + f,+ dx) + ■■; Ii.+ t - f.+ilS + f.*dx) + ■■■, 
«.+.-/.+.(») + •■■ 
from JJ„ onwards shall be smaller in amount than d (§ 39). 

The infinite series is smd to he uniformly or equably convergent in 
the eriiire interval without exeaption, tchen this criterion of cotwergence 
is satisfied hy the same n for any given S, tvhile x passes through 
all valmes from a -to h; we need not therefore take a different value 
for n ttntil another value is assigned to d.*) 

A sufficient, although not a necessary, criterion of uniform 
convergence ia presented in the theorem: When the series of the 
numerically greatest values assumed by the terms of the infinite 

*) Heine: Ueber trigoaometriBcIie Eeilen. Crelle'a Journal, Vol. 71. 
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aeries in the interval from a to h converges, the series is uniformiy 
convergent for all values of x. 

¥ov then the number n of the place from which omvards the 
remainders P,,, P„4.| ... of tlie newly formed series are constantly 
less than d, assigns also a place such as is required for every ic. 

Example: 

The series: -■-.;- ^^ 1 —^ yj-- ■-(-•■■ 

is nnifornily couvergcut for all values of X, because: 



i + ^^+i + i-l--- 



ergent (§ 47, foot-note p. 82). 
For a series whose terms alternate in sigu within an interviil, 
the following also is a sufficient criterion: The series is uniformly 
convergent when for each number d a place n can be discovered in the 
aeries, such that for every value of x the numerical values of the 
terms from fn(x) onwards decrease and are constantly less than d\ 
For, putting: 

ji.w - /■. w " /;+.(«) 4 /..+.W - f.+.w + • ■ ■ 

where the quantities f are all positive, M„(x) is greater than hut 
less than /»(fl;), because: 

K.(») - [f. W - /.+iWJ + [«.+.W - /■.+>(=«)] + ■ • ■ 

-E. W - /. W - [/■.+! W - /■.+.(«)] - [^+. W - f.+«W) 

138. Wheii an infimfe series is wniformly convergent m the 
nidglibowrhoQcl of a point of its cwivergency, ilte infmite series expresses 
a continuous fmiction at this point. 

Denoting the sum of the first n — I terms of the series by 2^{x), 
we have: 

F{x) = S{x) -\- E^{x). 

Since the series is uniformly convergent in the neighbourhood of x, 
a value n can be found such that abs B«{x) shall bo less than -J-d 
for any value from x to x ^h, S being an arbitrarily small given 
number. Hence, as: 

abs[i^(a; ±h)- F(x)] = sMs[S(x±h.)-^2:(x)-^B„ix±h)-B„(i^f)'], 
we have: 

abs [F(x ±h)~ F{x)] < aba [i:(x ± h) - £(»;)] +^d\ 
But since the functions f are continuous and i' is a aiim of terms 
fiiiite in number, we can always choose a finite h so small that we 

abs [Z{x + h) — 2^{x)] < Id; 
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lience for itny d however small, a value ft can bo i'ouniJ for wJiicli: 

abs [Fix ± h) — F(^}] < d. 
Accordingly the criterion of continuity is satisfied. 

The theorem we have proved can also be stated thus: If the 
function espresseiJ by the series be discontinuous at a point of its con- 
vergency, the series must converge nnequably in the neighbourhood 
of this point. 

From tlie theorem it follows: If the series converge uniformly 
without exception in its convergency, it expresses a function everywhere 
continuous in the same interval. 

These theorems admit of couversion only on a certain hypothesis. 

When the infinite series expresses a continuous function at a point, 

to any point x belongs a finite value n such that the remainder 

R„ and all that follow it are less than ^8; moreover a value of 7t can 

be assigned for which: 

abs [F(x ±h)~ F{x)] < ^ 
and likewise: 

abs [Six ± h) - 2:{xj] < I . 
Accordingly from the equation: 

Fix ±h)~ F{x) = Six ± h) - Six) + K^ ix ± h) - B„ ix) 
it follows that: 

abs [lin [x + h)] also < d. 

But it does not follow from this, that all the following remainders 
in the interval + h continue less than d. This will only be certainly 
the case when all terms have the same sign in the interval xto x + h, 
because then the amounts of the remainders form a decreasing series. 
Accordingly the statement of the theorem is: 

If in the neighbourhood of a point a finite vahie n can be assigned 
such that the n"" and all following terms in the series retain the 
same sign in the interval, then the uniform convergence of the series 
is a consequence of its continuity at this point; or again: If an 
infinite series converge absolutely in the neighbourhood of a point, 
its uniform convergence is a consequence of its contiuuity at this 
point, *) 

*) It can be shown as a fact that the continuity of a convergent aeries 
alone ia not a sufficient condition for its uniform, convergence, l)j examplcB of 
coiitinuouB but nnequably convergent Beries recently formed by Du Bois-lleymond, 
Darboux and Cantor. An example given by Cantor is: Tbe infinite series having 
its general torm: 

'•W^-.^. + l (» + !)■:»•+ 1 
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129. We come now in the second jjlaee to investigate, uuder 
what conditiou the differential quotient of an infinite series is expressed 
by the series formed of the differential quotients of its several terms. 
Here we assume that all tlie functions f{x) can be differentiated and 
that their derived functions are continuous; but moreover since the 
infinite series: 

f;[x) + fM + Uix) + ■■■ /.■(«) + • ■ ■ 

cannot possibly be convergent unless Lim fn\x) vanish for n = oo, *) 
our investigation must be based on the hypothesis that it does vanish. 
Example. It is shown in the Theory of Trigonometrie Series, 
that for ^ 31 < a; < -|- 51 the infinite series : 

expresses the value \x\ that is to say, a function whose derived is \. 
But this value is not presented by the series got by differentiating 
the several terms: 

cosa; — cos 2x -\- cos 3a: — cos 4a: -j- ■ ■ ■ 
which does not even converge, but is completely indeterminate, because: 

Lim fn{x) = + Lim cos n x 
assumes for « = oo all possible values between — 1 and + 1. 

In order to determine the differential quotient of the function 
F{x) at a point in which I<'[x) is continuous, let us first form the 
quotient of differences: 

converges, for, the remainder: 

is zero for n= oo, and the sum of the series is the continuous function: 

But in the neighbourhood of tho poiut j ^= tine seiiei conveiges untquahly; 
for, the fanction B^(x) has matimum ind ramimim. ^ ilnei +i^ tor i ^it— • 
Therefore near zero no inteivil can bt 
the amounts of all remamders aftet ; 
arbitrarily small number 

*) Lim f^'(x) denotes that f^ [x] is iiist foimed and then n put = oo. This 

13 of course to be distinguished from -7— Lim f„(,a:) in which we first put n =^ oo 
and then differentiate. 

If /^ {x) = , Lim f„'{x) ■-= Lim coe nx is coiiiplotoly indeteriniiiiLte, 

while on the other hand: 

Lim — = 0. 
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F(x + /Xx) — Fix) _ E[X'\-£i.x )~ Six) __ 



For any finite value Ax however small, this continuous expression in 
A a; has a determinate finite value; we can write it: 

+ Aie 

Now making A a; converge to zero and denoting tlie differential 
quotient of the remainder function It„(x') by Itn'{x) we get: 

3) F\x) - nix) + /■;(!) + . • ■ fi-.W + E.'W. 

If then the remainder of the original series be so constituted, that 
for any number iS however small, a place n can be assigned from 
which onwards not only jR„(a:) but also jR„'(^) remains smaller than tf, 
however large Ji be, this equation passes over into the infinite series: 

4) r{x) = f;{x) + f-{x) + ■ ■ ■ /;'_,(«:) + Uix) + ■ ■ - 

The statement of the result is: If the remainder of an infinite 
series possess the property , that for a gwen value of x hij choice of a 
lower limit for n, BJ(x) becomes arbitrarily small, the series formed of 
the differential Quotients of the several terms is convergent and expresses 
at this point the value of the derived function. 

Since this property of the remainder in any arbitrary series cannot 
be recognised at once, we may usefulJy establish another criterion, not 
indeed necessary, but still sufficient, by which in many cases the 
question is decided: 

Jf the series of the derived terms converge untformlg in am intefval, 
it expresses everywhere m this interval the derived of the given series. 

In order to examine this, let us denote the value of the supposed 
uniformly convergent series 

/■/W + /■;(«) + .-./;■ («;)+■■■ 

by 0{x) and its remainder from ihe m"' place by Pn{x), then equation 2) 

passes over into the form: 

F(iC + A«:)-F <(e) , a. , □ , , r^A M , Ki^ + ^^)-^„(^) 

Now here let n first become infinite and then put A a; ==0. When n 
becomes infinite, the value of also changes. But whatever be its 
value, since the derived series converges uniformly, a value n can be 
assigned, from which onwards we shall have Pn(x -j- QAx) < d for all 
values of 0. In like manner n can be chosen so great that the last 
expression also shall amount to less than d. Therefore a point can he 
found in the interval from a; to a; + Aa:, at which the continuous 
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fanction <J> shall differ inappreciably from the quotient; of differencf^s; 
there must therefore also be a point at which: 

and since <t> as a unifornjly convergent series signifies a continuous 
function, we shall have for tix = 0: 

FXx) = <ii{x). 
Series, to which these criteria do not apply, cannot be differentiated 
except by attempting to sum directly the infinite series for the quotient 
of differences ^ — — ^ and then passing to the limit foi' Ace. 



Examples. 

1) It was seen in § 47 that the infinite series: 

has for — I <. x < -{-1 the value: 

l{-[. + x). 
This series converges uniformly. The series formed of its derived terms: 

1 — X -\- x'- — i*:^ + ■ ■ ■ 
converges uniformly for — 1 < a; < + 1, and is thus a continuous 
function. It expresses the derived function , ; but this connexion 
does not hold for x = X, although the differential quotient of the 
logarithm has the determinate value \. 

2) It is shown in the Theory of Trigonometric Series, that the 
signification of the infinite series : 

when ^ a; ^ -^1 is F{x) ^a;; and when -^ <a:<jr, isl'\x) = 'X — x\ 

it is uniformly convergent. Further, we have: 

■f W - i|5^ -=^ + =-^ j , 

except for x^^it for which the derived series is diseoutinnoiis and 
expresses the value zero, while the progressive dift'erential quotient of 
F{x) is — 1 and the regressive + !■ 

3) The infinite series whose general term is: 

is uniformly convergent for all finite values of x, since: 
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For, evidently Jtn(a:) is a function, which for a given x decreases 
when the values of n increase, and for a fixed value of n increases 
when the values of x increase, It„{x) vanishes for ^ = for all 
values of n. Moreover at that point, for an interval from x = 
to x = h, we can determine n so that iJ„(ie) shall be less than an 
arbitrary number d; we have only to choose n, so that: 

^ lin'h'' + l)<d. 
The serie.s expresses the value: 

We have also; 

altbough tliia series converges iineqaably in the neigbourhood of iC = (); 
but the remainder of the original series has here the property, tliat: 

Lim B^'{x) = Lim -, J^ry = 0- 

4) The infinite series: 

F(x) = y b" COB (o;"a;rc) 

converges uniformly if < 6 < 1 ; its differential quotient, however, 
cannot be calculatedj when the product a& > 1, from the derived series: 



t y', {ahy'%ia{a''x%), 



for this series does not converge, because Lim {aiY^mia^ x%) is not zero 
for n = oo. The differential quotient of F(x) has no determinate 
value. (Communication of Weierstrass in Du Bois-Reymond's 
memoir, Journal f. Math., Vol. 79. Darbonx, Anna!, de I'^cole normale, 
T. VIII, p. 195, gives a further class of examples of this kind.) 

130. The rules for the integration of an infinite series result 
without further investigation from the Theorems established for its 
differentiation. In accordance with our investigations in § 127, we 
assume that the infinite series expresses a function everywhere con- 
tinuous in the interval from a ix> b. Let us denote the definite 
integral taken between two values Xf, and X[ in the interval, by: 

JF{x)dx = <^{x,) = (a:, — a;„) F{x^ + Q{x^ ~ x„)), 

and likewise each continuous function f^(x) when integrated, by 

Mabhaok, Culculus, i!) 
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/ fa{^)dX = <Pa{^i)- 



Now first of all, the series of these integral functions cannot possibly 
converge unless: 



Lim <p„{Xi) = him j f^(x)dx 



vanish for « = oo. We cannot infer that tins condition is fulfilletl 
of itself because 

j'Ux)dx = [x, - x^)fAx,, + Q{x, - X,)) 

and Lim fn ^ 0. For instance : 

Litn / nxe~"'''dx = \ Lim(l — e—ia^r) = ^ 

and is not equal to 

x^lIm\{nQx^e-''^^^'^) = 0. 

When the series formed of the integral functions of the several 
terms is a continuous function of x, and its derived series for every 
value in the interval from x^ to x^ is equal to the series F(x), it 
expresses the integral of tlie original series. 

According to the first Theorem of last § this requires tlie series of 
the integral functions to have the property that for any nmnt>er S however 
small, a place n can be found such that for it and all higher values 
the derived of the remainder term B,,'(x) shall he less than S. 

But by the second Theorem it ia a sufficient condition, that the 
given series converges uniformly. 

This second theorem can be seen directly as follows: If 
Fix) -= f, W + f,(a:) +/,(»,)+... f._,(x-) + P. (x), 
and for the entire interval from Xi, to x^ a single n can be found 
for which and for all greater values the continuous function Pn(x) 
shall remain less in amount than d, we shall have: 

j?n{x)dx = (ic, " x^:;}?n[x^ + 0^1'— icl,), therefore 

JF{x)dx^^>,{x,) + ^>,(jC,)+--q^.^rix;) + {x,-X,^?^{x„ + Qx,-x^ 
If now n bo arbitrarily increased, we have 

h\x-),ix-v,{x,) + ,,,{x;) ■■■ + ,.„-,(,■/,) ■ . ., 
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and this series likewise converges uniformly in the entire intorval 
from Xo to Xi- 

The Theorems proved concerning the definite integral show that 
these investigations can be extended to series representing functions 
that are discontinuous or infinite in separate points, or again, to 
the definite integral with an infinite limit, always on the hypothesis 
that the series of the integral functions remains convergent. 

The examples adduced in last § can be regarded inversely also as 
examples for the integration of infinite series. 

We cite the following, due to Darhoux, as an example in which 
the integration is not effected, although the series of the integral 
functions converges; 

is a convergent aeries for all values of x and a continuous function, 
although the series converges iinequably in the neighbourhood of the 
point 3: ^ 0, In fact Ji„{ai) = na;e~'"''' and for x = ^7^= it becomes 



By integrating tbe individual terms between and x we obtain 



"-y. 



The infinite series formed of these integral functions : 



converges, it expresses the function — -^e"*' for every finite value 
of a;, but for a; = its value is 0, it is therefore a discontinuous 
function at this point and not in genera! equal to: 



J'm<i--f-c-i 



(1 - e-- 



131. Applying these Theorems to a series ascending by powers 
of any continuous function f{x): 

■'. + 'hf(.') + ojIfWl' + ■ ■ ■ +".I/W1- + ■ ■ ■, 

we see: 

First: Such a series is a continuous function of x within its 
eonvergency; for, if we put f(x) ^ s, the absolutely convergent series: 



y Google 



228 Integration of an inflnite series. Ek. III. ch. IV. 

is a uniformly convergent aeries. Moreover even at tlie limits of the 

convergeucj this series of powers is a continuous function, although 

only semiconvergent (§44. IV); thus it always converges uniformly. 

Second: The series derived by differentiating with respect to x: 

fix) la, + 2a,f{x)+3u,(f{x)r + ■■■ na.(nxj)-^ -\ 1, 

as long as it converges, is continuous and expresses the derived of 
the given series; but it certainly converges within the interval of the 
original series. 

Third: The integral of the given series, taken between two 
values x^ and x, in the convergency, is formed by the uniformly 
convergent series: 

ao + aj}(x)dx + a,J[f{x)ydx+ ■■■+a^f{f{x)]''dx -^ etc.. 

If this series converge also at the limits of the convergency and 
remain continuous there, it expresses the integral up to and including 
the limits. 

13S. Expression of the function sin~^ x ^ j ^ '—^^ by a series. 

If iB^ < 1 we have the expansion: 
„,_i , , 1 , , 1.3 , , 1,3.5 :. , , 1.3.6... (2m — 1) g„ I 

hence: 

li^^ 13iC^ 135 iB' 13 i'^fi 1^ K^"~^^ 

""-''=-» + ¥ 3- + 2:4 6- + 2-X6T + --- + -' 2.I..2. W i + '"°- ' 
This series continues to converge even for x^ = 1, although the above 
binomial series is no longer convergent. For, the terms of the series: 

±_L±J__l_ii3J_, L3i5 i _|_ \^^-l } _j_ 
1 "•" a 3 ">" 2.4 5 ""^ 2,4.6 7 "r 2.4.6.8 9 " 

are smaller than the corresponding terms of the series : 

' + Y + 2-i + ra + 2S8 + -"+»"=-- 

But this series converges and its value is 2. For: 

yiZZx _ 1 - '- -If -y V 

converges even for the value a: = 1. Therefore: 

sin-i(l) = |- = | + ll + gA+^^|-| + etc.. 

The definite integral /--=Lf_z_, as alreitdy indicated in § 107, has the 
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finite value ^ re, although the function to be integrated becomes in- 
finite at the upper limit. 

13S. The elliptic integral: 

/'. ^"^ = /^ i.9 . . „ (7;= < ] \ 

can be developed by powers of h. Expanding: 

(1 — ¥mi^(p)~i=^ 1+ — fc^3in*g) + ^^'"'siaV+ zttj ^'^"^'^''^9' + ■ ■ ", 

we have therefore: 

F[(p) = / -r^ = ^ -|- - fc' / siu'ipdtp -f- ^- /;' / sin'qidfp 

I s 5 I' 
-\- (T^'j, }i'' f sm^<j>d(p -j- . . . , (/c^siii'9 < 1). 

The integrals in this series belong to the binomial integrals 
investigated in § 118 as is seen by substituting sinip^x, they are 
determined by integrating by parts; we have: 

= — sin^'"~'9)COS9> -f- {2m — 1) / sin^"'~^^coa''gi(/ip, 

hence replacing in the last term cos- 9? by 1 — sin^q;, transposing and 
; the limits we find: 



Jsm^'"<pdip = g-^ — ■'-— j ^^ -Jsui""-'<pd<p. 

For the limits zero and ^n: we have: 

Hence the "complete integral" is: 

^'(f)-/l|-|- 1 1 + («''=' + 0' ■ «'''' + (i ■ * ■ f)'"' + ■ ■ 

Similarly we obtain for the integral: 

E{^) = / Aqjrfy = F{(p) — k'Z{<p) 
by expanding: 

(1 ~ k' sin- (py = '[— -l-lc'din'' (p — ^k'siu' q> — ^-^/,;*'sin'*9- 
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1 /. 1 /'. 18 't. 
}i{fp)^fp — —li? I siii^ <pd<p — — i' I sm'g)i?q3 — -— -g 7^*' / sin^'ipdip 

(k^sin'^ip < 1), 

(f S 1). 

These series converge slowly when the value of A' is nearly 1 ; for 
this case Legendre (Traite, p. 65) established more rapidly conver- 
gent aeries ascending by powers of the complementary modulus 

Vii. To discover the law of the explicit expression of I''(ip} 
and E{(p), it is convenient to introduce the forma by which the powers 
of sin (p are expressed by sines or cosines of multiples of <p. *) In 
consequence of the equations (§ 67): 

t'V == cos (p -^ ism fp, e~~''f = coa (p — isin.ip, 
let us put; 
1) A-= 1 — Z^^ain^ 



(1 + cY 



7^ = 

' -r "^ i-\-yi — ii' 

Now, for c < 1: 

are absolutely convergent series, therefore the value of 

calculated by the rule of multiplication (§ 78), will be likewise ai 
absolutely convergent series, which can be arranged by cosines o 
multiples of (p when we replace 

gimip ^ g-imip __ 2cos(mg^). 
The result is: 
3) — = ^ — 2^,cos29J + 4A..cos4:^ ~ 0A,coa69> + ■ ■ ■ 

*) Legendre, loc. cU., p. 273. 
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A _l + c|l.S i, \ 1.3.&„.i| 1-3 1-3.5.7 B . 1.3.5 1.3.5.7.» , _ j 

^'■■i— 2 {■•.i'^^i 2.4.6*^ + 3.4 2.4.6.8'^ ^^ 2.4.6 2.4.6.8,10^+1 

/I -L+^ILM^Si L 1-3-5.7 ■ 1.3 1.3.5.7.9 , _ | 

^^^ 3 12.4.6'' + 2 270.8 "^ +27* -J.l.H.S. 10 '^ ^ 1 

These numbers j4, ^| , 2A^, 3.^1,, 4j14, etc., decrease continuiilly 
and have zero as limit, for: 

Ai < cA, 2A^ < c^i, 3^y < 2c^3, 4J.,, < 3c^^, . . . 
consequently: 

A^ < cA, 2A^ < c'A, 3^3 < c^A, AA^ < c'^, . . . etc.. 
Hence, as c < 1, series 3) converges even when we give each of its 
terms the absolutely greatest value it admits of; therefore 3) converges 
uniformly (§ liJ7) and expresses a continuous function in the interval 
from zero to | ir.. Accordingly we obtain by integration : 

4) l'\(p) = l ^ = A^ ^ A,s\n ^(p + A.^sm 4:<p — A.^sindtp + • - ■ 

111 particular for <p = ^n: 

' 71 J Aip ir \2/ 

But the other coefficients of this series can also be expressed as 
deiinite integrals. For, if we multiply series 3) in turn by : 

cos 2^, cos 4 9), 008695, . . . 
and integrate these products between zero and ^tc, since for jw^m; 

/ cos2m93Cos2«qjd9)=-^ neos2»i + W95 + cos2)k — n<f\ drp = 0, 

and lor m = n-. j (cos 2 mg}yd<p = - ---, we thus obtain; 

6) h.S^^ = -A,^,fr'^^ = 2A,^-, N'''^'^'^=-3A-"r,- 
>jA<p 1 2 '^ Aq. 2 2'^ Ay 3 2' 

The calculation of.-i, introduces the values i''(^^) and j5^(y-J, for: 

„ --^. = -/^- '^^ =i\^(^-i^ m - " © ■ 

Recurring formulas can be found for the other coefficients by 
differentiating series 3). Since the series thus obtained: 

sin ye ay _^ 4:A^sm2^ — Ifi-il^Bin Alp -\- ZQA^sm 69) — ■ ■ - 
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232 Integi-ation of aji infittite eeriea. Bk. IH. oh. IV. 

13 uniformly convergent, the differentiation is admissible (§ 129). If 
we multiply the left aide of this equation by tj , and the right by 
the equal value: 

— j-j 1- cos 2<p = A -[- cos 2ip 

and arrange by sines of multiples of q), since: 

2 sin 2 my 00329^1 = sin2m -{- l<p -{- sin 2m — lip, 
we shall have; 

^^ = (4J-,;i — 8^2)siD29 — (leXjA -~2Ai - ]SA.,)sm4(p 
+ (36^^-1 — 8^;. — 32^,)sin69) - (64^^;! — liiA^ — bOA^)3mS(p 



'- ■ A„, J sin 2 m — Irf. 



On the other hand we obtain by multiplying equation 3) by sin 29?: 
"^^ ^{A- 2A^)8in2<p — (Aj ~ 3^3)sin4g:> + (2A, — 4:A,^)dn6^ 
■ ■ • C— l)"'((ra — 2)X_a -m^™)sin2)B— l<p ■ ■ ■ 
This series must be identical with the previous one; and since both 
series converge imiformly, the only way in which this identity can subsist, 
is, that the coefficients of corresponding sines coincide in both. This 
becomes evident when, as in the deduction of equations 6), we express 
each coefficient by a definite integral. Hence: 
A — 2A^ =AA^l — SJ-j, ^1 — 3^3= 16^5^ — 2^1 — 18^3, 



{m — 2)A„^s — mA,„= (2m- 



(iiml 



8) 2m{2m - l)A„ = 2{2m — 2)M^_iX — (2m- 3)(2m -4)^„,_k. 
Accordingly the coefficients of series 4) are determined by the equations: 

^3 = - --^ ■' , etc. . 

Similarly an explicit expression is got for the integral E{q)). 

The third normal integral TT(9)) requires special investigations, 
upon which wo do not here enter since these series can in general be 
replaced by more rapidly convergent developments, investigations that 
demand a detailed theory of elliptic integrals. 
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Fifth Chapter. 
Integrala of transcQnclental fimotions. *) 
135. If f(f) denote a rational function of e^, i f{f)dx is 
trausformeil into a rational integral by substituting s = C, — =dx. 
The integral of a rational function of sin a: aud cosic can be 
converted into one of the above form by substituting: 

cos a: •= — ■ ■:/—— , sin ic '= — -^^ , 

and therefore also into the integral of a rational function. 

However as this introduces imaginary quantities, we ordinarily 
tirefcr to substitute: 

i^ix{x=^s, sma;^--^^, cosa^=j^p^, dx ^ ^-_^—,. 

yince ixdf=xf— \fdx, we can- also calculate j xdf by the 
rule of rational functions, when /' is any rational function of sin 3; 
and cos x. 

13(i. By partial integration : 

/ ^x"'dx = sf^&' ~ m j x'"'-^ti'dxy 
I -— dx = — -z- — -~j + — — ^ ( -^zi dx. 
If m be a positive integer, we obtain by the first formula: 

The second formula when m is an integer leads to the equation: 

*) Without entering ou a general investigation, under what conditionB tlio 
integrals of transcendental functions can be evaluated in finite terms, we only 
coUect in this chapter those formulas to ■which the simplest applications of 
analysis lead us. Euler: ibid., Ch. IV and V. General investigations of these 
integrals were' given by Hermite: Cours d' Analyse, p. 320- 



- dx. 
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234 Integrals of tvansoen dental functions. Bk, III. cii. V. 

New forms of the same integral are found by substitutions: 
J x'"e^''dz =^^J y'"&'dy, (x = -f), 

J x"'^''dx=J (ly)"'rf~idy , (x = l{y)). 

I'il. The hjgarithmic integral: f - — — = f jAr : when x = l{y). 
Since : 

^ = ^ + 1 + -^- a; + j!r ^- + ■ ■ ■ + -jl' ^''~' H . 

we have: 

') f'^'- 'W + » + 15 f + E f + ■ ■ ■ + li 7" + • ' ' 

The definite integral can be taken between two limits that do not 
include zero, that are thus either both positive or both negative: 

fi '''' - '(!-) + ('-») + 4- (»' -«')+ jjj ('• - «') + ■ ■ ■ 

Likewise when x = — l{y): 

^)/^=/ly = '(-)--+i-il+ ■■■ + '- ')■£ + ■■■ 

But here a special case presents itself. Since the function jr-; is 
finite and continuous in a finite interval that does not include unity, 
ex. gr. from ?/ = up to any proper fraction y, the value of the integral 

/ j~z which is the same as / -■■ ■■ ^ , where x' '= — l(y') may be any 

positive number, must be determinate {§ 106). Series 2) however is no 
longer convergent at the limit x === ~\- 00. Hence we must have: 

3) /-^^ - ' w ~ ^ + -1: - lij + ■ - + (- !)• ,fg- + ■■ ■ + f-'' 

where the value of the constant C is still to be fouud. If wc denote 
the convergent series: 

by F(x), since the integral vanishes for x = <x>, we must have: 
F(oo) + C - 0. 

If then we put a large number « for a:, we obtain an approximate 
value for 6' =; — F(a), of which we can estimate the error as follows; 
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Forming the function: 

(p{x) =^ ~ (e-" — e-") , 

its derived is (p'{x)=^ . Now since F'[x)^--, <p'{x) is^F'ix) 

if a: > o. Hence the functions F{.yf) — -f (a) and (p{x) both increase 
continuously from zero for x'>^a, so that the second function is 
always greater than the first; lience 

therefore 

^(co) < F{a] + '-^" - 

Thus the error incurred in putting C = — F{a) is less tlian - ■ ■ *) 
In this manner, assuming ex. gr. a = 10, we determine the value of 
C from that of i^(lO) with a defect less than 

^l < 0,00001. 

The value of C, the Eulerian constant, for which we shall give 
a more rapidly convergent series § 165, is: 0,5772156649 . . , 
138. Integrating by parts: 

I x"'cosxdx= ai"'cos (x — ^jt; — m I ■x"'-'cqs (x — -J-ar) dx, 

f ai^sin xdx ='3^"sin {x — ^w) — m j a;"'-^sin (?; — |3r) dx. 
Hence for a positive integer m: 

I x'^cosxdx = l2L ^^ {— !)"'-''cos (x — ~ — "^^-—n), 

I X'" sin xdx = ^ "^17 ( — l)"'~''sin [x — '" ~ ttJ ■ 

Likewise: 

f eosx dx ^ _ coa;^ _ 1 P >,mx dx 

J x'" ^ (,«-l)^"-^ m~J ^— ' 

In this case a positive integer value of m leads to the integrals; 

that can only be found by expansion. We get: 

*) Minding; Handbuch der Diiferential- ucd IntGgralreohnung, p, 191, 
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Integrals of transciaideiital functions. B1i 

./'^ '*»' - ' W - §1 + iE - SE + ■ ■ ■ + (- ')" ■ sf 



/" 



'''»'-»-iir+5E-7ir + "-+'-')"'isTnii+i;°'°' 



The first holds for every interval that does not include the number 
zero, the second without restriction. Moreover, determinate values 
must result even for infinite limits (§ 155). 

139. The integral / siB."'xcos^''xdx is converted by the substitution : 

sina; = s', cosa; = (1 — s)', ({x=^ —r- -- ,- 

into the binomial integral: 

if'^''^ (1 - ^f ■"' <!«■ 
The Theorems in § 117 show that this integral cau be brought 
to a rational form when one of the numbers: 

i(m-l), i(M~l), Um + n) 
is integer; one of these equations must be fulfilled if «i and n are 
both integers. In other cases the recurring formulas of § 118 are 
applicable to the present integral. We can write down these six 
recurring formulas retaining the trigonometric shape, directly thus: 

I. j sin"'xcos''xdx=^ - - - — ■ 1 -j— - j siaJ"+^xcoa''-^xdx, 

II. / sin'"3;cos"a;(?a; = — — ^" — ~4~^^XT /sin""^^a;eos''+^3;[?a;. 

Putting on the right in the first equation ein'"+^a; = sin"'a;(l — eoa'«), 
and in the second cos''+^a; ^ cos''ic(l — sin^a:), we find: 

III. f Bia"'xcos''xdx = ^'^ ^^ ^ + ^^^ f sin'^xcos.'^-^xdx, 

sin'"3;cos"3;rf3:^ v 1 — aT f sin"'-^a:cos''a;(/y;. 

If we solve these equations for the integrals on the right, and replace 
in III. ra — 2 by n, and in IV. m — 2 by m, we obtain: 

v. lsm'"xcoB"xdx^~^— ^^ - + '"^?^ ■■ / sin"'a:cos"+^a-'(;a:, 



VI. f sia."'xcos''xdX'=— -,— ^- — ^4-^X.^n"_ / sin'"+'^a:cos"a;£;3;. 

Equations III. and IV. cannot be employed when sw + K = 0. Hei 
we have for « =. — m = ~: 

n^'j'dx ^f {tau xy dx =^ ^ j~rj-f-' Pitting tan a; = s". 
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g 138 — 140. Trigonometric and exponential functions. 237 

Similarly the other equations are iiiapplicabJe in the cages of m 
or n being — 1. Got here too the condition of being integrable 
rationally holds. 

The recurring formulas show that in all other cases the exponents 
m and n can be brought down to numbers between — 1 and -|- !> ^i"^ 
and 2. If m and n are integers, we are in all cases led by repeated 
application of the recurring formulas to one of the eight integrals: 

I amxdx = -^ cos x -\- C. j cosxdx =' sin x + (^■- 

/■£ -/t - i W + c - i(ti«.g }:«) + a (§ 135.) 

f''^^p - - Keoa X) + 0. j'^iP - Usiiil) + 0. 
I sinxco^xdx = ^ j sin2xdx ^= — ^-cos2fl; + C. 

J sina: tosa^ J slniiic 

140, Putting ^"dx ='^\~~r] ^T^^ integrating by parts we find : 

1. {^''sirC'xdx = ^ ^^ '" — |- /e*^sin''-ia:cosa;(?a;. 
Likewise we find for this new integral: 

I (^''aiu'^^xcosxdx = - — ^"^ ^^ a: cos a: — ^^-1 1 ^''sm"-^xcos'xdx 

+ l-Je'"'sin»xdx, 
or, as cos^a: =1 — sin'^a^: 

2. / e'''^iim''-^x<iofixdx^- ^- "k j ^''^^^^^^ax 

-\- ^- f ^''s'm''xdx. 
If we combine equations 1, and 2. we have: 

.. r i. ■ . -, /^Bin^i*[fc8ina:-Mcos:c) 

3. f e'"'sm'^xdx == — — T2~^~^i~ 

4. "^'~y l^''sm''-^xdx. 



For n = 1 this i 



/. 
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For n = we lia<! already: 



/"' 



Every integral of this liinfl, in which « is a positive integer, is rodiicod 
by formula 3. to one of tliese two integrals. 

When ^ is a negative number, the integral can be taken up to 
a positive infinite limit, for although sin a: and cos a:: become quite 
indeterminate between — 1 and -f- 1, yet e** in the integral function 
will pass over continuously into zero. Thus we have for 7: < Or 



In like manner we find: 



/- 



/"■ 



Here 



/- 



anti ior 'k < 0: 






/. 



141. If circular functioua occur in the function to be integrated, 
the process of integration by parts leads likewise in many cases to a 
solution or simplification of the problem. If in the integral 

/ X sin-'^ ■ dx 

the function X be integrable we hav.e: 

j Xsin-'xdx ^= aiu-';c j Xdx — j j - ^== j Xda;\ ■ 

Ex.gr.: Jx'-sm-^xdx = ^^:^iSm~^x- ^^-J y^-_—, ' 

This new binomial integral can be expressed in finite terms when n 
is an integer. We can also get rid of the circular functions by 
introducing algebraic and trigonometric functionSj putting 
sin~^3: = s, x = sm0, dx=co?iSds. 



j{sm—^x)''dx = I g^ cossd0. 
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Sixth Chapter. 

General theorems eoneermng the definite integral as the limiting 
value of a sum. 
142. The fundamental problem of the Integral Calculus in its 
simplest statement (§ 101) leads to the evaluation of the limiting 
value of a sunt witJi arbitrarily many summaiids. Independently 
therefore of the differential conception, the problem of the integral 
calculus opens up the question: WJiat must he the nature of a func- 
tion f{x) in the interval from cc ^ a to x ^l, in order that the sum : 
S=d,f(a + Qtdi)-\-d^f{Xi + Qid2)+d3f{a:^-\-Qsds)-i—-+d„f{x.-i'i-Q„d„) 
mail have a determinate finite limitmg value, tvhen the subdivision of 
the interval from a to h hy the points: 

a;, =■ a + d, , % ^ a:, + (?2, x^=='X^-\- d^ . . ., h = x^-i + d„ 
is continued arbitrarily, while the lengths d converge to sero? Such is 
the most general form in which this question can be proposed. The 
quantities denote proper fractions, they may also be zero or unity, 
30 that the values of the function are always chosen anywhere within 
or at the limits of an interval. The limiting value must be quite 
independent of the arbitrary quantities 0. Still more generally we 
may denote by f{x -j- Qpdp) any value whatever from the greatest to 
the least of the values assumed by the function in the interval dp. 
If it be discontinuous in the interval, this selected value may not 
occur among those of the function. It is a secondary question that 
must be answered hy itself, whether, when there is a limiting value, 
this limiting value regarded as a function of the upper limit has f(x) 
as its derived function or not. 

Now while in § 102 the investigation admitted of a simple form, 
because f{x) was assumed continuous, it will have to be conducted 
differently here, since we have first to ascertain the hypotheses 
necessary regarding the function /(a:). Riemann*) who was the first 



: Ueber die Daratellbarkeit einer Funotioa durcli eine ti'igono- 
metrische Eeihe (Werke, pp. 213 — 2B3). Some details in the following proof have 
been renderect more precise bj Da BoiB-S«ymonii (J. f. M., Vol. 79). 
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to formulate the problem precisely, has also supplied its solution. 
We restrict ourselves at first to functions which do not become infinite 
anywhere in the finite interval from a to 1), so that all the values of 
the function are iucluJed between a superior limit that may be 
denoted by G and an inferior that may be denoted by g, these being 
positive or negative. 

The function must be one that is defined without exception for 
this interval; i. e. its value belonging to each point is actually given, 

The question proposed above may now be abridged into the words : 
Under what hypotheses is such a function integrable? The answer is: 

If we denote the greatest fluctuation of the ftmction, i. e. the 
positive difference of its greatest and least valiies, in the interval from 
a to X, inchidmg those limits hy D^, likewise helween x^ and x^ hy 
D^, , . . between x„^i and i hy D^, then the limit of the sum: 

d,D^ + djDj 4- ... 4- d„Z>„ {d,~{-d^^ \-dn = h — a) 

miist be zero as the values of n increase, when simultaneously all the 

quantities d converge to sero. 

This is the necessary and sufficient condition. What takes place is: 
When the above sum converges to zero for any law by which 

the number of intervals increases arbitrarily, it always converges to 

zero in whatever manner the quantities d are chosen and arbitrarily 

diminished. 

We prove this last statement in the first place as follows: 
Suppose the number n already chosen so large, that the absolute 

amount oi ^^dpDp, since its limiting value vanishes, is less than 6. 

Choosing another completely different subdivision into m parts, where 
m > n, and the quantities dj", d^', . . . (?,«' are arbitrarily smaller 



also eouverges to zero. Let us consider the length ah simultaneously 

divided into n intervals d and into m intervals d', then there will 

be in each part d a certain number of the intervals d'; but, in general, 

extremities of the intervals d' will not coincide with extremities of the 

intervals d. Suppose: 

a -\- di -{- d^' -'[- ■ ■ ■ di' < a + (7, = a:, < a + rf,' + ■ ■ ■ d\+i, 

a + d{ + d.{ -\- • ■ ■ d^ < x^ + d^^ =- x,; < a + d^' + - ■ - (?V_|_i, 

a -\- d{ + f^,' -j- ■ ■ ■ dy < fl:^ + t!f.( == a^g < a + (/,' -|- - ■ ■ d\j^-i, 
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then we can separate the aum ^d/ B/ mto parts as follows: 

isolating the terms that refer to intervals that contain the dividing 
points of the first partition; they are w — 1 in number. But since 
Di denotes the greatest fluctuation in the whole interval r?,, we have; 

^d;T)p' ^i\I)^, ^dp'D/^d,!)^, etc.. 

Further, tlie sum of all the isolated terms is certainly smaller than 
M — 1 times the product of the greatest d' of their intervals by the 
greatest fluctuation 2)' occurring among them. Therefore: 

^d;i); £ ^dpBj, + ()( - l)d'D-. 

Now since we can arbitrarily dimiuish the values d' , wo can always 
choose them so small that the product {n ■ — l)d' D' = £ shall become 
arbitrarily small; therefore we have: 



i. e. this sum also becomes arbitrarily small by suitable choice of m. 
We now proceed with the proof of the above theorem as follows: 
Let the entire interval from « to & be divided , in succession, 
first into w,, then into ^2, n^, . . . n,, . . . parts; and let: 
each segment of the first partition: (J,"l, f?^''*,...c(„/'* be smaller than d,, 
each segment of the second partition : fZ|l^',(^2'^',.,.dn,'^' be smaller than S^, 
each segment of the third partition : (?/'' , rfj'^l , , , . (?„,*'^' be smaller than 3^ , 

each segment of the v^^ partition: JjW, rfj''', ...rf^'^' be smaller tliauiJ,,, 

let Sj, §2, Sj, . . . d^ . . . form a series of positive numbers converging 
to zero; and let the dividing points of the second partition include 
all the dividing points of the first, and likewise let those of each 
further partition include all the dividing points of the preceding one, 
so that each interval t?, , d^ . . . is divided into new subdivisions. 

Let G^''' denote the superior limit of the function /"(re) within the 
interval dfj-^^, taking the sign into account, and similarly ^^.M its 
inferior limit. Then let us form the sums; 
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2'V'Cr..«>. S",-'- 



and denote their values by Ay and B^. lu the series of nnmbera: 
A^, A2, A-,, , . . A-^ . . ., each number is less than, or at most equal 
to, the preceding, for, whereas one interval ex. gr. d^'^l contributes 
t^jl'l GjI'i ia Aj, the same interval in the sum A^ consists of several 
parts. But these partial intervals certainly do not contribute more 
to the sum A^ than the product (^^l''Gjl'', because (Sjl'' denotes the 
greatest number that occurs in the entire interval dj"'? ^'^^ therefore 
also in any of its subdivisions. 

The quantities B^jS^, S^, . . . J?v ■ ■ ■ form a aeries of increasing 
numbers; and since each A is greater tlian each B, the series of 
numbers A as well as the series B has each a definite limiting value. 
These limiting values become identical when a place v can be assigned 
for which and for all greater values of v the diiference A, — B, is 
less than an arbitrarily small number 6, i. e. such that; 

A, - B, -2"*/" ("/•"' - *'") - 2*'"-°'"' < "■ 
In whatever way the quantities are assumed, the sum: 
S = (?,W/-(« + 0, d,M) + d.i'^^f(a + d,M + 0jW<?jW) H 

whose limiting value defines the integral, always lies between the limiting 
values of A^ and B^ and when these are equal, this sum has also the 
same finite and determinate value; as we undertook to prove. 

The condition enunciated ia sufficient; but it is also necessary. 
For if both series of numbers A and B had not the same limiting 
value, the limiting value of the integral sum could, by varying the 
quantities 0, be brought to coincide with the limiting value either 
of A or of i?; thus it would not be independent of the qu^titiea 0. 
But the proof is not yet complete; for it was assumed, that the 
successive partitions are always carried out so that the extremities of 
a partial interval occur also as extremities in the subsequent partitions. 
The questions therefore arise: Is the value of S quite independent 
of the choice of dividing points? and is it also independent of the 
manner of continuing the partition? Let: 

a, a:,, x^, . . . Xn^i, b 
and; 

«, x^\ X2, . ■ ■ x'm-i, ^ 

be the extremities in two partitions. Suppose these in whatever way 
commenced to have been carried on quite independently according to 
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our process so far, that the value S„ of the sum belongiDg to the 
former (Jiffers from its limiting value S only by the arbitrarily small 
quantity e, whereas Sm likewise diflers from its limiting value iS' only 
by e'; for, as waa proved at first, every partition must lead to a 
definite limiting value provided there be one for any such partition. 
If now we imagine the two partitions combined into a single one 
and form the corresponding sum S,„^„ relative to this single partition 
resulting from their combination, this may be regarded as a step forward 
as well in the series jS„ as also in the series S,^', hence S^^k only differs 
from S by a quantity 7] <. s, and from S' by a quantity jj' < e': 

The absolute difference S — S' wiil therefore not be more than i] + ij', 
it is less than the arbitrarily small quantity e + «'; the limiting values 
S and S' consequently are identical. The second question also is 
answered by the same process. If we consider a succession of diflerent 
independent partitions: in the first let each of the intervals be less 
than dC, and the sum of their products by the fluctuations be leas 
than E^'i in the v*'' let each of the intervals be less than S*-'), and the 
sum of their products by the fluctuations be less than fW; further let: 

SW, Sl^), . . . Sl« . , . 
be the respective values of the sum; we can again combine the v*'' 
partition with the first and regard this combination as a continuation 
of the first as well as of the v*^ partition. Denoting the value of 
the sum relative to the combination by S', we have: 

S- = SW ± « £(■)), S' ^ S'-'i ± « «"■>). 
Therefore iS"l and S**' differ by less than the arbitrarily small quantity 
jd) _|- fMj i. e. the series of the sums 8 has a determinate limiting value. 
The limiting value of the swns S is called the definite integral and 
is denoted ly the symbol: 



J/w 



dx. 



1+3. The condition thus established is fulfllled: 
First: when "^le function /'(a;) is throughout; continuous; this 
was proved directly in §§ 102 and 103. For, in this case a quantity 
8 can be found such that at all pomts, in intervals that are equal to 
or less than d, the fluctuations of the function : 
&hnif{x) -/-(a; + 05)] 
are smaller than an arbitrarily small number a. Hence we have : 
^dl)<(b~a)a. 
Second: when the function f[x) has finite discontinuities at a 
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finite number of separate points (§ 105). For, these separate points, 
suppose n iii number, can be inelnded within arbitrarily small inter- 
vals d, such that when D denotes the largest value among the sudden 
changes, these inteiTals of discontinuity do not contribute more to the 
sum 8 than nSD. Since n and D are finite, S can be chosen so as 
to make this product arbitrarily small. 

We can likewise see that, at each of an arbitrary finite number 
of points, the function can have, within an interval however small, 
infinitely many maxima and minima with finite fluctuations, {ases.gr. 
ain —— at the point x = a), or even that it can be left altogether 
indeterminate, i. e. that we are at liberty to attribute any finite value 
whatever to the function at such a number of points, without the 
value of the definite integral being thereby altered. 

Third: when at an infinite number of points the function is 
discontinuous or indeterminate between finite limits, or elsej within 
an interval however small, has infinitely many maxima and minima 
with arbitrary finite fluctuations ; provided this infinite system of points 
answer to a certain definite description. Into this we shall enter in 
the next Paragraph because the investigation presents an occasion for 
us to extend considerably our conception of a function. 

144. To grasp the conception of an infinite number of points, 
we must first of all dwell upon the difference: a finite length con- 
tains infinitely many points, but infinitely many points do not neces- 
sarily fill up a length, or in purely arithmetical language: the con- 
tinuous aeries of numbers between any two limits, contains infinitely 
many numbers between these limits, but yet infinitely many numbers 
between two limits do not fill up the series of numbers. In order to 
characterise this difference we introduce the following definitions:*) 

Naming the interval from x — s io x -\- e, whose length is any 
arbitrarily smal! finite quantity 2^, the neighbourhood of a point x, 
we shaii call an infinite multiplicity of points a discrete set or mass 
of points, when it is possible toincludeallof these points within neigh- 
bourhoods whose sum can be made smaller than an arbitrarily small 
length while the number of the neighbourhoods can^increase arbitrarily, 

*) The iiivebtigation of infinite eete of point-s first gnen cmusely (18(1) bj 
G. Cactoi Miitb Annal Vo) V is leveloped also la Dim Fondjinenti pei U 
teorici delle tnnzioni di vanabih teali Pita I8i8 The aboie distmi,tion of 
diaciete and bneu seta of pomts differs however horn Cantor 8 definition of sets 
of tte liret ant se'-oad "lecies (Math Annal Vol XV p 2) lu btiictness by 
tl jhrose disciete set of points or vilies we imply that foi the proljlemi, 
of the integial calculus such a set has the sime ptopeilj is i finite nur I <.i ol 
ttl "irite o nta or Tilues cften iismg it Ijnefl^ whethei the i u I er s finite oi 
inhmte '^ee B.s i) 
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But ou the other hand ive shall describe the iufinite system as 
a linear set or mass of points, when the sum of the neighbourhoods 
cannot be arbitrarily diminished. 

From these definitions it follows: (1) In case of a discrete set of 
points it is always possible to assign intervals, whose sum differs 
arbitrarily little from 5 — a, such that there is no point of the given 
set in any of these intervals; for we need only exclude the points 
along with their neighbourhoods , of which the sum ia arbitrarily 
small. In case of a linear set of points the sum of such intervals 
always differs by a finite quantity from h — a. 

(2) In case of a discrete set of points it is always possible, arbi- 
trarily near any position whatever, to assign a finite interval within 
which there is no point of the given set. For, if k be an arbitrary 
point of the interval, it could only be impossible to find arbitrarily 
near « an interval devoid of any point of the set, if in the neigh- 
bourhood of each point within the finite distance 5 of a there were 
infinitely many points of the set. But then it must also have been 
impossible originally to have included all the points of the set within 
neighbourhoods having their sum less than d\ i.e. the set could not 
have been discrete. 

In case of a linear set of points this is not possible everywhere. 

These differences will become clear by the following Examples: 

1) Every finite number of points in an interval of finite length 
is discrete; considering it as a set, we denote its order by zero. 

2) The infinite set of points in the interval from to 1, which 
is determined by the numbers: 

■i,i. («',(*)', («'•••(«"■•• 

is discrete, for, the points of this set concentrate only at zero. If we 
separate off an arbitrarily small interval beginning from the point 
zero, we leave only a finite number of points of the set in the 
remaining length, so that the total sum of all the neighbourhoods can 
be made arbitrarily small. 

The positions at which points of any set concentrate or condense 
themselves infinitely are called its limiting points; the set of the 
limiting points is called the first deiived set of points. In the 
present case the first derived set is ot the order zero; the order of the 
original set is therefore denoted by unity. 

3) A discrete set of points can have more derived sets than one, 
or be of higher order. The points 

1, i, (1)', i + Cl)'. (if, \ + (i)'. tt)' + (i)'. («'. W + (1)'. ■ • • 

concentrate at infinitely many positions, namely at the points: 
0, i, (i)', (if,--- etc.. 
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Nevertheless they form a diacrete set. For if we lay oif an arbitrarily 
small interval from the zero, there remains only a finite number of 
points at which concentrations of the given set of points occur; and 
if we include these within arbitrarily small intervals, there remains 
further only a finite number of points of the given set. The firat 
derived set is here of the order one; the order of the original set is two. 

4) Considering all rational numbers in the interval from « to & as 
a set of points, we have a set of the second kind, a linear mass of 
points. For, at no position can a finite interval be assigned, within 
which there are not infinitely many points of this set; such a linear 
set answers to the description "everywhere dense" within a finite 
interval. Similarly all irrational numbers form a linear set, and 
so do also all numbers that when reduced to their lowest terms have 
as denominator a power of any number n. 

Here moreover no derived set of lower order can be found, 
because each point of a segment however small is a limiting point. 

It can he shown on the .other hand quite generally: Whenever a 
set of points has a finite number of derived sets, it is discrete. 

For, starting from the last derived set of order zero, i.e. from 
a finite number of points it,, a.^, ■ ■ ■ flm, the set of points of which 
this is the derived set, contains only at these positions concentrations 
of infinitely many points, and further a finite number of points 
6), &2, . . . 6«. The sum total of their neighbourhoods can be made 
arbitrarily small. The set of the first order is discrete. From this 
let us proceed to the set of the next higher order. Having included the 
positions «,, «j, ... Oni, and &,, h^, ... hn, within arbitrarily small 
neighbourhoods, the new set contains further only a finite number 
of points c, , Cj , . . . Cj, . It accordingly is likewise discrete ; therefore the 
character of the discrete mass of points is preserved through any finite 
number of such ascending processes.*) 

145. A function that is generally continuous yet in infinitely 
many points is either discontinuous or completely indeterminate between 
finite limits, or else, within an interval however small has infinitely 
many finite maxima and minima, we call discretely disecntinuons, 
whenever the points at which the fluctuations of the function exceed 
a determinate finite number a, form only a discrete set of points.**) 

*) The conception of derived sets of pointe waa introduced by Cantor (Math. 
Anna!., Yol. V, p. 139). His example (»6. Vol. XVII, p. 358) shows that a 
discrete set of points can also have infinitely many derived Gets, being thus of 
his second species. 

**) These definitions are essentiaJlj connected with tkose given by H. Hankel 
(1833 — 73) iti his: Untersuchungen iiher die uuendlich oft oscillirenden iind 
unstetigen Functionen, Tiibingen 1870. Beprinted Math. Annal., Vol, XX, p. 63. 
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"fluctuation" of the function is meant the magnitude of tlie 
1 of continuity, or, the difference of the limits between which 
the indeterminate values lie, or lastly the differeuce between the 
maximum and minimum values. 

On the other hand we call a function linearly discontinuous, 
in which such points form a linear set of points. Now it is easy to 
see from Riemann's Theorem that within its interval: 

A discretely disconUnuoiis fundion is integrabU. 

For, ff being a prescribed arbitrarily small finite number, we can 
carry the partition of the length a 6 so far, that in the partial intervals 
generally the fluctuations become less than a, while s, the sum of the 
neighbourhoods of all the points at which the fluctuations exceed a, 
can be arbitrarily diminished. Let m be the greatest value among 
these fluctuations, then: 



3 



dD< 6ih-a) + SM. 

But the sum on the right can be diminished arbitrarily, since a may 
be assumed arbitrarily small, and likewise s in consequence of the 
property of a discrete set of points. 

Linearly disconUrmous functions are not integrable. 

Examples of functions infinitely often discontinuous that are 
integrable. 

1) Let the value of the function fix) be zero everywhere in the 
interval from to 1, except in the infinite series of points: 

i, («', (SMV, ■■■(»■■■ 

in which its value is to be ^. This function is infinitely often 
discontinuous within an arbitrarily small interval from zero; hut the 
sum of tlie intervals in which the fluctuations are ^ can be made 
arbitrarily small. The value of the integral is determinate, it vanishes, 
2i We can likewise construct a function that is integrable, although 
it IS (liocontinuous in every interval however small, and though the 
number ot points, at which it has discontinuities greater than some 
hnite number, is not finite. Determining, ex.gr., that the function 
f(c) IS to vanish generally in the interval from zero to unity, but 
yet that at all points of a discrete set of which the point \ is the 
derived set its value is to be \\ at the set of points, whose derived 
set are the points ^, f, its value is to be \\ at the set of points 
with the derived set |, ^, ^, -f, its value is to be \\ and generally: 
if p be a prime number and q denote each number smaller thanj), at 
the set of points with the derived set ~, its value is to be ---, 
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the integral of the fuuctioii so defined is zero. The sets of points 
question we may ex. gr. conceive formed by the series: 



l + tt)". 



,- + (I)"- 



- (i)"+ 



■ etc.. 



For, the points at which the discontinuities exceed some given finite 
number, form always only a finite number of discrete sets of points. 
The sura of their neighbourhoods becomes arbitrarily small. 

3) The first example of a discretely discontinuous integrable 
function was given by Riemann.*} Let {x) denote tbe positive or 
negative excess of x over the nearest integer less or greater; when x 
is midway between two integers, let {x) = 0. The series: 



fix): 






(3«) 



converges; for, -■ + nj + -^ ^ + • ■ ■ is convergent (§ 47) and its sum 
found from the expansions of tan x and cot x is l-n'-'; also the value ^ 
is a superior limit of (mx). Each term of the series /(ic) is generally 
continuous, only when 2mx = an odd integer^, neighbouring values 
in the function (mx) differ from each other (piam proxime by 1. 
When X = ~ this takes place not only with the term {mx) but 
also with the terms (3ma;), t^mx), etc.. Hence follows: When « is 
of the form ~- , where p is prime to m : 



fix + 0) - f(x] 



fix - 0) - fix) + V 



For, when x = 
while when x 
by — ^, and when x 

_ 1 ( 



the terms named contribute nothing, tliey vanish; 
:ius to increase, they increase each quam proximo 
each increases by -f~ i- ^nt: 



■1B 



-24/- 



For each rational value of x, that in its lowest terms is a IViiction 
with an even denominatoi 2in there is therefore a discontinuity 
of /'(j-) dnd thus infinitely manj between any two limits however close. 
But the nimber ot i^uch discontinijities whose value exceeds a given 
limit IS finite foi i^ r— j must )e > o', 

*) f esaminelte "^ erke j 8 
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a finite ioterval there are only a finite uumber of fractions having 
denominators below a given finite limit. 

The series converges uniformlyj it is not continuons, because its 
separate terms are not continuous functions; the integral is obtained 
by integration of the separate terms. 

Ii6. The fundamental theorems concerning the defiuite integral 
follow immediately from the eqnation .of definition, whose shortest 
form, independent moreover of the quantities 0, is: 

J'f(x)dx~.Umt(x,-a)f(fl) + (x,,~x,)f{x,)-- + (i^x,-,)n':—)\- 
We have; 



1. jcf{x)da; = c jf(x)dx. 

th h, an 

/ f(x) dx 



11. Interchanging a with h, and keeping the same partition of the 
interval, the integral: 



is obviously equal to: 

Lim|(i._,-6y(!))+(x._,-i._i)/'(s,_,)+-+(a;,-a:,)/i»i)+("-«i)«a;i)l 
and also to: 

Lim { {x„_i — l)f{x^i)-\-ix„^2--x,i-i)fiXn~^ -\ h (^i—*2) /'(*]) 

+ {a-x,)f(a)]. 
For, as was shown, it is iodiifereut at what points within an interval 
the values of the function are chosen. 

It becomes evident by this second equality that: 



Jf{x)dx - - j'f(x)d 



i. e. the integral changes only in sign by interchanging its upper and 
lower limits. 



III. 



jf(x)dx + if{x)dx = jf(x')dx. 



This equation holds even when c lies outside tlio interval a to h, 
provided only the function remains iJitegrable. For, when; 

a<b<c 
we have: 
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If{^;)dx = jf{x)dx + jf{x)dx., 
therefore : 

Jf{x)dx = jllxyix — Jf{x)dx =^Jfix)dx + jf{x)dx. 

IV. The sum of integrable functions is itself integrable, we have: 
J{fM)±W}±-+Ux)]dx^Jfi{x)dx±jf,lx)dx±---±J'ux)dx. 

V. The product of two or more integrable functious is itself 
integrable.*} 

We must remember that the foregoing discussions only deal with 
functions that do not become infinite. An extension of theorem V. 
will be found in § 149. 

In the interval dp let the value of the greatest fluctuation of the 
function ip(x) be Dp and of ^(x) be 1)^'. We have by hypothesis: 



^dpl}p = 0, 2!<ip^p'='^> 



for « = oc. 



The product <p(x) . ip{x) is subject in the same interval to fluctuations, 
which, a X -\- Qdp and x-\-Q'di, denote the places of its greatest 
and least values, are measured by the difference: 

ip (a; + d„)ip{x + edj,) — (p{x + e'dp) ip(_x + e'dp) 

=^<p{x + Qdp) {i'ix+ Qdj,)-i'{x + &dp)] 
+ tix + Q%){cp{x -\- ed^)~ <p(x-{-Q'd^)}. 

This form shows that fJie fluctuation of the product is certain not to 
exceed GpJDp -^ G-p'I)^, if G-p and G/ denote the greatest absolute 
amounts which the functions (p and ip assume in the interval dp. 
When G and G' are the greatest of all the absolute amounts which 
these functions assume in the entire interval of integration, we have: 

'^[<p{s> + e.;^) ^{x + Qdp) — <p{x + Q%) ^{x + &dp)\dp 

< G yjdp D; + ff yjdpDp 

therefore in consequence of our hypothesis, it vanishes. Q. E, D. 

*) Du BoiB-Eejmond, Journal f. Math., Yol. 79, p. 21. 
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VI. Integration by parts. (Partial iutegratioii.) 
Let the functions <p(x), fix), as also their product be integrable; 
further let (p{x) be a function everywhere continuous and have the 
integrable derived function <p'{x), so that therefore (see § 147): 

f9iyy^y = 'p(^) — fie)' 

where c and x mean arbitrary points in the interval of integration; 
we have then : 

J'f{x)q>{x)dx^J'f{x)\J'<p\y)dy + ip(e)\ dx 

= cp(c)Jf(x)dx +Jdx \f{3:)J>p'{y)dt/ ! . 
Now putting r,^= a, we find : 

I) Jf{x)<pix)dx = <p{a)Jnx)dx + J'dx \f{x)J<p'(y)dt/\. 

Putting c^^h, and \fl>{y)dy =— \rfi{y)dy, we find: 

II) jf{x)<f{x)dx ^<p{J>)jf{_x)dx —J dx \f{x)Jip(y) dy\ . 

It will be proved in § 168 that the order of these integrations 
on the I'ight can be interchanged, at least, if f{x) and ip'iy) rt 
linite within the domain of integration; that in fact we have: 

Jdx \mj,f-(i,)ii<j\ -Jdy y{y)j'm dx\ , 

Jdx\nx)jv'('j)dp\-Jd,j \9(y)Jt\i)dx\ . 
Accordingly we obtsiiii from I) and II) the formulas: 

J f{x}<f{x) dx — <f{a)J f{x)dx + J dtj {v (s) J f(x) dx\ , 

J'tXx)vlx) dx - ^(b)J f(xjdx ~ Jdij[q,-(sjJlXx)dx\. 
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Theso aro known as the formulas of integvatiou by parts ; they contain 
the appUca-tioii to a definite integral of the method of § 108 b.*) 

VII. The First Theorem of the Mean Value. (Of. § lO;}.) 
From the clefioitioo by the sum immediately follows; 

J'fM'J" - l« + s(G - s) I C - «) (0 < e < 1), 

g denoting the least and G the greatest value of /(a;) in the iutervah 
When f(x) is continuous, it cannot overleap any intermediate value; 
therefore the equation can be written: 



ff 



The following generalisation of the Theorem of the Mean Value is 
often useful: If f{x) and ^(x) are integrable, further, if within the 
interval of integration the function q>(x) has always the same sign, 
suppose positive, then g denoting the inferior and G the superior 
limit of f(x), we have: 

g itp{x)dx <. \ f{x)fp{x)dx < GJ fp{x)dx 



Jfix)fp(x)dx = {</ + QiG - g)]j<p{x)dx (0 .^ <; 1). 
When the function f'{x) is continuous, this can be written: 

lf{x)<p{x)dx = f(a + Q{b - a)) (<p{x)dx (0 < < 1). 

VIII. From the Theorem of the Mean Value in connexion with 
theorem III. (as in § 104) follows that: The definite integral is 
a continuous function of its upper limit. 

For, X and a: + A denoting any values within the interval «&, if 
we call the integral as a function of its upper limit x briefly F{x), 
we have: 



*) These foimuUs aliO hold wheD f(x) and q>'[cc) become infinite within the 
domain uf integration jjiovided only their integrals as well as that of the product 
flce)(p(,XI are flmto and therefore also ip{x) remains a continuous function. The 
theoiem IS not liable to any further restrictions than tboae just mentioned. 
Cf. Du BoiB-Eejmond, Abhaudl. der k. bayer. Akad. d, Wissensch. , II. Claase, 
XII. Vol., I. Abtbl., p. 133. 
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F{3;±h)~F{x)==Jf(x)dx-Jf{x)dx=j'f(x)dx = ±h.(g + Q{G-g)), 

G denotiug the greatest iind g the least value of f{x) within the interval 
-\- h or ^ h. Since the function f is finite throughout, an interval 
+ k can be assigned at each point x, within which this difference 
becomes less than; an arbitrarily small number. 

IX. When f(x) and <p(x) are integrable, and further the function 
f(x) within the interval of integration ia a positive quantity decreasing 
everywhere as x passes through all values from ^a to h, then if M and 
m denote respectively the greatest and the least value the integral: 

/ ip (x) fix 

assumes as x thus varies, we have the relation: 

f{a) . m £j'ni:)g,{x)dx < [(a) . M. 

By the definition we liave: 

J'f{x)<p{x)dx==Um {{X, -a)f(a)'p(a) + {x, - x,)f{x-)rp{x,) . . . 

Now let the dividing points x^ . . . x„-i be chosen so close together that 
the sum of the products of fluctuations by partial intervals: SdpDp 
shall be < a. Then inasmuch as fia), f{x,) . . . f(Xn-i) iire positive 
decreasing quantities, we can apply to the finite sum: 

d,f{a)q>ia) + d,fix,)cp{x,) + ■ ■ ■ d„f(x^.^)<p{x.^,)' 

the Lemma (§ 44 IV.) proved by Abel, and it shows tliat this sum 
is less than the product f(a)G, but greater tlmn the product f{a)ff, 
where G and g are the greatest and least values algebraically in the 
series ; 

di(p{a), d^^ia) + d^(p(x^), di^(a) + d^ipix^) + d.^ip{x^), . . . etc.. 

But in consequence of our hypothesis as to the partial intervals, 
these values differ from the definite integrals: 

.+* .+*+". •+". • 

I (p{x)dx, f (p{x)dx, . . . I (p(x)dx, . . . j >p{x)dx, 

by quantities that are certainly less than the arbitrarily small quan- 
tity c, because the total sum of all the products of the fluctuations 
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by their iutervals is < 6. If then we denote by / the least and by 
G' the greatest value in this series, we have the inequality: 

/■(a)(?'+ff)<'?/(«)?'(«)+'^2/'(^,)9'(^i)-'^/'(«-i)9'(^«-0<Aa)(<?'+*?)- 
If n be arbitrarily increased in this inequality, 6 becomes zero, 
while g' and G' do not pass beyond the least and greatest of the 
valuea which the integral 

j <p{x)dx 

assumes while x is given all values between a and h. Ilenee we have: 

f{a) . m < (f(x)tp(_x)dx < f{a) . M. 

Since the definite integral is a continuous function of its upper 
limit, it actually assumes each value lying between its maximum and 
its minimum, it overleaps none; there is therefore certainly a value 
between a and b such that: 

i a + 0{t--o) 

I f{x)(p{x)dx= f{a) lip{x)dx (0 .< G < 1)*). 

X. Waiving the hypothesis that fix) retains the same sign, we 
obtain from this last equation a more general theorem usually called 
the Second Theorem of the Mean Value. If f{x) and ^{x) are 
everywhere finite integrable functions and f{x) in the interval from 
« to & a decreasing quantity that can also become negative, f(x) — fij}) 
is a positive quantity in the interval from a to &, therefore also by 
theorem IX,; 

; .+»,.-., 

J (fi") - AS))9» (a:)fte _ (/(«) - f{Vj)J r{x)di, 



ff(x),t{x)clx - f(o) L{!r)dx + m L{x)dx. 
^ S^ Am-a 

If j\x) be an increasing function , therefore — Q\xj — fQij) positive 
and decreasing, it follows tliat: 

-J(fW - m)v{x)dx ~ - (/(a) - m)J^lx)dx, 



*) 0. Bonnet; Bemarques ear quelques iutegrales d^finies, Lioiiv. Journ., XIV. 



y Google 



§ 146. 147, Differential quotient of the integral. 255 

or likewise: 

_* a+&{i-a) b 

ff[x)<p{x)dx= f{a) L{x)dx + m L{x)dx.-^) 

Note, The values of f at the extremities a and & can also be 
indeterminate. Prom our deduction it follows, that then in case of 
a decreasing function, f{a) is to be replaced by tlie greatest value and 
/■(&) by the least value to wiiich this function approximates in the 
neighbourhood of these points; the reverse holds in the case of an 
increasing function. 

147. Having learned that the definite integral is a continuous 
function of its upper limit; we naturally ask, whether its progressive 
and regressive differential quotients have a single determinate value? 
From the Equation VIIL: 

Fix±h)-F(x)=J f{x)dx~ jf{x)dx=J f{x)dx=±hifj-i'e{G-())) 



: find: 



^^-r^-iz + eCG-s). 



Now making h converge to zero, it is evident that wherever the 
progressive value of f(x) is continuous, where we can therefore put 

4r + S(e-j)=.r(3; + eS), 
the function F{x) has the progreasive ^ifEerential quotient 

-F'W -/■(* + »)! 
and wherever the regressive value of f{x) is continuous, the function 
I<'{x') has the regressive differential quotient f(x — 0). 

The same holds also at every point at which f(x) differs from 
the values f(x-\-0) and f(x — 0) by an arbitrary finite quantity; 
and there may be a discrete set of such points, provided, arbitrarily, 
near each such point, the values f(x -\- 0) and f(x — 0) follow from 
f(x + h) and f(x — h) by continuous transition. As a particular case 
we have under these hypotheses: 

i b 

Isl/z'W ''4 - 1-™ - j;ff('^'" = «') ■ 

Regarding the integral as a function of its lower limit, the differential 
quotient can be determined either by means of the inversion of limits: 

jf{x)dx = — jf{x)dx, 
*) Du Bois-Ileymond, Journal f. Mathem., Vol. G9._ 



y Google 



256 The tlcfinite integral as the limiting value of a sum, Bk. IIT. cli. ¥1. 

leading to: 

or diroetly from the fornmla : 

h\m-l-jf{x)dx^-f{a). 

At all pointe in whose neigbljourhootl f{x) has infinitely many 
maxima and minima with finite fluctuations, moreover such points also 
can only form a discrete set, the function F{x) has no differential 
quotient. 

Summing up it may therefore be said: Every defmite integral 
excesses mthin its interval of integraUon a contintwus function of 
its upper limit, whose progressive differential quotient has generally a 
determinate value, and its regressive also one idenUcal with this. It is 
onlp vn, discrete sets of points that the progressive and regressive 
differential quotients can differ or can he aUogether indeterminable. 

Since the definite integral is quite independent of the nature of 
the function in discrete points, all integrahle functions that coincide 
within their interval except in such points give rise to the same value 
of the deflnite integraL 

From this appears, further, what is the form of the connexion 
between the definite and the indefinite integral. For, if ^"(3!) be any 
continuous function, whose derived function F'{x) is integrable, (so 
that if this derivate be discontinuous or indeterminate or else have 
infinitely many maxima and minima with finite fluctuations it is so 
only at infinitely many discrete points,) then, the difference: 



f' 



F'(x)dx — F{x) 

is a continuous function of a:, whose differential quotient, generally 
aero, h prima fMie indeterminate only in discrete points. But such 
a function is a constant. For in every interval however small, 
after separating out the singular points, finite intervals will still 
remain within which not only is the function continuous but also 
its derived function vanishes. By the Theorem § 100 therefore the 
function is constant within such an interval; and because the limits 
of the interval can be brought arbitrarily close to the singular points, 
since the function is continuous it will have the same value also at 
the singular points. Therefore it does not undergo any change of 
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from one interval into the nest; i. e. it remains 
constant throughout the entire interval of integi^ation : 



I F- (x)dx ~ F(x) = C. 



The value of this constant is determincJ by putting x =■ «; thence 
follows ; 

— Fia) = C or: j F'(x)clx = F(.r) ~ F{a). 

Therefore when the derivate F\x) of a eontinuous function F{x) is 
hntmn and is fmiie and integrablc , the value of its iviegral is altcays 
F{x) — F{a); even, though we may alter arbitrarily the value ofF'{x) 
in vnftnitely many discrete points. 

148. When the function f(x) becomes infinitely great/ either 
determinate! J, or, oscillating between arbitrary limits, as the variable x 
approaches a certain value c in the interval from a to h, the sum, whose 
limiting value is the definite integral, can assume any value whatever 
for any finite partition of the interval, it. has therefore no limiting value, 

and ff(x)dx as hithei-to defined would have no meaning. But if 

under these circumstances the sum: 

lf[x)dx + if{x)dx 

assume a fixed limiting value while a^ and % independently converge 

to zero: \f{x)d% is understood to mean this limiting value. 

This was indicated in § 106. Examples in which the function to be 
integrated becomes infinite occur in § 122 Note and § 132. 

Now the necessary and sufficient condition that each of the two 
i may have a determinate value, is that 



I f(x)dx and jf{x)dx 



shall vanish, when e is always smaller tban «, and a converges to zero. 
In case the function becomes determinately infinite at a point, 
this condition is certainly fulfilled, when in the neighbourhood 
of this point it becomes algebraically infinite in lower than 
the first order; taking as unity the order of--forx = 0. 
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Pov, if f{x) be a function that increases as c is approached, hut in 
such a way, that in the neighbourhood of the point c, for x <i c: 



A being any finite quantity, and v a positive proper fraction; then: 

if{x)dx will be smaller than A j — = — {s^-" — ft^-'), 

and as long as 1 — v > this expression converges to zero along 
with a and e. Even when the order of becoming infiinite (infinitude) 
differs from unity by no assignable number, when ex. gr.*) 

abs fix) < ■ ■ — — — T]— . 

the quantity: 



converges to zero along with «, provided v is positive. 

But the above condition for a determinate limiting value of the 
definite integral is certainly not fulfilled, when the function that is to 
be integrated becomes determinately infinite in the first or in a higher 
order; i.e. when its infinitude i> 1. For, if: 

abs/'(^)>~-^~, 

/ f\x) dx h > A j _^ = A (log K — log i) , 

then as « converges to zero, these logarithms become infinite and 
their difference is completely indeterminate.**) 

In case of a function that becomes indeterminately infinite at a 
point, the condition is "satisfied without requiring my restriction as to 
the order of becoming mfimte, thus es ^r tht tunttiou: 

*) Kiemaan: ges. Weite p 2"* ^lp a general lemdili on the univei-salitj 
of logarithmic criteria bi Du Bois Eeymonil Journal f Math Vol. 76, p, 88. 

**) log a — log f = lo^ (a (1 aaaames wbitriiy values according to tlie 
wiy in which the rat o of the vamahmg qi ant ties a s is deteimined. Making 
B= E gi es a viluH for which the logi ithm viniBhea We could therefore in 

th 3 fienso &i eik of a finite value of the integral / — (hat results from a 
let rm nite way of aj proath ng the mfin ty point ^5 ich special determinations, 
wh ch were frejuently employed bv Canchy are styled Bingnlar integrals, 
I t aa P ema n noticea they have not been ad | ted in fiaming the general con- 
ception, liecauB© they leqnre special arbitrary investigation 3 in each calculation. 
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COS ie^) + -^ e^ sin (e^) , 
which for every finite value of x is identical with the derivate : 

becomes completely indeterminate for x = 0, oscillating between 
arbitrarily great positive and negative values as x approaches zero. 
Its infinitude is infinite. Nevertheless we have; 



/I" 



(e^)+ - e^ sinC 



" sin Ve- 
oven for the value a~ = 0; because 



/ , la; cos ^e*/ma; = 



)\ dx ^ X cos \e'' / -\- C, 



converges to zero along with a and e. 

Corollary. When the function becomes infinite in infinitely many 
discrete points of its i]iterval of integration, we can resolve this interval 
into a finite number of finite intervals that contain none of the 
infinity points, while these latter are included within intervals whose 
sura becomes arbitrarily small. The integral has a meaning, provided 
the partial integrals, formed for the intervals containing no infinity 
points, converge to fixed values when the limits of these intervals are 
brought arbitrarily close to the infinity points. 

When the infinity points form a linear set, such a definition is 
no longer possible, since there are then finite intervals containing 
everywhere infinitely many points of the kind. 

149. The Theorems given in § 146 are somewhat modified by 
the occurrence of infijiity points. We confine our investigation to the 
assumption of a finite number of such points. 

Instead of Theorem V., whose proof essentially required that the 
function to be integrated should be finite, we obtain the theorem: 

When 9>(ic) and tl!(x) are two functions integrabJe from a to b, 
each becoming infinite at certain points c, but without any infinity 
point of (p coinciding with one of ij;, the product <p{x) . ^{x) can 
be integrated in the same interval whenever the functions 9,(3;) and 
^, ix) formed of the absolute values of fp and iji remain integrable. 

In proving this theorem we need only consider an interval from 
a to c, within which neither function becomes infinite, while the 
limit c is an infinity point for one, ex. gr. for <f{x). Evidently then: 
the amount of 
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is smaller thiiii: 



Mjq>,{x)c, 



where M signifies the greatest amount f^x) assumes in this interval, 
But by hypothesis the second factor remains finite even for S = 0. 

Scholium: When the integrable functions become infinite 
always in a determinate manner, their product is integrable; for 
then all the hypotheses of the theorem are fulfilled. 

But when infinity points coincide, we cannot immediately conclude 
anything concerning integrability. Thus, from the integrabiiity of a 
function that becomes infinite, we cannot conclude that of the square 
of this function: Ex. gr. we have the value of 



but that of 



J (y I -.-,') 



becomes infinite. 

The extension of the First Theorem of the Mean Value to the pro- 
duct of two functions, VII., holds although (p{x) becomes determinately 
infinite, provided f(x') remains finite. Here moreover the definite integral 
is a continuous function of its upper limit, Theorem VIII.. For, c being 
an infinity point, we have: 

jf(x)dx=^ Urn nf{x)dx)=^Um (^Fic - ^)). 

Now since i^ is a continuous function of ^, we can choose d so that 

abs [F{c) — -F(c - dy_\ 
shall become smaller than an arbitrarily small prescribed number s, 
provided there be any Umiting value F(c). 

The Second Theorem of the Mean Value, 5., continues valid even 
when the function cp[x) becomes infinite; provided only q>{x) and 
f{x)<p{x) are integrable. The differential quotient of the integral with 
respect to its upper limit (§ 147) becomes determinately infinite at 
each point at which in continuous increase the function that is to be 
integrated becomes determinately infinite; when this is not the case, 
the differential quotient of the integral needs not coincide with the 
value of the function that is to be integrated; it also can become 
indeterminate. We have ex. gr. in conformity with the equation: 
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/ (2a;cos(,e^) -\- sin (fi'^Je'' jdx=x'^ coi,[fi'^ ) —a''cos\c")'-=F{x)—F(<i). 

The differential quotient of the function F{x) for ^r = lias the value; 

Lim («»-±^5j^ ^) = L,m (i co.(.^)) _ 0, 

while the function to be integrated becomes indeterminately infinite afc 
this point. 

150. As already shown in § 106, the definite integral can still 
have a finite value, even when its limits become infinite, provided we 

understand by j f{x)dx the limiting value assumed by jf{x)dx 

when & = cc. Similarly we define; 

f f(x) d X --= Lim tf(x)dx, when a = — oo^'). 

By the substitution x= —u we can always reduce the investigation 
of the negatively infinite limit to that of the positive. Examples of 
the existence of such limiting values have also been already given, 
see specially § 107 and % 137. 

But now the necessary and sufficient condition that there may 
be a determinate limiting value, is; that 



//(« 



dx 



shall be smaller than an arbitrarily small quantity 6, when u is a 
sufficiently great and lo greater than m. 

When, for arbitrarily increasing values of x, the function does 
uot oscillate infinitely often, this condition is certainly fulfilled if, 
for a; = oo, f{x) vanish algebraically in an order higher than 
the first, taking as unit> the order ot - for x = 'x. lu 
other words, f{x) can be mtegiated up to t ^ ex when this limit is 
a zero or nullity of f{x) whose nulhtude > 1) For, if the absolute 
values of fix) form a decreasing senes, such tlidt : 

A being an arbitrary finite quantity, and v a number greater than 1 : 



*) How a definite integral with infinite limitB can be considered directly as 
limiting value of a sum ^ dpfp, is shown by Dini: I'oiidamontJ, p. b38 etc.. 
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/ f\x)dx will be smaller than A j-^ = --^^ - {w'--" — u^~'') , 



and while 1 — v < this expression converges to zero as the values 
of u and 11} increase. 

But the condition stated is not fulfiiied when the function vanishes 
in the first or a lower order, or when it remains finite. For, if 

ab«/-(.^) > ^^ , (i.<l) 
we shall have 

j'f(x)dx > .lj'i^= --4-- (»■--- «•-.), 

and here the exponents of the arbitrarily increasing values u and w 
are positive. 

On the whole the investigation is evidently quite analogous to that 

in § 148, because by the substitution x = -- , j f{x)dx passes over into 

accordingly the behaviour of the new integral at the point ^ =■ 
must be examined. 

Our criterion shows for instance, without any substitution, that 
the integral (§ 137) : 



f^l- 



must have a finite value; for, the function: 

becomes smaller than -^ 

for every v > 1, because: 

Lim (^''~' ■ e~'') = 0. 

But when the function makes infinitely many oscillations as the 
values of x become infinite, its nnllitude needs no restriction in order 
that the condition may be fulfiiied. Thus ex. gr. the value of: 



fs,.(.')<l. 



is finite and determinate, although for x=co the function to be integrated 
becomes quite indeterminate between the limits — 1 and-^-l-*) For: 

*) Dirichlet, Journal f. MatU., Vol. 17. 
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/sin (x^)dx = ~ ld{cos(x') I . ^ = — {——) - ij-f-- ^"^ 
_ _ cos («;>') j^ cos m _ X_ /cos (3^) ^^_ 

Tbe absolute difference of these two first terms does not exceed ■ 
Furtlier, since the function —5- does not change sign , we sec by the 
First Theorom of the Mean Value that the amount of: 

■ /'""-Si ix - * p-r I f [i -- !-] is mallev U»n ;'- , 

since M signifies a mean value of cos (x^), and is therefore a proper 
fraction. Accordingly : 

abs I sin (x^) dx < ~ , 

and tends to zero as u increases. 
We have; 

fsin (x'}dx - ^f'y-' d^ - Y ]/{- « ; (s»" § 1S8.)- 

Another example is: 

which can similarly he proved to be finite. It is still more instructive 
to consider the following process: Taking h an integer and k <i n, 
let ■w^]i%-\-a be an arbitrarily great number, then: 

3 infinite series (for /c = 00 
it; for, comparing: 

in ii+l) It 

j ?}^^ fix with I -^^ ( 

= y -{- % and so making 1 
as those of the first, we fini 



The terms of this infinite series (for h = 00) alternate in sign and 
decrease in amount; for, comparing: 

- dx , 

by substituting x = y ■{- at and so making the limits of the second 
integral the same as those of the first, we find: 

'-dy. 
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As h increases, these integrals converge in amount to zero; hence 
th(j infinite series has for a: = oo a ftuite value. It is worthy of 
notice further that: 

i -'-° - dx = /-!!!L5f ,is, {X = as, a> 0) 

so that the value of the integral is independent of «; it is ^jt (§ 155). 

The convergence of these integrals is only conditional, i. e, arises 
only hj the changes in sign of the functions to be integrated; the 
integrais formed of the absolute amounts are divergent. It has however 
been proved by Du Bois-Keymond in a general class of examples 
(Math. Ann., Vol. 5III) that integrals can be convergent even in case 
of oscillations between zero and positive limits. 

151. Differentiation of a definite integral with respect 
to a parametei".*) 

A theorem stating how the definite integral in certain cases 
can be differentiated with respect to a quantity that is contained 
in the function to be integrated , is of importance in calculation with 
definite integrals. 

First of all we remark: When f{x, a) is a eontinnous function of 
both variables x and « (§ 52) within the domain that is determined 
by the values x = a to x ^b, and « = ^ to a = ji, the definite 
integral: 

f f(x, cc)dx 

is also a continuous function of a. For if, whatever be the value 
of X, a value h can be assigned such that in the interval « to « + /( : 

abs [/(»;,« + A) -/■(»:,«)] <S, 
then will also the absolute value of: 

jf\x, cc ± h)dx —Jt\^, '*)'^« ^J[f{x, « ± /') - /'(^> «)] 'i^ 

be smaller than d'(b — a); therefore it can be arbitrarily diminished 
by choice of h. This is a sufficient condition ; but the theorem cannot 
be converted. 

The differential quotient of the definite integral for a determinate 
value of a is to be calculated as a limiting value: 

/««." + »)'""-/«■».«)"»■ ,7,,. + ,., ,„., 

*) Thoma; : EinleituDg in die Theoiie dcr bestimmten Integrale. p. 20 cti;.. 
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i. e. thi? definite integial must first be evaluated for a finite value of 
h find then the limit found for h ^ 0. The question arises , whether 
these proces&ea may also be applied in reversed order; when they can, 
we have the differential quotient of the definite integral expressed by 
a. new integral, namely: 



( ?/(^l23 



dx: 



and this will present an important method of calculating definite integrals. 
Ill order to examine the condition of this theorem, let ua put: 

thus 9) is a quantity vaiiable with x and A, that vanishes for h = 0. 
Now we shall assume that both f and its differential quotient w— are 
continuous functions of x within the interval a: = ct to x = i; then 
too, for every value of 7i, q> 
both functions are alst 



f//^:-^ +1'! --/:*?.■- "1 



a continuous function of x, so that 
tegrablo, *) Hence : 

"J-f^"- dx-\-J<pix, a, h)ilx. 



Makizig the value li converge to zero in this equation, it will only 
pass over into the desired equation; 

Lim /W"_-L^>^.A^ ,1^^ M^dx, 

provided ; 

Lim / (p(x, a, h) dx 

continuously convea^ges to the limit zero. Therefore the necessary 
and sufficient condition is, that for each value of^ however 
small, it shall be possible to find a value 7* such that; 



abs /q>(?J, «, h)dx\ < d. 



This condition shows, that the theorem of the interchange of 
integration and differentiation is by no means always valid. It will 

*) If 5— be not an ititegrablo function, thu possibility of the theorem is 
completelj excluded. 
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not hold, ex.gr. for any functions /"for which, while y has always 
the same sign, there is a linear set of points x at which the inequality : 

L , , Ml . [ fix, a + h] ~ f (ar, h) df{ce, «) 1 , „ 
itbs [(p{x, «, hj\ = abs — '— — '—^ — '-^-^ '-^ — < o 

cannot be satisfied by an assignable value A.*) 

But the course of our investigatioa reveals to us a condition 
that is sufficient. In fact if ^„ ' ° for every value of x is also 
a continuous function of a, the ahove inequality can be written by 
the help of the Theorem of the Mean Value in the form: 



I da da J 



Now when this condition is to be fulfilled generally for all values of x 
within the interval of integration (with exception, possibly, of only a 
discrete set of points), ^ must be generally a uniformly continuous 
function of a, and therefore also generally a continuous function 
of both variables. We have therefore the theorem: What for 



il lf(x,a)dx=^xAn(i:tm-i--''^i 



*} Suppose the integral / f(x, a.)dx = x sin [ 4taii— i - I and. therefore it 
a, continuous function of both variables, we have; 

Ata; = (), K^O, f(0,U) 13 to 1)6 = 0; this convention has no infiuence upon 
the integral. Moreover the equation holds for every value of a;; for k =■ wo 
have f{x, 0) = 0; for a; = 0, /'(O, a) =• 0. If ive differentiate the integral with 
respect to k we obtain: 



¥ 



f{x, ,)dx= -'-_,- cot U tm-l ^1) , 



iuid i'or IV ^= this value is equal to 4. But the value of: 

because : 

V 9« )_ Ja=A A« a:' + A«^ V x)] 

The theorem of the interchange therefore does not hold, although for every value 
of X both f{p, a) and -^- — are continuous functions of a. 
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a determinate value of a an interval can Ic assigned such that 
- f' within the domain from a to k -\- h and from x = a to x = b 
is gen&ralXy a eontinuous function of hoik variables, we' have: 



lff(^,a),u-.fjf;^-'d^. 



Moreover also it is SLifflcient for the validity of the tlieoreiu, 
that th3 definite integral be such a funetiou of its upper limit x and 
of the parameter a as to have its first derived functions with respect 
to X and a continuous and the order of differentiations with respect 
to X and a interchangeable (§64). For, writing: 

J}(x.a),lx-F(x,„), 
we have then: 

and from the equation: 

follows by integration: 



When the limits of the integral liliewise depend on the f 
we obtain its derived function with respect to a, on the hypothesis that 
differentiation is admissible under the integral sign, by the formula: 

lj'f(., ») ,te - /(J, .) 1^ - /(», .) £ +jl^ a.. 

163. The preceding theorems require to be supplemented, when 
the limits of the integral or the functions to be integrated become 
infinite. Without exhausting all possibilities, we consider the following 
cases. 

a) Although f(x, a) be a continuous function of both variables 
iu the domain from x ^ a to a; ^ oo and from a ^ ^ to a >= y, still 
it is only on a certain hypothesis that the integral: 



/' 



fir., ci)dx 
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is a eoiitinuouB function of «. We have : 

J[/(^, « + /o - z^', «):k?^ =Ji.7(^, « ± /o - /'(^^ «)]f^^ 

+ Jl7(a;, a + A) - /■(a;, «)]<:?^. 

in urdtT that by choice of /* this expression may become smaller than d, 
the function mast be so constituted that, for all values in the interval 
fioni a — A to tt + ft, one and the same w shall be safficient to make: 

l[f{x, a±k)— f{x, a)]dx < d. 

Thus ex. gr. {§ 155) for every finite value of a: 

I _iii_a^ ^^^ __ _j_ .|. jj ^ 

but for « = the value of the integral vanishes. The definite integi-al 
is therefore not a continuous function of a, although the function 
that is to be integrated is continuous in both variables. 

But the hypothesis is fulfilled, if, whatever value a may have, 
the function f vanish determinately for x = oo in an order higher 
than the first. For then we can first assume w so groat as to make : 

and afterwards determine the value of h so that we may have: 
/ [/(^. a±Ji) — fix, K)] dx<^- 

In this case differentiation under the integral sign is certainly 
possible, if -^~~ ^Iso ia a continuous function of both variables 
that vanishes in higher than the first order for a; = c». For, putting: 
fx, ^-\- h) - fix, a ) _d f{x,<. + Q M 
h ga ' 

we have: 
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The quantity on the right side of this equation, as was just shown, 
converges with h to zero and therefore we have: 

h) If either or both of the functions f(x, a) and -^ become 
infinite at the point cc = c within the interval, but in such a manner 
that integration is permitted for each, while a varies within an interval 
K — h to a -{- Ji, then it is once more a sufficient condition for the 
validity of the Theorem of difPerentiation under the integral sign, 
that -|^ shall become determinately infinite in an order lower than 
the first but otherwise shall remain continuous. For wo have: 

The first of these limiting values passes over, however small S ma.y be, 
into the value of the integral: 

the second takes the form; 



and can by hypothesis, however small 7t is chosen, exclusively by choice 
of 8 be made smaller than an arbitrarily small number. Therefore : 

g— \f{x, a)dx 

differs arbitrarily little from; 

as d converge.^ to zero ; establishing the equation we desired to prove : 

153. Integration of a definite integral with respect to 
a parameter. 

If the definite integral is a continuous function of the parauieter 
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a within certain limits j5 and y, then it is also between these limits 
undoubtedly integrable with respect to u. 



Calling: jf{x,K)dx = F{a), we have: 

JF{cc)da =jduff(x, u)dx. 



To such an expression the name definite double integral has 
been given; it implies, that first the integration regarding x has to 
be effected and then that regarding a. The general theory of double 
integrals will be treated in Chapter VIII; one question only is to he 
solved here. Assuming the limits a and h, (i and y, to be independent 
determinate constants, and f{x, a) to he a eontinnous function of both 
variables , does the following equality hold between the 



jda jf{x, «)dx = idx jf{x, «)da 



or, does the order in which we integrate influence the result? 
For b = a both expressions vanish. They are therefore equal functions 
of h, if their derivatea with respect fco b coincide. Differentiating each 
with respect to the upper limit i, we find on equating; 



l^jdaj'fix, a)dx=^[Jf{x, a)da] = j\ 



f{b,a)da. 

Now this requires the integral with respect to a on the left side to 
arhiiit of differentiation under the integral sign. But it does admit 
of it, because the derivate of 

fax, «),ix 

with respect to b, whose value is f(b, a), is by hypothesis a continuous 
function of both a and b. The order of the integrations can therefore he 
inverted for a continuous function of two variables. 
When the limits h and y are infinitej we have: 

(dec if{x, «) dx = Lim Cda ( Lim i f{x, a)dx] 
Jdxjf{x,a)da = Lim j dx { Lim jf{x,u)du]. 
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Now when f{x, a), as the values of x and cc increase arbitrarily, is a 
continuous function of both variables, we have the equation: 

(dec if{x, cc)dx=fdx I f(x, a)dc:. 

First let ii increase arbitrarily, while the arbitrarily great value of w is 

kept fixed, then if the functions /(ie, a) and \ f{x, a)da are iijtegrable 

i 

with respect to x up to infinite limits, we have the relation: 
ida jf{x,a)dx=idxjf{x, u)da. 

(in a fl 

If now when w also increases arbitrarily, the integral on the left side 
pass over into a determinate value, the quantity tv on the right side 
may also be replaced by the value cxj, provided the further condition 
is fulfilled, that an upper limit w can be found such that; 



I dx I fix, 



c)da 



shall remain smaller than an arbitrarily small number d. For then 
both sides are continuous functions of w. As a special ease this will 
occur, when it is a property of the function f(x, a), that, whatever 
value X may have, an inferior limit can be assigned for a, such that 
the function f(x, a) shall remain absolutely smaller than ^^^ ', where 

V > 1, and fix) signifies a function of x iutegrable between the 
limits and oo. 

When the function f{x, a) becomes infinite at a point a; = c, but 
in such a way that, for all values of a between /3 and y integration is 
admissible up to the point x = c, we have : 

y 5- (I <:-<! )• 

fda ff{x, a)dx = (dx ifix, a)da 

{la <i l< 

however small we choose S. Now when we make tf converge to zero, 
the integral on the left side will pass over into the value: 



hufn., 



%)dx, 



provided a quantity 8 can be assigned that is sufficient generally for 
all values of « between (3 and y, to make: 
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J'tXz, a)dx 



smaller tliau an arbitrarily small quantity b. The integral on the 
right side then, as a continuous function of S, also passes over into 
the same value, provided it has auy determinate limiting value. 
These sufficient conditions are fulfilled, for instance, when: 

«!>»/■(», «)<i^^, («<:) 

while A as a function of <x remains finite. 

Example.. /—— dx = Jw {§§ 150, 152, 155) for every finite 

value of a; except for « = 0, where the value of the integral vanishes. 
Nevertheless an integration witli respect to a is possible ex. gr. between 
the limits and 1 : 

Ida j - — ^ dx = ^x I da = ^ w. 

Interchanging the order of integrations we obtain: 

i'da: /*. , /'l-cosic , /'(sinfl:)= , , 

I — I siu axdci = I j — dx ^ j -^ ^ — dx = -J- n. 

The following Example shows that an interchange of the order of 
integrations in discontinuous functions gives rise to a different value*): 

/ da I ' , IS not equal to I dx f ■ , ■ , , ' ■ 

Here the function to be integrated is discontinuous for a: ^ 0, a = 0. 
We have: 

1 1 ence the first double integral is equal to : 

On the other hand: 

/"(^^ -«-:')do^ _ _ /_ « _\ _ _ ^i_ 
J "(«= "+ x^r "" - W+x')^ - 1 + ^= ' 

therefore the second double integral is equal to — ^ ■ 

^) Cauchj, Lemons de caloul difKi'enliel et integral, rSdigdos jiai' Moigno. p. 85. 
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It is to be noticed, that this difference arises from the value of 

which is generally prr-^ fov finite values of « , becoming — / -\ , 
that is to say, infinite, for a = 0; the value of: 

is different from that of; 

iumO-"-—-^) dx- 
Consequently we have in the neighbourhood of the point x ^ 0, a ^ 0: 

li 

on the other hand: 

J^Pi^^ = -/j4^ "- - (- "»- ?)—'"- !'- ■ 

The values of the double integrals are quite indeterminate, depending 
on the way in which d' and d converge to zero. (Of. § 168.) 
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Seventh Chapter. 

Examples on the caleulation of definite integrals. The fundamental 
formulas of Eulerian integrals, 
154. First group. 

1) Ja^-'dx = (J) = -^ , (« > 0). 

By successive differentiations with respect to tiie parameter a we obtain 
the following integrals: 

2) I x''-->l(x)dx ' |-,, 

i'x^-^lxfdx = ~~,...,Jx--'-HlxY-'dx = '-i>"~J'\^-^ . 

By the Theorems | 152b and § 148, all these integrals hold for a > 0. 
By integration with respect to the parameter a between the limits 
«= K and j5, it is found that: 

fi 1 1 ;* t 

I da j x^-^dx = j dx j x^-'da = j dx -- -^^ = l ( - j ■ 

This formula holds good, provided a and ;5 > 0. 

For, 30 long as a is positive, we have not only x"-^ but also -j— 
integrable at the points x ^0 and a; = 1 . moreover the conditioji 
stated at the end of § 153 is fuUiUed. 

Putting K = 1, we find: 



3) Ji.'-'^'-liil), Ui>0). 

Eitegrals 
i of 1 



Substituting in these integrals the function c^ for x, the limits 
become oo and 0, iustead of and 1, and we obtain for « > 0: 
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g 154—155, Applications of the methods. 275 

2a) ie-'^^xdx = ',,■■■, f e-^^x"—'dx = ^=^ ; n a positive integer, 

3a) f-~"-l^" "- ^-^ = '('''■ 

155. Socoiid group. (§140.) 

J e-"'' Binhxdx = -,^-j, 
1) " (« > 0) 

Hence follows by differentiatioE with respect to a: 

'2) I e-''''xsmbxdx = ^^,—;i , / e-"" xcoabxiJx^ ,'^, , ,' , ■ 

Again by integration with respect to a between the limits « and /3: 

siu hxdx = tan~^ y — tau~"' -,- ■ 

3) " (« and j3 > 0). 

Making a converge to zero in the first of these two integrals, we 



P^ 



sin bxdx = tan— - 



For, the integral 3) is a continuous function of a inclusive of the 
value ft = 0. In fact, separating the integral from to w and from 
zv to oo, as § 152 requires, we can evidently by choice of w alone, 
independently of the value h, make: 

' I siabxdx 

leas than an arbitrarily small number, because (§ 150): 
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276 Examples ou the ealculatioc of definite integrals. Bk. TIL cli. VII. 

can be arbitrarily dimiiiislied by choice of iv, and moreover by the 
Second Theorem of the Mean "Value we have: 



f^'A". i^ _ ,-.,. J™ 



the upper limit u denoting a number between w and oo. In like 
manner, integral 4) is a continuous function of /5. Therefore making 
(5 become infinite, we obtain: 

5) /^- dx^± \- 

% 
according as 6 > or < 0. But this delinite integral, as already 
remarked, is not a continuous function of h when 6 = 0; for, at that 
point its value is zero. 

The formula 5) can be expressed generally. Replacing !> in it 
successively by h -\- u and hy h ~- a and assuming that 6 > « > 0, 
we have: 

r^h±a^ ^^^ _ . r^^ (I - a). ^^^ _ » . 

4 ^ '2 J ^ i 

Hence also, as we find by addition and subtraction: 

dx^— f- dx'^O (b>a). 



dx ^= I i 



Y, , I Aiii ^bx , 1 

hor,a = o: -I ■ - — ax = ■„ - 

7! J X i. 

It56. Third group. (Laplace's integrals.) 

Writing u = I — — — ^ dx (a and b > 0), we have it = 

when i <i a, and u = ^it when b "> a. Multiplying both sides by 
e~'"', where c is positive, and integrating from 6 = to b = oc, 
we find : 

j ue-'^dh^^^ j er'-^db = ^ -^-- = je-"'db C'^^ii''-^^^ dx. 
Interchanging the order of integrations in this integral, it becomes: 
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( — cos ax I e-'" sin bxdh = / -,j_-3 ''■':■ 



The integral is a continuous function of a. If a become nogative, tlie 
function nnJer the integral sign remains unaltered, therefore: 

{according as a > or < 0) 
this is true also for a = 0. 



If we differentiate with respect to a, the result is 



21 CxAaaxdx ^ i f. +«o- (aecordirg as a > or < 0) 



tills does not lioW for « = Q. 



This differentiation with respect to a is permitted {§ 152); but a 
further differentiation under the integral sign with respect to a is not 
possibJe, because the derived function is no louger integrable between 
the limits and oo. Integrating equation 1) with respect to a between 
the limits and a positive, we have: 

/sl^ ''« - !-(- ?-') = ^ (1 - "-'). <." > ») 

on the other hand for a negative: 

j'i$^) '"^ - ? (4-) - ^ '■"■• - ')■ (« < 0) 

Successive differentiations with respect to the paninieter c can also be 
effected on integral 1). 

157. l''ourth group. (§ 139.) 

j ahV'xdx = — "-- **^°^* _^ 'i j &m''-^xdx, 

I sin" a.- (/a: ^ --— - / siii''-^xdx. 
When ra is an even integer = 2m, we have as in § 133: 
i ■ im -I 2jn— 1 2m — .^ :i 1 ™ 



Jd, 
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278 Examples on tto calculation of diiflmte integralg, Bk. Ill, eh. VII. 

When n is an oi^d integec = 2h! 4" 1- 



>. 



Now sill a: between tho limits and ^jt ia a positive proper fraction, 
hence : 

Dividing across by the coefficient of ^n, we find: 



2 a 



As m increases, the quantities A,^ form a aeries of decreasing numbers 
greater than ^tc, they must therefore have a definite limit. But on 
the other hand we can choose m so large that A^ and 

may differ inappreciably, therefore the limiting value of A,„ differs 
inappreciably from ^jt, or we have: 

= — ._. — . — ■ -.-.-... m infinitum *). 
2 13 3 6 5 7 ^ 

Wo have also: 



I cos^xdx = / aiu"a:da: 



158. Fifth group. 

The following process serves for the evaluation of the integral 



/ ir-''\ix. 



Let us denote its value by A and introduce a new variable s by the 
equation x = as, then: 



*) Watlia: Arithmetica infinitorum. The earliest expression of a number 
1 the form of an infinite prodact. (Cf § 39 and § 163,) 
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Wallis' infinite product foi' i 



Multiplying this equation by c'^'Aa let us then integrate from k = 
to « '^ on, we find : 

therefore we have: 

1) A= je—\lx=^-^, je--\lx =]/'%. 

If in the seconr] integral we put for x the value x'\/a, we have; 



2) /e-«^=^o. = ^ 



Wo obtiiin by differentiating n times with respect to k: 

3) je—^'x^-dx = J/Jt- -- °";f"~'' «"''+*', {a > 0). 
Substituting ic + « for a; in integral 1), we have: 

4) / e-^'+^^^fia; == /% • e"' . 

Putting in this for x, xj/a and for 2al/a the value &, we find: 

5) J^..^T-*^rf^ = ^.e^", («>0). 
From equation 2) in the form : 



h-nf '-'""- (">"' 



■■^'tiic. 



ions can be interchanged; for, sin « . < 
function, that for o; = oo becomes 
■ than any algebraic function; hence: 

/'ain«, ^ i^j r „r- ■ 7 -i r dx 2 JT 



These integrations can be interchanged; for, sin a . e-"'^ is everywhere 
a continuous function, that for o; = oo becomes infinitely small in 
a higher order than any algebraic function; hence: 
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280 ^xftQiples on the calculation of definite intPgvals. Bk. Ui. cli. VII. 

therefore : 

6) f^-'^J' da= ;/^ ■ We likewise liiid: A^!"<;ft ^ j/ I .*) 

159. Sixth group. 

We (jroved in § 115 the formula: 

Px"'~'^dx ji e ^ "' (w and n positive integers, m <^ n) 

' ^ (c" + e"' ~ n " ^~™ ~"' -^ JT < « < + JT. 

Putting a^ = 2 and denoting the rational fraction — by a, we find: 

^' /f:j3'~s^ ••""""' (o<«< 1. -«<«< + '«)■ 

Now this equation was proved only for rational proper fractions. 
But since the definite integral, as well as the function on the right 
side, is a continuous function of a (proof as in § 152), the equation 
is still true for every irrational number less than 1. For « = 
we find : 



3) J 1:^ dx = ^^ (0 < fl < 1) , 

or, separating the integrals between and 1, and between 1 and oo, 
and introducing into the second — instead of x: 

4) f^^^$f-- '^"^ = ^.-^ ' (0 < « < 1). 

Although integral 1) ceases to be finite for « = + ir, because the 
function to be integrated becomes infinite in the iirst order at the 
point a:= ], still the integral 



/ ~ — ; — -T^i — f^ ^ 



because the factor x — 1 



*) The problem , of dotei'mining ourves having the radius of curvature in 
inverse proportion to the length of the ate , conducted Euler to these integrals. 
[Salomon's Uebersetzung der Buler'schen Integmlrechnung. Vol, IV. Suppl., p. 321.) 
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the numerator and denominator. We can express the value of this 
integral as tbe (Jifference of two integrals of the form 1), thus: 



r- 



Both sides are continuous functions of u inclusive of the value k = ji, 
consequently we find: 

^ -■ j cot — 7t — cot -- 7t\ . 
Putting x" ^ s, — = n, -- = b this becomes: 

6) /-- -~^-—(U = }i{cota7!: — <iothn), (0 < aaud i < ]). 



7) I — ^_ ^ ds = 2jt cot iiTt. 

160. Eulerian integrals (Gamma functions). 

As found in § 154, / x''e~'"clx has tbe value 1«. = 1 . 2 ...» for 

every positive integer value of n. Withdrawing this restriction as to 
the exponents of x, the problem arises, what value has the integral 

jx^-'e "dx 

for an arbitrary value of a? With any finite value for the upper 
limit its value can be expressed by a series, the exponential being 
replaced by its expansion; but for an infinite limit this procedure 
affords no direct solution. 

The value of the integral is finite only for a > ; for, when this 
condition is not satisfied, the function to be integrated becomes in- 
finite for X =^0 in an order higher than the first (§ 148). After 
Legendre, the integral is called the Eulerian integral of the 
second kind, and the required value as a function of the exponent a 
briefly denoted by r(a) its function Gamma*), Therefore: 

*) Euler: Inet calc. iiitegr,, P. I, Cap. 4. 8. 9. Also: Nov. Comment. Acad. 
Petrop., T. XVI; in Salomon ibidem Vol. IV, Supplement III. Legendre: IVaite 
des fonctione elliptiquea et dee integi'ales Euleriennes. Tome II. 
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Kxamples on the calculation of definite integi'iila. Bk. III. ch. VII, 



/ 



x"~'e-^dx = r(a) 



is an equation of definition. 

Replacing x successively by x" , by l — an J by kx where /; >■ 0; 

(Z^ is replaced by —x" (/a;, therefore: 1) / e \ 'dx^aV(a),{u';>i)); 
dx is replaced by — ' ^ , therefore : 2) / (l—) ^.X = V{a), (fl > 0) ; 

dx \^ replaced by hdx, therefore; 3) / e"""^''~'f?j:==-^-,((»>Ojfc>0); 

accordingly these integrals also are calculated, as soon as the value 
of r(a) is known. 

Moreover, for complex values of a the value of the function V{d} 
is finite, provided only the real part of a is positive. 

For if we put a = a -\- i^, bearing in mind that; 
,'« = etw, _ cos (/? . ( W) + i ,n, (fi , Kx)), 
we have: 

r{a + ili)==: U"-' cos(p. lix)) (T^dx -\- i jx"-'' sm{^ .l{x))e—dx. 
But: 

Lira ( jx"-^(iQs(^A{x))o-^dx\ == Lim (m j x" - ' e-'' d xj = 

for 5 = 0, e = 0, 

Lim( jx''-'cos(^.lix))e-'^dx) = L[m hf j x''-^e-''dx) = 0, 

for it = c», w = oo, 
where M and M' respectively denote mean values of the universally 
iinite function cos(ji .l(x)); the like holds good for the second integral. 
We shall however in what follows only aim at solving the 
problem of calculating the function gamma for real argu- 
ments; although some of our theorems hold good also for a complex 
argument. 

161. First property. From the formula: 

d(e~^x") = ae-''x''-^dx — e~''x''dx 
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follows by integration between tlie limits and co. 

- o j'e-'x—' dx — ja-'x-,lx, or: II) r(I + o) — <ir(o), 

Aceordingly, for the series of integers we have; 

T(\)- fe-dx-l, ri2)_ir(l)_l, r(3)-2r(2)_2.1, 

r(4)_3r(3)_|., -.-r(«)-t^.. 

Similarly, substituting for a the value a -{- n — 1, n being an 
integer : 

If) r(» + «) - (o + « - 1) (c. + » - 2) . . . or(<.)-). 

This equation shows, that once the function gamma is known for all 
proper fractions, it can be calculated without difficulty for every other 
value of a; thus, for instance: 

r(l) = r(i + 3) = |4.ir(!-). 

Second property. From the formula: 

we find on putting ]i == e -{- y, c and y > 0: 

I e-^«+<j)^x"-'-dx = — ^^ — ■ 
J (c + y) 

Multiplying both sides by e-'"-'y''~hhj, where 6 and k are positive, 
there follows by integration: 

Je-:,/-^d,jfe-'-+>-x- 'dx _ r(<,)_/"^i^^ d;,. 

It is allowable to interchange the order of integrations on the left 
side {§ 153), thus we have: 



. dx, 

(* + »)' 



fc^"x-'dxJ,ri'+'>-g>-'d,j _ r(S) 

^ 'J [t + xf 'J (f + s)- •* ' 



therefore ; 

III) r 



*) Euler: loc. cit, Supplement III, g 10. 
•=*) Dirichlet, Journal f. Math., Vol. 15. 
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284 Examples on the calculation of defiaite integi'ala. Bk. Hi, ch. VII. 

ProvideJ b "^ a, both sides are continuous functions of c, the 
value c = included (g 152 a). For e = and 7,; = 1 the equation 
assumes the form: 



' + 
that can also be written: 



10 be written: 

'^' m^-/^' (.>^«>o, 

This formula shows how to calculate a new integral, of the 
binomial class, by means of the functions gamma. Legendre styles 
it the Eulerian integral of the first kind. Putting: 

x==-^-, dx=--%,, p^r-1-' 1+:^ = ,—-, 
1 — 1/' {>-y)'' •" i + x' ' i~y' 

we have y = ior x = 0, y ^ 1 for a: = cx>; and when y is replaced 
again by a; or by 1 — a:, IV) changes into: 

When we put « + 6 = l, taking a therefore as a proper fraction, 
since r(l) = 1, formula IV) becomes: 

V) Jt+"u-'^^ = r(ffl)r(l - «) = ,-j^, § 159 Formula 3). 

This formula reduces the calculation of all values of r(a) for arguments 
greater than ^- to that of values for arguments lietween zero and |. 
We have for a = ^ the special value: 

r(|)= je^-^x-'^dx^i/n. 

Replacing x by y"-, we obtain the integral treated in § 158. 

163. Expression of the function gamma by an infinite 
product. 

Integral I) can be differentiated with respect to the parameter a, 
(§ 152) and we get: 

-"^I-l^ = Via) = fe—x"-H{x)dx. 

If we replace l(x) by its value as an integral, § 154 Formula 3a): 

*1 Buier, loe. dt., § 25. 
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we find: 

r'(ff) = r e-''x"'-^dx f dy. 

Here the order of integrations can be interchanged, for the t'linetioii: 

fi", V) - '~-^^^^^-=^'-^ 

for X = oo, y = ao, becomes infinitely small in a higher order than 
any algebraic expression, for « ^ it becomes infinitely great in an 
order lower than the first; for ^/ = we have: 

Lim (" '~''~^~'"' ) = Lim (^ c -^ + e.-"yx) = - 1 + a:. 

Accordingly let us begin by putting the above integral: 

== Lim I — I e~^a;"~'(e-!' — c~''''-')dx. 
But we have; 

f'^'^ I e-'x''-'e~'Jdx^r(a) ("-dy, 

f±y. fe- ^i^+'j^x"-Ulx = Via) f- ^-y— . 
Therefore : 
V(a) = V(a)Um fi"^- ^—-■')dy = V{a) ('{- "- ^ ) dy. 

For, it is evident from the fact that 
Lim 









= Lim , 

+ 3/- 



and is therefore finite, that while « > this integfal remains finite 
and determinate even at the limit «/ = 0. 
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This investigation was necessary, because tbo integrals 
tiy 



I y 4y{i-\ 

are not separately flnite. 
Accordingly we have : 

VI) ""fW - r?^ -.—'-.- .)riy. 

Differentiatuig with respect to ra and ttea putting 1 + j; = e^ we find ; 

This is an integral adapted to integration by expanding. We 
have: 

-_-^; = I + e--^ -j- e-2.^ -I- e a^ -| e"" + Ji,,, lU = ---~ , 

therefore : 

= jxe-"^dx -\- jxc-'''^-^^^dx-\ ^ j x 6-'^''+"^'^ dx + fTinXe~'"^dx . 



and we can choose n (cf. also g 130), so that 

j E^xc-'^'dx = j - ■--— dx 

shall become arbitrarily small, because: 

\— dx^M fe-^"+"+'^-dx = Jf — -' , 1, 

J^ l — e-" J \ a+n-i-lj' 

f±l dx=^M' fxe-^''+"+'i-dx==Mi~'"-^ , ^-- .), 

^ l-e-^ J \ a + n+l („+n+\y/' 

where M denotes a mean value of --■ ii^ tbe interval from to 1 , 
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and M' a muan value of in the interTal from 1 to oo; thus: 

Villi ^^^^ = ■-■ + '-- + — - 4- . - — ^- + . - - = y _^- . 

{a > 0). 

This is a uniformly convergent series for every poaitiye value of a; 
integrating it between the limits 1 and a, the result is: 

(« > 0), 

^iw _ (a ^ n 'y ' + a 

where C, denotes tlie value of (—£"-) — P,j , therefore bj VI) the 
value of the integral: 

Integrating equation IX) again between the limits a and I , we 
End : 

!r(«) -Sj,/;i'l% + ("•" - 1) (""(1) - »). 



XI) 'n») - 2(!ri-n - ' °T-3 + '^'" - ''■ 

The constant C can be eliminated: Patting «= 2 this becomes: 

!r(2) = o_2'(,4t, - ' U3 + ''•'■ 

multiplying this equation by a — 1 and subtracting from XI) we 
obtain : 



"riting: — C ^= ^^ — -- — y^ I " "T , where however each 

series apart is divergent, — V is evidently the same number that 
the Logarithmic integral (g i37), as can also he directly inferred from 
this integral with formula XI above. 
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""(«)-^'((»-i)i;-^-!i$3 

-2"{(«~i)'0 + i)"'0+''i;')}' 

or: 

Accordingly, when we pass over from the logarithm to the number, 
we have V {a) expressed for calculation by an infinite product: 

'W 11 (o + »-i) <.(.+ l)(. + 2)...(<. + m_l) 



(for m ■= X) , 

or, as this expression can be written, when m is replaced in the 

numerator by the value (m + IJ fl ztt) ' ^^'^ ■** ^^ remembered 

that as m increases arbitrarily, the factor 1 ^—r and likewise 

(l -j ) diifer inappreciably from unity: 

xni) r«.)- _.<-+/.'._ =:L_ 

«(.+.>(i+|)--(i+,-^) «Z7(' + ,;.--[) 

(m-co). 

Gauss*) employed this formula as the delinition of a function 
and derived all its properties from this infinite product. This can be 
shown to converge for every finite value of a, which does not make 
a factor of the denominator vanish, so that this definition is more 
comprehensive, than the Bulerian integral. 

163. We are going to prove this, by answering in general the 
question: Under what condition does an infinite product convei^e? 
This is an important question; for as was indicated in § 38 and is 
here worked out for a definite function, the formation of an infinite 
product is a second instrument for the expression of a function, not 
symbolically, but suitably for numerical computation. The following 

*) Gauaa; DiaciviisitiooeB generales circa serlem iafiaitara, Worke Vol. III. 
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investigations apply also in case there are complex factors. If, in aa 
infinite product, we give the form: 

(1 + «,) (1 + »,) . . . (1 + «.) (1 + ».+,) . . . 

to the factors that can he unrestrictedly coutinued in accordance with 
some law, the successive values obtained by multiplying, first n factors, 
then w -|- 1, . . . « 4" ^'i ■ ■ ■■ 

p. -<1 +.,)(! + <•■)■•. (!+«.), 
F.+, _ (1 + «,) (1 + «J . . . (1 + «.) (1 + «.+,), 

P.+. _ (1 + ..,) (1 + %) . . . (1 + «.) (1 +«. + ,).,. (1 + ».+.) 
must form a sequence of numbers with a determinate finite limiting 
value. For this it is requisite: first that none of the products P, and 
therefore also none of the terms m shall become infinite; second that for 
any number d however small, there shall be a place n such that: 

abs [P.+. - P.]< « 
for every value of /;. From this inequahty follows, provided P„ does 
not fall below any finite assignable limit, that: 



p-l]<^,or: ab. [^;±-'] < 1 + a 



in other words: There must be a place n from which onwards the 
ratio of the values P differs inappreciably from unity; this must also 
be the ease in particular for: 

P.+1 : p. - 1 + «,+„ 
i. e. the terms « must necessarily converge to zero. 

The case, that the quantities P sink below any finite amount, or 
that separate factors vanish aud the limiting value of the product 
is therefore zero, must be excluded both here and in the following 
investigations. 

If a product still converge even when we give all the terms u 
their absolute values, it is called absolutely convergent. 

This definition requires a preliminary proof, that the convergence 
of the product TT(1 + «„) is always a necessary consequence of the 
convergence of the product formed of the absolute values v of the 
terms u; the case that even a single quantity u is ^ — 1 is excluded. 

Deooting by Vr the absolute amount of m„ and by Q, the product: 
(1 +»,)(! +!.,)...(! + .,), 
we have: 

(%"* ~ ') ~ <' + "•+■' '' + '■•+"' ■■■(' + "■+»' - 1- 
("^ - 1) ■- (i + «.+,) (1 + "rt.) • . . (1 + ».+.) - 1- 
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Multipljing out these products, the absolute amount resulting 
from the first equation is easily seen to be not less than the abso- 
lute amount resulting from the second; therefore we have the relation: 

By hypothesis we can choose n so as to make the amount on the left 
aide arbitrarily small; therefore also a value w can be found, such that 

abs \-p^ — ll shall bo < d. 

Hence follows that P^ tends to a determinate finite limiting value that 
is not zero. For were zero the limiting value of P, to each value 
of n however great could be found a value h, for which the ratio 
P^tiPn would be arbitrarily small. 

A necessary and sufficient criterion for the absolute convergence 
of the product: 

P-(l +»,)(! +..,)(! + «,)... 
is the convergence of the infinite series formed of the absolute amounts : 

''i ~l" % ~!" ^'s + " ■ ■ + ^« + * ' " '^**'- ■ 

For, because the product: 

«.-(!+ <■,) (1 + »,)... (1 +»,) is >«, + », + ■■■ «., 
the convergence of the infinite series is necessary, and because: 

]+;;,< e's 1 + j;^ < e«', . . 1 + i-„ < c%, 
so that: 

^„ is < e".+'^+-"«, 
therefore the convergence of the infinite series is sufficient. 

The value of an absolutely convergent product is independent of 
the arrangement of its factors. 

For, writing: 

p. _ (1 + ,.,) (1 + „,)... (1 + ,,.), 

jo„;_ (1 + „,') (I, + „,■) . . . (1 + „.), 

this second product consisting of factors occurring in P only arranged 
difi'erently, we can choose m so large, that all the factors contained in 
P„ shall also occur in PJ. Then: 

P.'-=P„(1 + mO (1 +ii«) ■■.(!+ "J ^ 
where J^, I . . . v denote indices that are greater than m; or: 

^- - (I + «.) (1 + «,)... (1 + ».). 

But the amount of the right side is not greater than the amount of 

(1 4" %-) (' +*'/)■-■ (1-+ '"r) and this is less than 
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Since tliis expression approsimates arbitrarily to unity, merely by choice 
of n, we have; 

LimP«' = LimP„.*) 
164. The convergence of the function gamma for all values 
of a, for wliicb no factor vanishes, is now demonstrated as follows. 
Let us form: 

Writing the factor r- in the form 1 — i(„ , and applying 

the Binomial series (§ 4G), we have: 

(■+!)•-(■+;) ■+f +^i-'a y(.+gr -(.+a 



If a be po'sitive, { — 1 ■ - - p.-^, is certainly a proper fraction, 

I'+i-y 0+1) 

and the series: 

.. + «M-. + «.+.+ ■-< "'"^i 'Hi + (^-,)i + e.:|n,,i + ■• ■) 
converges absolutely. 

If a be negative, we can choose n so large, that for any possible 

value of G, I — I-- — -„ shall be less than some determinate 

V+i7('+^) 

number, ex.gr. less than 2, so that the series: 

». + «.+, + «.+> ■ ■ ■ < °-'-:-7/-> 2 ■ (,;. + ,- j y, + ,„ j-,, ■ ■ ■) 

likewise converges absolutely. 

It is accordingly proved, that the infinite product - -^r , therefore 

*) Although infinite products were introduced almost simultaneously with 
infinite series, the fundamental theorems regarding them were first proved by 
Weierfltrasa; Ueber die Theorie der analytischen Facultiiten , Journ, f. Math., 
Vol. 51; reprinted m his: Abhandlungen auB der Functionenlehre, p. 183, 1886. 

19* 
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also the product r(a), converges absolutely for all finite values of a 
except negative integers, 

1(15. Legendre's series for calculating ir{a). 

Writing Equation VIII) in the form: 

and differentiating it n — 2 times, which is allowable since the derived 
series likewise converge absolutely, the result is: 

Let the sum 1 + J- + i- .^ i_ _f ^§ 47 foot-note p. 82), be 

denoted by jS^, we have: 

further : 

Therefore by Mac Lauriu's theorem: 

ir(l + a)_aC+fS,-|s,+ |s. +°i{ "'Ja''*'°^ ]- 

011 

The remainder converges to zero when the absolute amount of a is 
less than 1, accordingly, omitting the remainder, the infinite series is 
absolutely convergent for all values of a between — 1 and + 1* 

But this aeries is unsuitable for numerical calculation, because the 
coefficients jS do not decrease rapidly enough, and moreover the value 
of C is still unknown, A more rapidly convergent series is found 
by expanding the value of Z(l + a) and adding: 

o = ~;(i + «) + «~|+f - "'+ ■■■ 

thus : 

ir(l + «)--i(l+«) + o(l + C) + Y(-S> -i)»-'- ', (S,- !)«■ 

+ i-(s.-i)«' -•■■; 

likewise, taking a with the opposite sign; 

irCl - o) i(l - 0) - <J(1 + C) + i (Sj - l)<i'+ Y (S, - 1)11' 

+ |(S,-1)»<+.^- 
Now because by Equation V): 

ir(i + a) + iro -<■)-!,"-"„, 
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we Lave finally: . 

XIV) 'r(i + <!)~-J ^A^^-iiJ-i-| 

+ a{\+G)--\ (S, - 1) »» - I (,S, - 1) a' 

(- 1< » < + 1). 
From this formula the values of lV{a) can be calculated for the 
argujients to 2, when the quantities S^, S^ . . . have been previously 
determined, Legendre has given these values from S^ to S^ to 16 
places of decimals. Also the value of G must be expressed, this is 
done moat rapidly by putting o = ^, because: 

""(|)-'(i'"(Y))-'(|/«) 

is known. By the series: 

i + c-if +jij-,(S,--i)+5^.K-!) + ,-:'!»<'5'-i) + '^' 

we obtain C— — 0,577 215664901 5ii2. . .»). 

Accordingly the initial numerical terms of series XIV) are: 

ir(i + a) = |?^-A^--|ji±^ 

-j-0,4227843o-0,0673530fl3_0,0073855ffl^ 

•) Eulei obtained this number correctly to 15 places of decimals; annotating 
Euler'e Calc. integ., Maseheroni calculated it further, Legendre also gives 26 
places but both differ in the 20ii place from Gauss who had it recalculated by 
Nicolai and gives the result to 40 places of decimals. Werke. Vol. Ill, p. 164. 



y Google 



Eighth Chapter, 
G-eneral thsoroms concerning the double integral. 

16(). Definition of the double integral. 

Let fix, y) be a function of the two variables, that is uniquely 
defined in any way for any domain T, but for the present in such 
a way as to be everywhere finite. Let the domain be eoneeived 
to be in the plane xy surrounded by some continuous and closed 
succession of points, or, stated analytically, bounded by a curve whose 
equstion is (p{x, y) = 0. The domain can also be bounded by more 
closed lines than one, as ex. gr. a circular ring by two circles. The 
simplest case of boundary of a domain is a rectangle with its sides 
parallel to the axes of rectangular coordinates ; then x takes all values 
from a to J), y all values from « to /3, Should the function be defined 
for the entire infinite plane, we can always express this: it is defined 
for a surface, whose boundary can be arbitrarily extended. Let us 
resolve the domain T, at first on the hypothesis that it is 
finite, into n small parts or superficial elements, and call them r, , 
In, ■ . . In- All these elements are conceived as positive quantities. 
Such a resolution is effected, ex. gr. , when we cover over the domain 
with a net having its lines parallel to the coordinate axes at the 
distances Ax and Ay. In this case all superficial elements are equal, 
being rectangles whose magnitude is Ax . Ay. Only at the bounds 
of the domain are these rectangles cut by the boundary line. Let ua 
select any arbitrary value among those assumed by the function within 
or at the limits of such a superficial element. For simplicity, let 
such a value in each be denoted by /(t,), /'(tj), . . ./(Jk); thus the 
question arises: 

Under what liypotlieses does the value of the sum : 

&-/(«,) ', +A'.) '.+ • + «».) '. 

appro cimaie to a determinate UmU, altogether independent of tite choice 
both of the mpetftcial elemmts and of the value of the function m ami 
sttch element, when the number of the elmnents is atiittanly tncteased 
according to any law m buch a way that earh element tends to tlte 
limii zero? 
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The euunciation of the answer is as it was for the simple integral; 

If we denote ike greatest jkhckiaUon of the ftmction, i. e. the positive 
difference of its greatest and (east values in the element t^ or at its 
limits, by Z*^; the sum: T^.D^ -\- r^D.^-^ ■ ■ ■ + Tr„D„ miist converge 
to eero along with the qua^ties z. 

In the first place it can be seen that when for any one continued 
process of partition this sum converges to zero, it converges hlsewise 
to zero for every other. The proof is the same as for the simple 
integral, only that the conception of the superficial element everywhere 
replaces that of the linear interval.*) 

In the second place we prove that the condition enunciated is 
necessary, hy starting from a determinate partition and continuing it 
by resolving each element into further elements. The sums 
formed with the greatest and least values of the function: G/, and ^,, 
in the interval t^, 

approximate in this process, the first by continued decrease, the second 
by continued increase, each to a determinate limiting value, and these 
two limiting values become equal only when we have: 

In the third place it can be seen that the same limiting value is 
obtained in another paititiun of the same kind, when two different 
partitions, each aheadj pushed bO fai a% to yield a value differing 
arbitrarily little from its limiting value, aie considered simultaneously, 
and this partition resulting trom then combination is regarded as a 
continuation as well of the one as of the other 

Finally we perceive that, provided the above condition is fulfilled, 
we may also complete the process of partition without retaining the 
limits of a former partition, because the series of values formed in 
this way takes also a determinate limiting value, and each term of 
this series ultimately differs arbitrarily little from the limiting value 
reached by the previous process. 

Ifi?. The necessary condition is fulfilled 

Fust when /(c, i/) is eveiywheie a continuous function (§ 52). 

*j Here as m thp taie of lineal mteiviU it is quite indiffeient docording 
to what law the euc^cesiion of tlie summandB is foiineil In that case, as iii this, 
since ^e aie dealing witli finite sumB and want to demonBtr'ite that it Is a pro 
pcrtjf ot buth a slim to have a hmitmg valne, theie is no nei.esBity that wt, 
shoulil take the mtenals only m the esaU order m which thty aic ainnged in 
thp mtorvil u to 6 It is otherwise in the transition tfl the limit toi integral'* 
lu which the function to be lutegiated becomes intnite 
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296 Gcaeial theorems conceiuing the doable integral. Bk. III. cb. VIIL. 

Second: when f{x, y) in separate points or in separate lines 
((»• places) is discontinuous or indeterminate between finite limits, 
or again, when it has infinitely many maxima and minima with finite 
fluctuations. 

Third: when f(s;,p) in infinitely many lines (oo^ places) is 
finitely discontinuous or indeterminate or fluctuates infinitely often, but 
when the sura of the superficial elements in which the fiuctuations 
D^ exceed an arbitrarily small number (f, can be made arbitrarily small. 

This third requirement, which embraces the first two, suggests an 
extension of the distinction established by Cantor of sets of points 
in a domain of two dimensions, rising from linear sets to plane 
sets. Infinitely many lines do not give rise to a plane set of points 
when their initial elements form a discrete set of points ; on the other 
hand we do obtain a plane set of points, when the initial elements 
of the lines belong to a linear set or mass. The following in- 
vestigation, however, is restricted to functions that satisfy the first 
or second requirement and the third possibility will only be cited 
incidentally. 

The limiUng value of the swn: 

Lim («r,) . ,, + /■(,,) .,, + ...+ /•(,.) . ,. I for „ _ „ 
is vsually denoted by: 

JJf{x,y)dxdy, ot: Jf{x,y)dT, 

and is called the definite double integral in the domain T. 

The definite double integral, as well as the simple integral, admits 
of a geometrical interpretation. If we lay off the value of the function 
S =f{x,y') perpendicular to the plane xy, the integral: 



/: 



the volume of the cylinder whose base is the area enclosed 
by the curve ip{x,y) and that is bounded above the plane xy hy the 
surface 3 '= f(x, y). *) 

Among the theorems resulting from this definition of the double 
integral we only notice specially the following. 

1. When cp{x, y) and i^{x, y) are any finite integrable functions 
within a certain domain, tlieir product also is integrable within the same 
domain. (Proof as in § 146.) 

2. The First Theorem of the Mean Value: When the 



*) By the geometrical problems the deteiminitiun ot volume dud the 
t of curved surfaoee, the aiialyti;,al conception ot the doubli, integral 
was introduced. Riemann's investigations on the definite integral established 
the fundamental principle both for the double and also for multiple mtegtak 
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function q> has the same sign everywhere in the domain of integration, 
if G denote the greatest and g the least value of /' in that domain, 
we have : 

f(x,y)''p{x,y)clT={g + Q{G-g)]j <plx,y)dT (0 ^ < 1). 

In particular, if /■ be a continuous function throughout, the value 
g -\- Q{G — g) actually occurs among the values that f assumes in 
the domain. 

168. In order to ascertain the value of the double integral, we 
endeavour to reduce it to two simple integrations. 

Since the manner of partition into superficial elements is quite 
indifferent, let us conceive it as a 
network parallel to the axes of 
coordinates. Each line parallel 
to the abscissa must cross the 
boundary curve in an even finite 
uuniber of points, likewise each 
line parallel to the ordinates. 
'The domain can then be resolved 
by means of a finite number of 
parallels into finite areas, each 
having its boundary crossed by 
tlie lines of the net only in two 
places. To a part having such 
a simple form, an elementary surface, the following investigation has 
reference. 

Let a and & be the extreme values of x, a and /3 those of y, 
that belong to points of the boundary curve. If then X/,, y^ denote 
any arbitrary point in the region and Xf^.^i — a;^, )/v+i — y^ be the 
lengths of the sides of the rectangle having this point as a vertex, 
we have to form the double sum: 

Now we can carry out this summation in two different ways: either 
by first summing all the values that have the same factor x^^y — Xf,, 
and then adding these quantities; or in reverse order by combining 
the terms with the same factor j/^|_i — y^, and then summing these 
values. These two difterent processes are symbolically indicated by: 




V, 



^iy-H - !/.) 2'(*."+' - «/•)/■(*/" !/■)■ 
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Proceeding successively to the limits, as tlie differences (j/p+i — j/») 
and (Xft+i — x^) converge to zero, let us in the first case conceive 
the differences {yy^-i — p^) chosen so small, that the vaine of; 

^(Pv+i — y.)f{Xf„ y-) 
shall ditfor from the value of the definite integral; 



'h 



{f{xi„y)dy 

,>) 

only by a quantity A(a!^) whose absolute amount can be rendered 
arbitrarily small by diminishing the distances y^^i — y^. 

For inasmuch as the function f, assumed everywhere finite, is 
subject to the conditions of § 167, f is generally integrable with 
respect to y, and it is only for a discrete set of values of % that 
the integral can lose its meaning. Therefore: 

^(yr+i - y,)fV->„ p,) =Jf(3:,i,y)dy + A(^^). 

The quantities y^,''"^ and j/,"'' signify the values of y belonging to x^, 
at the limits of the domain, we can also denote them as functions of 
Xf^ by the equations: 

;//"> = <p{x„), y^i."-> = ip{x,,). 
From the iibove equation we have further: 

^ (Xf,.;., —x,.)^(y.+i - y„)f{x„, y.) ^^{x,,.ii — X!,)J f(iXi,,y)dy 

Now letting each interval 3;„_|_i — a;,, converge to zero, the limiting 
values of the quantities upon the right side become: 



jdxjf{_x,yyiy +jA{x)dx. 



But since the absolute amount of A{x) for all values of x, with 
possibly a discrete set of exceptions that do not influence the value of 
the integral , can be made arbitrarily small, the value of tliis second 
integral is also arbitrarily small, i. e. : 
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-jdxjf{x,,)iy.') 
By the second process likewise we find the double integral equal to: 



jdyjfix, ij)dx 



when q;i, {y) and ^| ()/) denote the values that x assumes at the limits 
o£ the domain for the diifereut values of y. 

When the boundary of the domain ex.gr. is the ellipse: 



Jdxjfix, y)dy ^Jdyjf(x,y)dx = Jff{^, y)dxdy. 









r 




A 


/ 










/ 


/ 




B 


. 







When the boundary of the domain 
is an isosceles right angled triangle 
ABC with X ranging from a to b; 
then while for any value of x, y 
passes from a to 3:, so on the other 
hand for any value oi y, x varies 
between the limits y and b, thus we 



JJf(^^ y)^'-^ "^^y =jdxjf(x, y)€hj ^Jdyjflx, y)dx; 

a rule already applied in § 146, VI. 

When the boundary of the domain is a rectangle; for each value 
of X, y has the same limits a and /3j for each value of y, x has the 
same limits a and b\ and we obtain from the theorem under discussion 
the special theorem: 



*) It ia to be noticed, that this equation assurass the existence of the 
definite double integral; and on this hypothesis proves its identity with the value 
resulting from the successive integrations of the right side. It is not allowable 
to argue conversely from the right side to the left. (§ 171.) 
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When f{x, y) Jb an tntegiable function, we have: 



J dxjf[x, ij) dij =jdyjf{x, y)dx. 



This theorem contains an extension of the condition undor which the 
order of iiJtegrations can be interchanged in the integration of a function 
with respect to a parameter, as it was given in § 153, For this only 
requires as a sufficient condition, that the function f{x, ij) should be 
finite and doubly integrable, and no longer its complete continuity in 
a domain. 

169. A double integral having independent limits: 



jdxjf{x,y)dy 



when regarded as a function of its upper limits (t'(6, (3) is a continuous 
function of both these quantities. For, on the hypothesis that & and 
j3 are within the domain of integration of f, we have: 

<Pih-\-h,p + k)^^(b,^)^JdxJf{x,y)d!/- jdxjfix,y)dy 
= j d'-ej f{x, y)dy + J dxj f{x, y)dy 
= \dy ff{x,y)dx-^ f dx ffix,y)dy, 

i %. i 'i 

since the order of integrations may be interchanged. This equation 
leads to the form: 

0(6 _f_ 7i, ^ _]_ h) __ 0(6^ §)=hM-\- hN, 
in which M and N are finite quantities; the condition of continuity 
therefore is fulfilled. 

Moreover the partial derived functions with respect to b and /5 
are found from this equation. Putting iS; = we find: 

0{h + A, ^) - *(&, ,3) =J dxJtXx, y)dy. 

If then \ fix, y)dy is a continuous function of x in the interval 
fi:om x^hiox'=h-\-h and we denote a mean value of it by : 



1/' 



/ {x, y) dy [ , 
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H 

0(i-|-7i, (5)— 0(!>, 



^■"-i:-=(i>(-.^)'<^r 



When at a; = 6 the function f is generally for all values of y from 
ft to /5 a uniformly continuous function of x, so that, with exception 
possibly of a discrete set of values of y, a value h can be assigned 
for which we have independently of the value y: 

^h^[f{b-\-Qh,y)-f{h,y)\<8 
(cf. §52), this equation may also be written: 

H- -_/?(!', •/)«'!/■ 

Similarly, under the analogous condition: 

Lin, «a.(L±i)z:Jt(5...f) _ «» _ j jh., j„,,j , 

or, when / is a uniformly continuous function of y at »/ = ^ in the 
entire interval from a; = a to a; = &: 



I* -Jfefflii*. 



In this case, as the above equation shows, the Theorem of the Total 
Differential : 

<'*-''" -'*+'"' at. 

also holds. We have moreover: 

5006 ^(.^'PJ ii60.0 

It ia accordingly proved; The defmite double integral with constant 
limits is a contimtous function of its upper limits, for which, provided 
the ftmction that is to be integrated is in the neighbourhood of x^h 
a uniformly continuous function of x for (dl values of y a/nd in die 
neighbourhood of y ^ ^ a uniformly conUnuous fimction of y for all 
values of x, the Theorems of the total differential and of the interchange 
of the order of differentiations hold. 

The assigned condition is fulfilled in particular for each point in 
the domain, when /" is a continuous function of the two variables in 
the entire domain without exception. 

The condition that a function may admit of differentiation with 
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respect to a parameter under the integral sign {§ 151) may be stated 
in a new form bj means of these theorems: In order that the result 

of differentiating the integral / f{x, a)dx with respect to the parameter 

tt may for a definite value n = a be equal to : 

for all values of a' between j3 and y , it is sufficient, that - ^-' — 
be an integrahle function within the domain from x = a to x ^ b, 
a = ^ to a ^y and that its integral : 

r^f-'-^-dcc 

be a continuous function of a. For then; 

p 

with exception possibly of a discrete set of values of x, we have: 
jf{x,y)dx — lf{x,ft)dx= Ida h-'^-f^"'^ dx. 

a u, ft a 

Differentiating this equation with respect to y, we have under the 
assigned conditions: 

The integral on the right side is not as a matter of course equal to 

this is its value, however, when —I; ' - is in general for the values 
from x = a to x = b a uniformly continuous function of a in the 
neighbourhood of the point a = y. 
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170. Substitution of new variables in tho double integral. 
The partition into superiieial elements can be accomplished by 
any arbitrary net of curves. Putting; 

there is a curve belonging to 

each constant value of p , and 

likewise to each value of q. 

Let us suppose each ^-curve to 

cut each j-curve in one point 

within the domain of validity 

of the double integral, and 

let us consider the rectilinear 

quadrilateral determined by the 

points of intersection having the 

*^^" '"' coordinates : 

Xi=<p(Pfg), x.):=fp{p-\-i^p,q), s:.i=fp{p,q-{'l^q), x^'=(p{p-{-Ap, q-^-Aq) 

y^=M,P,q), y'r=i>{p-^^P,l), yi=tiP,q^-^q\ y^=ip{p+Ap, q+Aq). 

The area of this quadrilateral is: 

r = •]; abs [(x^ — a;,) (y^ — y^} + (x^ — x^) (y^ — yj]. 
The vanishing limit to which this expression tends when the quantities 
Ajp and Aq converge to zero is at the same time the limit of the 
quadrilateral bounded by the curves, and since: 

X^~X^^<p(p-\-Ap,q + Aq)^ tp{p, q) — ^^^- # + |^ dq 
x^ — x^'^' ipip -{- Ap, g)~ <p{p,q + Aq) 

- \f(M) + f <M - |t(r«) + % «9J - If "r ^ ll da 

<l, — Vi— tCj" + ift 5 + As) ~ *(!', i) — ||- <!f + I* ^1 
!,, - ,j, _ *(!,, 4 + As) - *0> + Ay, S) - -|f d, -j^dp,') 
it is expressed by the differential; 

Accordingly : 

JJf(., y)d.c,,, ~JJfW, *) .to [(IJ 1*- - f- |A)] dpdt. 
Employing polar coordinates: 

*) The theorem of the total differential is applicable to the functions ip 
and Tfi , when in each of the two Byatems tlie continuously variable direction 
of the tangent depends aleo continuously on the points of the plane. 
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ic =1 J- cos <p , y = r sin ip , 

s = cos CD, , =■ — ■rsmm, „- = sm(p, ^-' ^rcosm: 

dT^rdrdfp. 

j j f{x,y)dxdy'-='j j f{r zoicp, s'ain (p)rdrd(p. 

It is important to prove purely analytically the formula for the 
substitution of new variabbs in the double integral without employing 
geometrical conceptions, in order to obtain a method applicable also to 
multiple integrals. 

Having brought the double integral into the form of successive 



J //"(«> y)dxdy =J axjfix, y)dy, 
we can proceed as follows, employing the theorems for the simple 



First: If x = ipi^p), y=^ij!{{j), and to the values y^ and y^ 
correspond the values g'o and ^i so that while y increases from «/„ 
to y^, q likewise increases from q„ to gj , tlieu : 

JJfix, y)dxd,J -J'fnr, *) If- J^-dpdq; 

both integrals being extended over the same domain. 

Second: li x = ip(p), y = ^pCp, g), we can first suppose j) to 
be eliminated and y calculated as a function of x and g; 

and for each value of x let increasing values of 3 belong to increasing 
values of y; we have then: 

6 V, J ■;■ p. % 

Jdxjnx, ,j) dy -J'dxff(x,t) |i dq -/■ ll dpffiv, « If dq 

or: 

Jfnx,,j)dxd,j-fJ'nv,<p)«h'[lf I*-] dpds, 

since X passes over into ^ bj tbo substitution x = tp(p), and thus 
|i_l». Hence follows: 
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Third: the general case, when, retaining q, we introduce 
function p = x{p', q) instead of ^, and then employ the equation c 
transformation obtained in the second case. Let us denote: 

x = 9(z) = ^ip\ 1), y = i'iX, S) = "^iP'' 2). 
thus corresponding to the second case we have: 



Now since when p is regarded as 


a function of p' and 


r- 


<p{p)^'iy{p,q), 
we have: 

dW dp ■ dp ' 


Hp^q) = ^ip,q) 

8V d^ dp 
dp' Dp W 




3* d<p 8p 
8q dp ' 8q ' 


dv d-ti dp , 3k. 

di dp' di'^ da 




therefore as a function of p and 


r- 




Idp' h 8p- dii Idp 


dp d(i\ \_dp dq. 


.^1 


accordingly the above double integral for x = <!'(?', g)) 


y = ^ip,qY 



171. When the function to be integrated becomes determinateiy 
infinitely great or indeterminate between infinite limits at isolated 
points in the domain, let us suppose each of these points surrounded 
by a closed boundary curve. The question then arises: under what 
condition is the function f{x, p) int«grable in such a domain containing 
a single infinity point? Let the coordinates of the point he x = a, 
y = h and suppose it the centre of an arbitrarily small circle with 
radius j-j , the coordinates of any point upon or within this circle are : 

X = a -\- rcosip, ij '^ h -^ r sia (p , 
where : 

< r _< ri , < 9) ^ 2 n:. 

Now the necessary and sufficient condition that must be satisfied in 
order that the double integral may present a determinate finite value 
in this domain from its external boundary up to the circumference of 
this circle, however small its radius ry be taken, is: that the double 
integral 

/ f f{ct -{- r cos (p, b -\- r sin (p)rdr dtp 

extended over the interior of the circle with radius r, must converge 
to zero simultaneously with r,, or in other words, a superior limit 
must be ascertainable for *-,, such that the double integral extended 
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throughout a ring bounded by the conceotric circles r^ and r, < )■[ 
shall remain smaller than any assignable quantity d, however small **; 
be taken. 

When, for r -= 0, the function f{a -\- r cos ip,h-\-r sin <p) becomes 
determinately infinite for all values of <p, a limit can bo assigned that 
its infinitude must not exceed if the integral is to continue finite. 
The order in which f becomes infmite must he lower than the second, 
i. e. in the neighbourhood of this point we must have for all values 
of 91: 

f(', y) < ". , 

where C denotes a constant and a a number less than 2. For, were 

/■(it, <j) > -f,- , 

we should have within the above circular ring: 

j'J'nx,y)dT>oJd,pJ'f - C2«|!(r,) - !(•■,)!, 

and this expression becomes infinite for r, = 0. 

In such a ease, whenever the double integral has a determinate 
value, i^his value is independent of the succession of the integrations. 

On the other hand it is to be noticed, that when by the function 
becoming infinite the value of the double integral is no longer finite, 
although each succession of integrations can give rise to a finite value, 
these need not both be equal. In this case the double integral defined 
by a determinate succession of integrations is said to be singular. 

Thus ex. gr, in the last example given in § 153 p. 272, we found: 






-, dx 



!•/ J'J'+I 



+ "•}■' 



while the double integral: 



-/""if 



-t(^-jm-- 



fj 



(V'-V" 



■^ dxdy 



in the rectangle from a: = to a: = 1, «/ = to )/ = ] is unmeaning; 
for at the point a; = 0, «/ = the function to be integrated becomes 
quite indeterminate and assumes in the neighbourhood of this point 
values infinitely great in the second order. In fact, putting: 
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X ^ r COS qp , y =' rBiiKp, 
we have: 

therefore in a quadrant round the vertex a: = 0, j/ = 0, the integral: 

V ., , {'dr 

I — cos 2<p(i(p I — ;- 

increases logarithmically beyond any limit. As another example: 

/ / ^rx~a ^^'^^P = / / — cos 2(prdrd(p 

iias a finite value, because although the lanction to he integrated is 
discontinuous and indeterminate in the point x = i), y^O, it still 
remains finite. 

Again, the double integral: 

'■_dx_dt/ 



im 



has a finite value for x'>Q, y~>.^, although the function becomes 
infinite in the second order at the point a; = in the direction 
of the axis of abscissa, but in this direction only. To demonstrate 
this, let us calculate the value of tlio double integral for a rectangle 
from a: = to a: = ff, y = b io y = c, we have: 



Yb 



fdx (4i- = fdxl-,P'=al~^' + 2]/ct3.ii-'' -" -2 Vh tan-^ 

Now making c and h < c converge to zero in any way whatever, this 
expression on the right side converges to zero. 

The values resulting from the two successions of integrations are 
not necessarily different, even when the double integral is unmeaning. 
We have in the first example: 

Hy f XV'^L i^^ = A^ f,Kn^, dy = 0, 

J "J (v^-\-^^r ^ J (j/' + K*)' -^ 

while the double integral for the domain, that is here infinite, has 
no existence. 

When the function f becomes infinite along an entire curve in 
the domain, let this be taken as the line p ^ const. Then the product: 

«»>.«) (If g- If tDt!--) 
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the neighbourhood of the line p = c must not be equal to nor 
■eater than a finite number A, for otherwiso the integral: 

fffd'T would be >A fdg f~- 

Thus ex. gr. the double integral : 



I ' fdxdy 



has uo finite value in a domain in which the parabola a:' -J- j/ = 
is situated. 

Conversely, when f is such that in the neighbourhood of the 
line ^ = c we have the product : 

«'■' «) (af- w - T, f) f" -)• < ^ for < « < 1 . 

the value of the integral is finite, for it is less than 



^P'/^ 



In other words; Wlien Hie function becomes determinately infinite along 
an entire curve, provided its infinUude is lower than unity, the douhle 
integral will remain fmite. The theorem of the interchangeability of 
successive integratioiis is then maintained. 

173. When the domain of integration is infinite, the double 
integral extended over the infinite surface is understood to mean the 
finite limiting value that the double integral assumes when it is 
fiist evaluated for a finite surface and then this finite domain so 
extended as to pass over into the infinite region. Thus we have to 
investigate, under what conditions there is a finite limiting value. 

The tiansition from the finite to the infinite region is efi'ected 
m vaiiou'. ways according to the definition of the latter. When it 
IS to embrace the entire plane, let the double integral be formed for 
any lectangle ttom re = a to x = h, y ^ a to y = ^, and let a and a 
locieaae negatively and h and ^ positively beyond all limits. 

When the infinite domain is only an infinite section of the plane 
that is bounded by right lines or by an unclosed curve, we must 
guide ourselves by this boundary curve in the transition to the limit. 

When ex. gr. the double integral is to be extended throughout 
the parabola whose equation is j/^ = 2^3:, we can put; 

Jfix, y)d T = Lmi Jdxjfix, y)dy = Lmi Jdyjf{x, y)dx. 
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When it is to be formed for the inside of one branch of a 
hyperbola whose equation is : a: > 0, xy = li, the double integral can 



The value of the doable integral becomes singular, when it 
depends on the way in which a and b become infinite. 

When for arbitrarily increasing value oi x and y, the function to be 
integrated f{x, y) = f(r cos q>, r ain fp) has ultimately neither maxima 
nor minima, so that, within its domain of integration for every value 
of qtJ as r increases infinitely, f converges to zero; then, if its order 
of vanishing (nullitude) be higher than the second, since from a 
certain value r,, /'(r cos g5',>sing)) is constantly < — where k > 2, 

the double .integral is finite and completely independent of the method 
of the transition to the infinite region. For, the part of the iutugral : 






jf(x,y)dl 
relative to a domain for which r > r^, is less than: 

and this expression vanishes for arbitrarily increasing values of r. 

But the double integral has no finite value whatever, when the 
function f{x, y) , having neither maxima nor minima as the values t>f 
X and y inereascj becomes infinitely small in an order lower than the 
second or continues finite. 

In case the function undergoes incessant oscillations as the values 
of X and y increase infinitely, the double integral exists, as did the 
simple integral, without involving any limit as to the order in which 
the function becomes infinitely small. 

When the double integral has no existence, there may yet be a 
singular value for a determinate succession of integrations. One 
example of this was given in last §, ; another important example is 
the following: The function f(_x,y)'= cos{xy) is not integrabte in 
the infinite strip from x = to x ^ b, »/ =■ to */ = oo, for we have : 

i dy j cQH{xy)dx= f dx f cos {xy)dy= j ( ^'" - " - ^ ) dx = j —^' dx, 

and if we first make h increase arbiti-arily in the function to he 
integrated, this becomes quite indeterminate; but the integral: 
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J ^^'^J '"^'^ ^^^' ^^ J ~~?~ '^^ 



has for 7( = oo the determinate values + ^a, according as 6 > or 
< (§ 155). Inasmuch therefore as the double integral does not exist, 

/ dx Lim > I eos (xy) dy \ 

also Lieeoiues indeterminate, .while the vahie of: 

Jjini i dy j cos[xy)dx= ^ ^ Jt, according as 6^0. 

It is to be noticed therefore that although the equation: 

I dx j coa{xy)dy ^ j dy j cos {xy)dx, 

holds for every finite value of 7*, yet we cannot conclude from it that: 

I dx lAm I cos (xy)dy ^ him j dy j cos{xy)dx*), 

because the formula on the left side has no definite meaning, 

173. It is further of importance, finally, to recognise that the 
product of two simple integrals can always he considered as a double 
integral. When f[x) and i'(x') are two integrahle functions, wo have: 

Jfix)dxjii'(p)dy =JJ f{x)ii'(y)dxdy, 

this double integral being extended over the rectangle between the 
limits from x^ a to a: = 6, y = a to y = ^■ 
For: 

Jf{x)dx = {x,-a)f(a) + (x,~xOn^;y--{h-x,^,)f{x„^,)-\-l^^S^A, 

JKyM?/=(!/,-«)g'(«)+(y..-l/i)9'(y,)-(/J-?/.-0'P(y™i)+^'=-'''''+A; 



*) In the theory of Fourier's integralB as of the more general class to 
which they belong (Du Bois EejiDond, Journal f. Math., Vol. 69), the conventions 
concerning the succession of integrations and the corresponding transitions to the 
limit are essential. 
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Product of two simple integrale. 



Jfix)dxjq>ipyhj^ 



2^nxM)<p(.v^)i^,+^ - 



Now since as the values of m and n increase, the quantities A and A' 
converge to zero, it is evideiit that the left side actually represents 
the limiting value of the douhle sum. This theorem is also true, 
when the functions f{x) and ip{y) become iniinite within the interval 
of integration , provided each alone remains integrable. For if f{x) 
become infinite for a; ^ c, and cp{y) for y = c', then by the theorem 
just proved we have: 

J f{_x)dxj ff>{y)chj = j J f{x)<piy)dxdij. 

As S and 8' converge to zero, the product on the left side passes 
over, by hypothesisj into a determinate fiiiite value that at the same 
time represents the value of the double integral in the rectangle up 
to the limits x= c, y = c'. 

174. For the simple definite integral the following theorem holds ; 
When F{x) is a known continuous function whoso derived function 
is integrable and coincides generally with a function f(x), we have: 



s< 



mdx=F(x)-F(a). 



The value of the definite integral depends therefore only on the values 
of the function F at the limits of integration. An analogue for the 
double integral is presented in the Theorem of Green (1793 — 1841)*): 
Concerning the reduction of a double integral ofaunique 
function to simple integrals along the boundary curve. 

In the plane xy let there be given a finite connected domain, 
bounded by one or more closed curves. In Fig. 16 ex.gr. we suppose 
the domain to consist of the part of the plane enclosed by the external 
curve omitting the two areas bounded by the ovals; in it there are 
therefore three closed boundary curves. Let a function f{x, y) be 
given for all points within and on the boundaries of this domain and 
let it be inte^ ble w'th'n the domaii '^uch a f notion may au ii 
§ 167, be contin ous altl ougl jt s Is i oss ble thit n x d screte 
multiplicity of ci rves t aj 1 eco ue 1 scont uno s ndete nate or 

*) A Es a; on tbe ai \ eit on of m-^tliemat al an,ilyB a to tl e theor ea ot 
Electricitj and M ^net m Nottmgl am 18 8 repr nted n C elle Jo rn i Mitli 
Vol. 39, i4 1 nl gaa n Matlenat il latPri, of the 1 te U o „e G. e 
Londou IS 1 I{ mail Ur d a^en en l^ememu T eo e t § 7 3 
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even infinite; we call the function then "in general" continuous. In 
the last case if the function hecome determinately infinite it mast bo 
algebraically infinite at each isolated point in a lower order than the 
second and along entire curves in a lower order than the first. 

For each value of y then \f{x,tj)dx represents a function of x 

also in general continuous and finite, tliat is integrable with respect 
to y. Denoting: 



// 



f{x,y]dx = F{x,y)-F{a,y), 



Each parallel to the axis of x must cat the boundary curves in a 
finite even number of points. 
In our figure it is two or 
four. Denoting the values of 
X at the entrances and exits 
belonging to a definite value 
oiy by Xi,x^,x^,x^, the douhle 
integral ; 

jjf{x-,y)(lxdy 

is equal to 

Jdyjf(j..y)dx, 

if the integral respecting x 
X in this successive integration 

be extended, for each value 
of y, between the limits from x^ to x^, and from x^ to x^. But in 
the above notation: 

ff{x,,j)tlx+Jf{l,y)dx-F{x„<j)^F{r,,,y) + I'\x,,y)^F{x„,j). 




JJf{x,y)dxd,j~JdyF[X,,y)-JdyF{x„y)+JjyF(x„y)^J,hjF{x„y). 

In these integrals the values of x as functions of y corresponding to 
the equations of the boundary curves are to be substituted and then the 
integrations with respect to y to be effected between the extreme values, 
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namely those at which any entrance of a parallel to the axis of x 
coincides with its exit. 

Constructing at each point o the normal to the boundary curve 
and denoting the angle its direction entering the domain maJies with 
the positive axis of ordinates by goj, ff^, ip^, <p^, this angle being 
always measured in the same direction of rotation from the positive 
axis of ordinates to the negative axis of abscisste, then at the entrances 
o^ , O3 the angles tp^ and (p^ are always in the third or fourth quadrant, 
hut at the exits 0^, o^, the angles fp,^, tp^ are in the first or second 
quadrant. Therefore if ds denote the positive value of the element 
of the arc of a boundary curve, we have: 

dy= — dssaifi, dy'=dssmcf'.,-, dy ^— dssiii<p^, dy^dssinip^. 
Accordingly: 

/ f f{^,y)(^^^y'-== f F(X'i' y)siinp^ds -{- j F{i>^,,y) &m(p^ds 

-J- / F(x^,^/j siiKp^ds -{- I F[x^, »/) sin <pg (?S. 

All these partial integrals can be comprehended under the following 
single conception: 

We can describe each such integral as extended along a portion of 
a boundary curve, inasmuch as the function that is to be integrated: 

F'(a;, y) sin <p ds 
has always to be formed for the continuously consecutive points of 
the boundaiy curve, with positive values of ds. 

Now we adopt as a convention: The length of the arc of any 
boundary curve is a positive increasing magnitude, when we trace the 
curve from any of its points so as to keep the bounded area on the 
left. We thus obtain the partial integrals that the points 0^ or O4 
form along the segments: a^a^, a-^a^, a^a-,, a^ag, a^ay^, «ii«i3, 
«,.,«, J and from &i by c^ to fij, h^ by Cj to 6,; and again, those that 
the points Oj or o^ form along the segments: %a, , a^a^, %%, «8%, 
«io«sj «!?<*ioi «i4'^ii 31*^ i'C'^m 6j by Cj to &[, &4 by e^ to 6j. We can 
therefore say: The integral 



/.•(. 



y)^m(pds 



is to be formed for the points of all the boundary curves, 
these being traced so that the domain they have to bound 
is constantly 011 the left. 

We have conversely the definition; A simple integral 
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extended along a closed curve in a positive direction, signifies, in terms 
of a single variable, the value of 



P 



]F{x,y)dy, 
when ill the first place the entrances and exits of parallels to the axis of a:: 

^1 == '^iiy) < *:i = '^■i{y) <H"= tiiy) < «* = ^tiv) ■ ■ ■ 

are calculated for each value of y from tp(x,y) = the equation of 
the boundary curve, and then the sum of integrals: 

is formed for increasing values of y. 

Employing this definition, the following is the statement of 
Green's theorem; 

When the fimction f{x, y) is integrable within a domain, the integral: 



ff 



fix,y)dx = F{x,y) 

is in general for each value of y a contvnuous function of x and for 
each value of x an integrable function with respect to y. The double 
integral: 

JJf{x,y)dxdy 

extended throtighoid the entire domain is equal to the simple integral: 



P 



F(x,y) sin tpds 

extended along the boundary cv/rves of the domain in a positive circuit. 

This equality still holds good when the values of the functions 
f and F are altered arbitrarily at infinitely many points, provided the 
integrals are not thereby changed. 

Therefore the value of the definite double integral depends only 
on the Values of F at the points of the boundary curves. 

We can also frame the theorem thus, reversing the order of ideas : 
When the partial derivate j- of a function F{x, y) 
the entire domain, even admitting that there are poi 
which it is discontinuous or infinite, we hare always: 

JJ^^ d>:i9 -/Pfe J) si,. 9 is. 

Likewise, interchanging the letters x and y, and denoting the angle 
that the inward direction of the normal makes with the positive axis 
of X by 4), so that at the entrances of parallels to the axis of y 



integrable over 
nts or curves at 
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the positive value of dx = ds sin ^ = ds cos y, but at their exits dx 
is equal to ^ (?ssiin/i = — dscos^i; we prove the equation: 

SP~h^ rf^rfy = ^Jf{x, y) sin il>ds = -J'f{x, y) cos ^,ds. 
By the above definition — / F[x^ y) cos q> ds is the integral ~ / F (x, p) dx 
formed along the boundary curves in a positive circuit. 

175. Some consequences of this result claim our special attention. 

1. Let a unique function of two variables f{x, y) be given for a 
domain limited in any manner by one or more boundary curves; let 
its partial derived functions be: 

ox ' dy ''' ' ' dy d^ 

Now when the functions -.— and tt- are integrable withiti the domain, 
we have; 

j j ^ dxdy = — [f cmtpda , j f't^dxdy = fQ&m<pds, 
therefore : 
Jj {^^i-~^^^^^'dy^jig^mq,-^FcoH^)ds^J{Qdy^Fdx). 

But by hypothesis the function under the double integral sign vanishes, 
consequently we obtain the theorem: 

If F and Q Be the partial derived ftmdions of a unique function 
of two variahlesy the value of the integral: 

KPC0S9.+ Q&mif)ds = j{Fdx-{- Qdy) 

is 'di.ro, ichem, U ts formed in a positive ^rcuit for all the 



curvts of a domam witlim which t 

and m general, ^mth possibly a linear set of exeeptions, satisfy the 

equation 9^ - g| 

2. From this theorem follows: When the domain is limited only 
by a single closed boundary curve (simply connected) and when 
within it the conditions just stated are fulfilled, the value of the 
integral formed for this one closed boundary curve is zero. 

3. If two points within such a simply connected domain, whose 
coordinates are x^y^, x^y,, be joined by arbitrary curves Si,5^, s^ . . . 
included within the domain, the value of the integral: 

/(Peosy+ Qs\n<p)ds ^ j iFdx -j- Qdy) 
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is always the same for whichever curve it may be formed. For, any 
two of these curves ex. gr. s, and s^ surround a part of the domain, 
consequently the sum of two integrals, taken, the first along Sj from 
a^iiJ/i) to a^ij/i, the second along s^ from Xfij, to x„y^y is zero; or 
writing this in a formula: 

f(Pdx+ Qdy) = — f(Fdx+ Qdy) = I {Fdx -i- Qdy). 
t,v. (=i™s.J i.v. (.i™e-J tv, l«long^ 

4. The integration to be effected in theorem 3. takes a simple form 
when the domain is such as to include the entire rectangle having 
the two points a^^j/o, x^y^ as vertices and its sides parallel to the 
coordinate axes. For simplicity we shall assume here that within and 
upon the boundaries of such a rectangle the functions P,Q,-^,-^ 
are continuous without exception, and that the equation ^ ^ -^ 
is everywhere valid. We can then integrate along the sides of this 
rectangle and obtain either: 

J'(Fdx+Qdy) =JF{x,y,)dx+jQ{x„y)dy, 
or: 

j(Fix + Qd,) -Jq(x,, y)d,j +JfIjc, y,')ilx. 

Denoting the integral as a function of its upper limit by ^(a:,, j/,) — 
this we can easily see is a continuous function, because: 

F{x, + t,, y^ + li)—F{x, , !/,) =J I'(x, y,) dx +J Q(x, + h, y) dy 

+Jmx,+lhy)~Q(x,,y)]dij, 

and Q{x, y) is a continuous function — on differentiating the first 
formula with respect to a;,, wo find the equation; 

Now because -—} -^ is a continuous function, we are entitled to 
differentiate under the integral sign {§ 169J; further we have the 
equation : 

dQ(:<:,y) ^ dl'[ai,y) . 
8a: dy ' 
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therefore : 

and consequently: 









dyi 



that 



The integral function / [Fdx -\- Qdy) can therefore be defined a 

eontinuoua function of the variables s;,, p,, which vanishes for the 
values 3;„,J/q, and whose partial derived functions with respect to 
X, and i/f are the functions P and Q- 

By this enunciation the function F{x,,y^) is compJetely defined. 

For, all continuous functions of two variables whose partial 
derived functions within a domain respectively coincide, can differ 
only by an additive constant. Suppose, in fact, that F and are 
two distinct functions for which: 

8x dx ' dy dy ' 

then in consequence of this first equation we have for every value of y : 

where G being a quantity independent of x, can be only a continuous 
function of y (§ 100); denoting this by Z", we have: 
dFjx.y) _ 3*(^_,.i/)_ , 'dyi 
dy dy ' cy ' 

but in consequence of the second equation - — = 0. Accordingly 
(§ 100) Y is a constant also with respect to y. 

The problem therefore is solved : When two continuoits functions P 
and Q are given which satisfy the equation -k— ^ -^ within a simply 
connected domain; it is required to pnd those continuoits functions 
whose partial derived functions with respect to x and y coincide tcith 
the values F and Q. All such functions are collectively expressed hy: 



/< 



{Fdx+ Qdy) + Const. 

Oouversely, knowing beforehand such a. continuous function F{x^ y), 
the definite integral is thereby ascertained; for we have: 
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/' 



{Fdx + Qdy) = F{x, y)+C== F(x, y) - F(x„ y„) , 

because the left side vanishes for x == x^^, ^ = ^0, therefore Cmust 
be equal to — F{Xo, y^)- 

Thus also the counexioa between the defiuite and the indefinite 
integral in two variables is developed subject to al! the hypotheses 
here necessary. 

Note: It is to be observed, that this deduction of a continuous 
function F(x,y) from its partial derived functions P and Q requires 
not only that these derived functions be continuous but also that 
they admit of being differentiated respectively for y and x 
within the domain*); while there is no analogue to this with functions 
of a single variable. 

It is therefore not unimportant for us to reahze that the condition 
for an exact differentia] must be modified in certain cases. Let us 
formulate the problem as follows: 

Given in a rectangular domain, from a: = o; to x^h, 
y = a to y = ^, two continuous functions P and Q. What 
further conditions must they fulfil, in order that there may 
be a continuous function F{x,y) in the domain, for wliich; 

^/ = P(x, y) , i^ = Q(x, y) , 

and how is this function determined? 

All continuous functions whose partial derived function with respect 
to X coincides with P are collectively included in the form: 

F{x,y)~JF{x,y)dx+ Y, 

where T is a continuous function of y only. Making x =' a, we find: 

") ThPie miT be poinh at whi li the funt-tions P and Q ceise to be 
cuntinuous and finite But tliete points can Ic encloaed withm -iibitraiily small 
neighbomhooda the enclosing curves are then counted among the bouadanea 
oi the domain rendeiicg it uiultiplj connected But thej do not ultiinately 
tOme into conaider-^tion in the totnn.tion of the simple Integra! it foi the mteiior 

of such a region the double integtal / / I -=■ ~ ]da.dy must vtDiBh The 

equation III ~- ^ 3-- ) dx dy = 0, formed for every arbitrary part of the 

entire domain, is the necessary and Biiffieient hypothesis on which the derived 
theorems are based. 
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Differentiating this equation ■with respect to y, since we must have: 

we find the relation: 

(1) Qix,y) - «(„,!,) = |,/i>(a;, S)'"- 
We find in like manner the analogous equation: 

(2) l'[x,y)-l'ix,a)--l-jQI,x,y)d,J. 

Therefore the functions P and Q cannot lie independent; they 
must satisfy these equations, of which one is a consequence of the 
other. These conditions are necessary. Does it then follow, that, 
since the integrals can be differentiated, the functions P and Q also 
can be differentiated respectively for y and a^? Instead of equation (1) 
in which a and x signify arbitrary values we can write: 



dy hj '> '•'■' j,j^^ TiJ Ay 



This expression on the right side has therefore for arbitrarily small 
values of /( a limiting value for A)/ = 0. But at each point at which P 
is a continuous function of x, the integral on the right can be replaced 
by its mean value, so that we obtain the equation: 

q[x+\y)-Q{a=.y) _ ^j^^ F{x + Qh,y + Ay)-P{x+ Qh,y) 

Here is a function depending on Ay, aud the interval Qh can be 
diminished arbitrarily by choice of h. Nevertheless we must not argue 
that the determinate limiting value which is found on the right, 
is the differential quotient with respect to y of the function F{x, y) 
at a determinate point. For, that limiting value only arises by the 
argument 0^ also varying, whereas the derived function with respect 
to y is defined as 

Lim ?1^'1+Ayl - PJ^'V) 

It is only in case the derived function -^ — exists for all points within 
the domain, and is an integrable function with respect to both the 
variables that we can infer by the proof in § 169 that differentiation 
and integration are interchangeable in equation (1), and thence the 

existence of „--- , as well as the equality - — = -„-- ■ Cases may be 

dx ' ^ •' ay da; ■' 

assigned in which it becomes necessary to formulate the condition 
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generally. Let 1/1(2) be a function, that ivithm a determinate interval 
is continuons, but has no second derived function. Substituting then 
s = (p{x,y), a function ^{fp{x,y)) = F{x,y) is obtained, for which no 
mixed differential coefficient ;^„— exists, althouah this function has a 
total first differential whose integral remains always independent of 
the path of integration. 

The condition ^- =^ was essential for the proof we have aiven 
of theorem 1. in this section, that the sum of the integrals: 
j\Fdx^Qdy) 

formed in a positive circuit for all the boundary cm'vea of a multiply 
connected domain is zero. Whether this condition is necessary, we 
have not investigated. 

170. The conditions of integrability still hold, when instead of 
the variables x and y two new variables w and v are introduced, whose 
first and second derived functions exist. 

Let X = <p{u,v), y = f{u,v), then by the equations: 

dx = ^^du-\-^^dv, dy = ^£du-\-f^dv, 

the differential Pdx + Qdy is converted into the form P, du -f- Qj dv, 
where: 

and we have: 



dy dv\ 


t + 3^ 








+ P 


£!. + « 


dudv' 


dP a-^ 

'8y 8u 




(8e »v , 

(«« S.I" 


8Q dil't 
~dy 'du\ 




+ F 


fe + e 


dudv 


dP, _ 


JQ, 







du gw Ids. 

Accordingly: 

and: 

({F^dii + Q^dv) ^JiFdx + Qdy) + C. 

In the deduction of this formula the existence of all the second 
differential quotients of the original function is presupposed. 
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Fourth Book. 

Integrals of complex fnnctioiis. General properties of analytic 
fanetions. 

First Cliapter. 

The definite integral of a uniqae analytic function in the complex 
domain. 
177. A function f[s) of a complex variable s was defined in 
§ 80 as a quantity which can be calculated from s by any finite 
or even icfinite number of arithmetical operations. When such a 
function has throughout a connected domain, except in singular points, 
a determinate derivate/^(.^) independent of the differential (^^^(?a; + *(i^, 
we called it (§ 84) an analytic function in that domain. The two 
constituents of an analytic function f{s) =^u -^ iv are, as was then 
deduced, continuous functions of the two variables x and y having 
determinate derivates both for x and for y that satisfy the equations: 

ox dy' dy d!c 

Moreover it was shown that these equations taken along with tlie 
continuity of the derivates are also the sufficient conditions that the 
function f{x -^ iy) = u-{- iv may have a derivate independent of 
the differential, and thus be an analytic function of s in the sense 
originally defined. 

The following investigations, by which we are about to establish 
the integral conception in the complex domain, deal first with the 
function of a complex variable in general and then pass on to 
analytic functions, whose general properties form our ultimate object. 

In the complex plane let two given points 2,, and Z be joined 
together by an arbitrary curve of finite length. The equation of the 
curve may be supposed given either in the form ip {x, y) = or by 
means of a parameter x ^= ip{t), j/ = il>(f)- To each value of t should 
then correspond uniquely one value of x and one of )/; furtlier, to 
continuously consecutive values of the variable t, which we ^aume 
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to undergo Jio alternation of increase or decrease between the limits 
ifl and t, correspond the continuously consecutive points from 5^ to Z, 
Now inserting between gf^ and .Z arbitrarily many points g^, s^, . . . ^n—i 
along the curvej let us form for any function /(«) the sum: 

/(2.) fe - 8.) +rt2l) te -h) + f(.',)(h-',) ■ ■ ■ + «2.-l)(-Z-2.-.); 
the complex limiting value to which this sum tends, as the value of 
n increases arbitrarily, is called the definite integrcd of the function 
f{z), formed from z^, to Z along the path prescribed by the eqimtion of 

Under what conditions is there a determinate limiting value? 
Assuming first that the function f{0) remains finite in all points of 
the curve, so that its modulus does not exceed some assignable superior 
limit, and also that the points wherein the real and the imi^inarj 
constituents of /■(«) undergo finite discontinuities or infinitely many 
oscillations with finite fluctuations form a discrete set, the existence 
of a determinate limiting value is easily evident by means of the 
Theorems concerning the real integral. For if by the substitution: 
z^x-^iy = <pit) + ii'{t), 

we convert /(0) into /",(() + ^TaCOi and if ^ni ^i > ^ii ■ ■ ■ ^"-ii 2' are the 
values corresponding to the points n,,, z^, %, . . . ^„_i, Z, the above 
sum passes over into: 

2Vi(-i') + •/,(<.) Hi' ('.+.) + ifC'.+i) - f(4) - '>('.)1, 

that resolves itself into a real constituent: 

'^f(k){cpit,+ ^) - cp{t,)] ^~^f,ih)[i>it,+,) ^ ^(t,)] 
and an imaginary: 

To the first sum we can give the form: 

and analogous forms to the three others. 

The curve chosen as patli of integration must be of finite length; 
it is certain therefore to have everywhere, except possibly in a 

*) Cauchy: Me'moire sur les int^gralcB d^finies, priHes entre dea limifes 
iraaginaires. 1825. Comptea rendus, 184G. — Riemann: Grandlagen filr eino 
allgemeine Theorie der Funetionen einer yeriinderlichen complexen tfrOsee. 1851. 
Werke, pp. 3-47, 187G. 
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discrote set of points, a progressive differential quotient that is itself 
generally a continuous function and is identical with the regressive 
differential quotient; or in geometric terms: the curve has no angles 
except at discrete points. The intervals can therefore (§ 100) be assumed 
so small, that generally for each value of t: 

— *^T7=^" ^ ^ ^^'^ ^' ' 
where S signifies an arbitrarily small quantity. Accordingly each of 
the four sums takes a form such as: 

J7,(fc)<p'ft)(4+. - «.) + « 2"'; ('•)('<+■ " '»)' 
tliat passes over into the definite integral: 

as the value of n increases arbitrarily. Therefore: 

I. Um^f{^,){s,+i~ ^,)=Jmd0^J \f,{t)cp\t) ~ f,{t)^\t)]<U 

+ iJ[f,(i)'pXt)+f,it)^\t)]dt=f[f,{t)i-if,{t)]{<p'(i}-{-mi)\<i 

is a determinate finite quantity 

For instance, if the integral is to be formed in a straight path from 
the point ^^^'^ x^-\- !y„ to the point ^ = X + iT, we have: 

x-x, + (X^>:„)t, >j-y, + {Y-!/,)t, 
therefore : 

ff(s),Ii-{X-x„ + i{r-!l„)}ff(x. + i,j,+t(X-x„)+iHY^,j„)),lt. 

When we require to integrate along the arc of a circle of radius r 
whose centre is the point Xg -f- ^'^q, we have by the equatiqns: 
X'^cCg-^-rcost, ^ = i/g-{'rsmt,- dx = ~ raiatdt, dy=^ rcostdt; 

Z T T 

Jf{z)dz^Jf{x, + iy, + re')ire>dt = irjf{x„ + iy^ + re')eUU, 

where t^, and T denote the values of t belonging to the initial R.nd 
terminal points of the arc. 

178. It results from Equation I. that we also have for the 
complex integral the following theorems: 
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OJily that both integrals must refer to the same curve. Agaiu: 

2) Jf(i)cU^Jf{s)di+Jmdz, 

only that the paths of integration from 3^ by z,, to Z or from s^ by Z 
to S], must he the same in all the integrals. 

There is likewise here a Theorem of the Mean Value; although 
it has not as simple a form as for the real integral. 

In fact, from the equation: 

Jf{^) cU =Jn (0 j <f>V) + mi) I dl + ijf,{t-) I 9>'(0 + iW) I <ll, 

follows : 

ff{s)ds = Jf,(/ — s„) +iM.,{Z-~ £„), 

where J/j signifies a mean value of /j (() and JM!, a mean value of /',{^). 
When these functions are continuous along the path of integration, this 
equation can be given the form: 



3) Jf{i)di . 



l/-,(t, + e(j'-f.)i + .7;((, + e-(r-y)| {z ej. 



The values of and 6', however, will in gGnera,l be different. 

It can further be deduced from this equation, that the integral 
in every point of the path of integration presents a function of the 
complex variable, and moreover generally an analytic function. For if 
s denote an arbitrary point on the path of integration, the differential 
quotient in an arbitrary direction of the integral: 



/«' 



with vospect, to its upper limit ia derived by forming tlio quotient: 



iff'.")'' 



where h signifies any quantity converging to zero and the integration 
ia along any patli between the points g and -i- h. If the values ( 
and t -\- k correspond to these points in such a way that when A =5 
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aloug the path of iutegratiou fc also converges to zero, we have by 
equation 3): 

4) ijfi')'!' - l\ V + 0'.) + if-At + S''-) , 

therefore : 

Lim I J««).i« - /; (i) + im - m- 

The definite integral, regarded as a fuuctiou of its upper limit, 
has therefore generally in the points of the path of integration the 
derived function f{e). In particular also: 

dfmds dfmd^ 

by which is expressed, in conformity with § 84, that the integral is a 
function of the complex variable cc -\- iy == 2. 

When along the path of integration a unique analytic function 
F{s) is known, whose derivate is equal to fXn), we have likewise: 

6) Jf(0)d0 - J-(Z) - 1\,.). 

ibstitution s=g){t)+ itp{i), f{!^) pas 
F,(t) + iF,{t); we have: 

i.» - m - ii'vm + iF^mf. , 

therefore; 

[t\{t) + if,(t)\W(i) + i^^Vi = -^/(O + ''-^■V(0, 
consequently : 

Jf{z)di -fm)+if,(t) 1 1 ^-(D+ifxtiidt-Ji F,'{i) + i-f'vy) 1 'II 

- |V, (T) + > j!.-',(2') I - I -f, (« + "'■. tt) 1 - -f'(2) - ^w. 

The definition of the definite integral, furthermore, can be 
extended as it was before; 

When the function f{3) becomes infinite in discrete points c,, 
(,';, etc., the equation of definition takes the form: 

Here also, as for the real integral, the following criterion holds: 



For if by the substitution s=g)(t)-\-iip{i), f{^) passes into /■,(()-!- j/;(;), 
and F(0) into F^(t) + iF-^it); we have: 
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'ite definite integral of n unique analytic function. Bk. IV. ch. 1 



This right hand integral baa a determinate limiting value for 
S = 0, provided the amount of the product (c — zyf{3) remains finite 
when ^ = c, for v a positive proper fraction, in whatever way the 
value of 5 converges to c. (Cf. § 181,3.) 

When the path of integration proceeds in a determinate manner 
to infinity, wo have: 



> 



i)di 



. Lii 



f(i',d,. 



for s =i CO , 



when the point s passes to infinity along the prescribed line. 

The integral is certain to have a determinate limiting value, when 
in this process the amoulit oi e''f[s) remains finite and v is a number 
greater than 1. (See § 181, 4.) 

179. One essential difference there always is, between the integral 
of a complex function and that of a real function, notwithstanding the 
similarity of the Theorems of last Section with those we had before: 
A complex integral can be talsen along veiy different paths between 
two determinate limits ?„ and Z, while for the real integral the mere 
requirement that it shall be real prescribes always one path only 
between the limits. The complex integral of one and the same function 
between the same limits can therefore assume various values according 
to the path of integration. 

When we integrate ex. gr. / — from the point -|- 1 to the point 
— 1 along the upper semicircle round the origin, putting: 

2 = cos(0 + isin(;), o!.s={— siu(i) -\- i cos {i)\dt, 
we have: 

f'[^. _ ijui _ «. 
seuiieircie its value is: 

The question therefore arises: Under what conditions is the integral 
of a coniflex function a imique function of its tipper HmU, independent 
of the, path of integration? This question, as Riemann has shown, 
is answered by means of Green's Theorem and the Corollaries that 
follow from it (§ 174—176). 

Let the unique function /'(s) = li -\- iv be defined for a given 
simply connected domain. Let the functions tt and v be continuous 
throughout this domain. Should tliia not be the case in certain points, 



But along the loi 
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let us enclose them within curves and count these on to the boundary 
eutves of the domain which thereby becomes multiply connected. 
Integration witliin such a multiply connected domain will occupy 
us in what follows presently. Further let U3 put: 

where U and V similarly signify real and continuous functions of 
X and y. 

The function U -\- iV is required to have the property, that in 
each point of the domain it is independent of the path of integration 
and satisfies the equations: 

SO that we must have: 

2a^"^"' dy~ ^' 'dx ^' dy "■ 
We are accordingly led back to the problem previously treated, whose 
solution (§ 175, p. 317) informs us: 

In the simply connected domain if TJ is to be a continuous function, 
whose partial derivates for x and y are everywhere respectively u and 
— V, and if V is likewise to be a continuous function for which they 
are respectively v and m, these functions w and v having determinate 
partial differential coefficients with respect both to x and to y that 
satisfy the relations: 

dy ox' dy d^' 

then the functions U and V are obtained, formed by the integrals: 

/ (udx — vdy) and I {vdx -\-udy), 

along any arbitrary path. But the above relations inform us that 
[{£) is an analytic function with the determinate derivate; 

It is accordingly proved: When in a simply connected finite 
domain f{s) is tvithoiit exception an anaiybic function, the integral 

\f{z)ds is an analytic function of e completely independent of the 

path of mtegration within the entire domain, and its derivate is f{s). 
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180. ]J:' a new variable be introduced into the intBgral j f(s)ciz 
by substituting z<=ip{/), where ^{s') is an analytic function in tbe 
entire domain within which the integral is to be formed, then by 
§ 176 the property of integrability holds undisturbed with respect to 
the new variable s', and thus: 



fmdB=^Jf(H'(/})tv)<^'^' 



is an analytic function of / with the derivate f(ti^)) ■ '/''(s')- 

When the integral has to be extended over a domain reaching to 
infinity, we can transform it by Inversion (§ 79) into an integral that 
is to be investigated withiu a finite region. From the substitution: 

S = -1- , ds = — ^,\vennd: ff\s)ds = — ffiy) % , 

and to arbitrarily increasing values of s correspond values of s' with 
arbitrarily small modulus. If then we have to integrate j f{s)d2 
along a curve upon which s becomes iufiuite, we have: 



n Jfij^) dz = Lim -//-(y) % ' 



181. A number of corollaries depend on the Theorem of § 179: 

1. Wh&n we form the integral along a closed curve that lies 
mthin the simply connected domain, its vakie is zero. 

For, when the path from s^ by s, to s is one part of this curve, 
and the path from s„ by Sj to s tlie other, the integrals along these 
paths are equal; and because along one and the same path: 

Jm<U-^Jf(l)de, §178,1), 

the sum of the two integrals for the closed path i'rom ^^ to s and 
from s to is^ is zero. 

2. When the domain is not simply connected, both the integrals : 

J{u + iv) {dx + idy) =j\udx - vdy) + if(vdx + udy) 
formed for all the boundary curves of the domain in a positive circuit 
are zero (§175,1.). If therefore we form j f (si) d 3 in a positive circuit for 
all the boundary cwrves of a multiply connected domain wher^n /"(s) 
is an anakftic function, the value the itdegral assumes is sero. 

Along each separate boundary curve it has a determinate value. 
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When within the domain a closed curve is drawn, {a, fig, 17), which 
by itself encloses a simply connected domain, the integral along 
this curve vanishes ; but when a curve is 
drawn which together with a boundary 
curve encloses a domain, ex. gr, (3, the 
integral along this curve is equal to the 
value that it assumes for the associated 
boundary curve. 

From this we form the rule : 
3. When f{^), the function that is 
to be integrated, loses the property of an 
analytic function in a discrete set of 
points of a simply connected finite domain, 
by either ceasing to be continuous, or 
to be finite, or to have a derivate, let 
) each such isolated point within a curve arbitrarily near it, 
and, counting all these among the boundary curves of the domain, let us 
carry on the investigation in the multiply connected domain. When 
the integral for the boundary curve round any such point vanishes, the 
boundary of this point can be dispensed with, although it is always 
possible that the integral function up to such a point may likewise 
lose the property of an analytic function. For, it was only proved 
for points at which f{s) remains continuous, that the integral function 
also is analytic. 

There are therefore two things to be examined : first, whether the 
integral round a singular point vanishes; second, whether the integral 
up to the singular point continues finite or analytic in general. 

We can at once see that: if the integral round the singular point 
do not vanish, the integral function is an ambiguous function, and the 
singular poiot is one of ite branching points; along a branching section 
starting from this point the values of the integral differ by a constant 
quantity. 

For if the value of the integral round one boundary curve of the 
point « be A, it has the same value for every boundary curve round 
the point «, because two boundary curves determine a ring surface in 
which the function is analytic without exception. At the two sides 
of a curve starting from the singular point the values of the integral 
differ by ji; the integral is therefore ambiguous. 

A determinate value of tlie integral up to the singular point is 
in this case quite out of the question; the value of it then depends on 
the path by which the singular point is reached; how often ex, gr. the 
branching section is crossed on the way. 

But next: if the integral round the boundary of a point a vanish, 
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the integral remains a unique function within a domain however 
small round a, but this point itself may possibly be a singular point 
for the integral, 

A necessary condition in order that the integral up to the point 
K may remain finite, in which case it is certainly continuous, is: that 
for any number d however small, it shall be possible to assign a circle 
with K as centre iind with radius r, such that for all values of 

s — a ^ (((cosi/f + ismi>) 
for which Q <.r, the amount of the integral 



Jfi^a + (>e''i')e'mQ 



shall independently of j^ be smaller than S. This will certainly be the 
case ex. gr. when the function /(s) is so eoustituted that ; for q < r 
and < v < 1, 

is constantly smaller than a finite quantity G. For we have: 



^sJfla+Qe^'i')e''Pd^ <y*abs [/■(« + pe'^O]^? < gJ-\ 



= G^ 



and r can be chosen so as to maise this quantity smaller than d. 

We can also assign a condition which is sufficient in order that 
the integral taken round the boundary of a point may vanish. This 
condition is: that 

Lim|C« -«)/■(<.)) _0, 

and therefore that a domain can be bounded off round the point a 
within which the amount of the product (s — «)/(«) is equal to or 
smaller than an arbitrarily small number d. 

For then, integrating round the circle witli radius r, we have: 



ahBjf(s)dB<Ja.hs[f{e^ 



+ »-e'V)i7-e*vjd^ < 2jr. 



and this value is arbitrarily small; it is therefore impossible that the 
integral round the boundary should have a finite value, so that, since 
its value is determinate and is the same for each boundary curve, it 
must be zero 

We can now estimate the bearing upon integration of whatever 
singularities th^re may be. 

a) When the iunction f{^) loses the property of an analytic 
function in a point by becoming discontinuous or by ceasing to satisfy 
the equation — - -\- i J- = 0, while still remaining finite, this point 
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has no infliienee whatever upon the integral. In t'aut; for ii positive 
V eitlier equal to or less than 1 we have. 

l™ I («-»)■/■(») 1-0. 

'i'he integral is still an analytic function in the point a, its <lerive(l 
function is Lini f(g) for s = a. (See moreover Remark c.) 

b) But when the function f(s) becomes infinite at a point, whether 
an essential or a non-essential singular point, this is always an infinity 
point for the integral also. In fact, here 

L™i(8-«m2)i 

is not finite for v less than 1 ; because in a non-essential singular point 

Lim((»-»)-/-(s)| 
is finite only for m equal to or greater than 1, but in an essential 
singular point it is finite for no assignable m whatever, lu the examples 
of next Section we shall discuss this as well as the question whether 
such a singular point is a branching point or not. 

c) It is necessary also to consider whether possibly the function 
/■(^) may lose the analytic property all along a curve c situated 
within the domain, by no longer satisfying the equation 

in any point of this curve, although continuous in its neighbourhood; 
while the derived functions remain finite. This assumption however, 
a.s wo shall prove, involves a contradiction. 

In fact if we surround the curve c by a boundary ( arbitrarily 
close to it, the integral round this boundary will vanish, because the 
values of the function on the part of I to the right of e differ from 
those to the left arbitrarily little when I closes in arbitrarily up to c; 
therefore the sum of the integrals, being taken in opposite directions, 
becomes arbitrarily small. Moreover the integral remains finite for 
each point of the curve c. Therefore such a curve would not be 
singular for the integral. Thence it follows that even in the points 
of the curve we have: 

or the equations: 

U^Jiudx-udy), V^J(vdx + uchj). 

Therefore the integral U -{- iV is an analytic function, whose derivate 
is f(B} = M -f- iv. It will be shown subsequently, that the derivate 
of an analytic function has also a derivate independent of the quotient 
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j~ ; conseqiiently the equations 



must also hold for the points of the curve, that is to say, the origiuiil 
aaaumptiou is impossible. 

d) When the funetiou f{s) is discontinuous- at the two sides of a 
curve lying within the domain, the paths of integration at the two 
sides of such a curve also lead to different values; i. o. the integral 
also is no longer an analytic function in the domain. 

4. When the domain of the integral contains the point infinity, 
we convert it into a finite domain by the ^substitution s = — ■ To tlie 
integral 



-i^'&) 



taken arbitrarily closely round the origin in a positive circuit will 
correspond an integral in S along a curve likewise' surrounding the 
origin but arbitrarily remote and in a circuit keeping the infinite on 
the left: such a curve is said to surround the point infinity. The value 
of this integral is certainly zero when 



Li,n|5Y(^)4,} = Lun lA^).^ 



The integral function will remain finite even for the point infinity, 
according to the theorem just proved, when we have : 

Um \l'f(l) ,'.\ - Lm \f(l.)-^,] - Lim j/V^^'-j - 6 

some finite quantity, where the exponent 2 — i'>l or)'<l. 

182. Of unique analytic functions presented in an explicit form 
we have only become acquainted with rational algebraic functions and 
with the infinite series of ascending positive integer powers within its 
circle of convergence. These we have now to integrate, taking their 
singular points specially into account. 

1. The integral of an integer rational function. 

When K is a positive integer, the power g" is an analytic function 
without exception in the entire plane. Therefore along any path of 
integration : 



/. 



When the integration is extended to infinity, the integral function also 
becomes infinite. The point infinity is a non-essential singular point. 
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It is easy to prove the theorem: that the complex integral of a 
sum of fmictiona is equal to the sum of the integrals formed for the 
several summands; by its help we obtain from this the formula for 
the integration of any integer rational function: 

2. The integral of a fractional rational function. 

Every fractional rational function can be broken up into an 
integer function and into partial fractious each having a constant 
numerator and its denominator an integer power; for, the identities 
developed in §§ 111, 113 hold also for the complex variable. Accordingly 
the integration of a fractional function requires ns only to investigate: 

/ - ^-- and more generally / -; 

in place of these, writing s instead of ^ — a, adopting therefore the 
point a as zero or origiiij we can deal with the simpler integrals: 



n-^n- 



Considering first the ease of w a positive integer greater than 1; 
it is evident that the function — loses the character of an analytic 

function at the singular point zero; in all the rest of the plane, 
the point infinity includecl, it is regular. Surround the singular point 
with a circle of radius r. Along the circumference of this circle, since 

B c= r{cos q; -|- i sin ip), ds = r( — sin g; + jcos <p)d(p, 
the value of the definite integral is; 

I gi r" — ^) COBKq5+I31IH»qj ^ r" J r / T i 

since w > 1. Thus the result of integrating round the boundary of 
the origin vanishes, so that its boundary curve has not to be taken 
into account. Along every path in the plane, even such as pass 
through the point infinity, since for it 

Lim js 4-| = "> 

we have the integral: 



n- 



-«+i 



and it vanishes along every closed path. But the point zero or origin 
is a non-essential singular point of the integral. 
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The case w^l, that already served as an example in § HO, 
requireg a particular treatment; for here round a circle with the point 
zero or origin as centre we have: 



/^ = >>- 



Therefore independently of the radius r the integral is equal to 2jjf. 
Around the point infinity the integral has likewise a finite value; for, 
integrating along a circle with an arbitrarily great radius 11, keeping 
the origin on the right, the integral is converted by the substitution 

into: — /—A to be integrated along a circle of radius ^ keeping 
the origin on the left; thus its value is — 2ix. The value of the 
integral will accordingly depend on the path of integration; along a 
finite closed curve its value will be 2inli or zero, according a.s the 
closed curve goes round the origin /e times or not at all. The integi-al 

/ — - is a unique function of its upper limit z, when the paths that 

lead from the lower limit Sf, to s do not cross a section leading from 
the origin to the point infinity; it is only in the plane perforated along 
this section that the values of the integral calculated along such curves 
are continuous; on opposite banks arbitrarily near the branching section 
they differ by the constant quantity SiJt. 

But the many-valued function which is presented by the integral 
is the logarithm treated in § 82, 5; for, l{z) is that function whose 
derivate is — ■ The method there employed of rendering it a unique 
function by means of arbitrarily many leaves, is valid also for the 
integral. For each path not crossing the branching section we have: 



h 



• H') - Kh), 



and thus in particular \ -^ ^=l[3). In writing this equation, however, 

we must observe that the quantity on the left is now determinate, while 
that on the right is still many-valued. What is the value on tbe 
right belonging to a determinate path? Before we can characterise 
a definite kind of path, we must adopt a definite branching section, 
ex. gr. the positive axis of ordinates, We reject the positive axis of 
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abacisste, to avoid having the lovfer limit + 1 on the branching section, 
for in that case vie should have to distinguish between its two banks. 

To proceed from ] to g in the same leaf, means to take a path 
that, while otherwise arbitrary, does not cross this section. To proceed 
from 1 to ^ and at the same time pass from the first into the 
(/c -|- l)*"" leaf, means to take an arbitrary path which crosses this 
line (k + k') times in the direction from right to left and k' times in 
the opposite direction; to pass from the first rato the — (/c -\- l)"" leaf, 
means to cross the section (fc' -\- k) times from left to right and 
k' times from right to left. 

Remaining in the first leaf, we can as a particular case integrate 
from 1 to £ = X -\- iy, provided s is not in the second quadrant 
(a; < 0, «/ > 0), by proceeding first from 1 parallel to ordinates to y 
and then parallel to ahscissEe to the value x. 

Putting ; 

/d^ ^ i'dx-^-idy _^ i\x~iy)dx , • r[x — iy)dy 

then (as in § 175, 4.) the first integral on the right is zero along the 
first part of the path of integration, along the second it is either: 



fi 



^^=|;(3;o^+v)-.^«(i+^o')+^{tEiti--'^;;-t^n-^y„}, 



according as x^ is positive or negative; the circular function here 
always signifies a value between — ^rc and -f- ^'^^ For in the 
second ease, as x passes through zero, tan~^ - - is led over continuously 
into the value tan- '■ - — 7t. 

We find for the second integral along the path parallel to 
ordinates : 

Here the circular function signifies always a value between — .Ja and 
+ -J IT; therefore in the first leaf, (excluding y^ > 0, 3!^ < 0), we have; 

' ./ K<' + Pa') + *tan"> -^ ■ + 0, or, — ?3r; 
according as x^, > 0, or, < 0, 



fi 
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For a point of the second quadrant let us first proceed from 
3;= 1 parallel to ordinates to the point 1 — iy^, thence parallel to 
abscissEe to the point X/, — iy^ and lastly again parallel to ordinates 
to «o 4- ^ ^/o ; thus : 

But the last integral is equal to: 

'h+iv^ J-y. 

therefore for the points of the second quadrant: 



/- 



Along the right side of the positive axis of ordinates the values ol' the 
integral are \li^^) -\- ^i^, but along the left they are \l(y^) — 2*jr; 
they differ by 2i%. 

3. The integral of an infinite series of powers. 

Within the circle round the centre a, in which the complex series 
of ascending positive integer powers: 

". + 0,(8 - «) + »,{2 - «)' + ■ ■ 0.(2 -«)■ + ■■ • 
converges, it expresses a uuiquo and continuous function f{z) without 
singular points ; for every point s^ Z within the circle of convergence 
the series converges absolutely; and therefore it also converges 
uniformly; i.e. a value of n can be assigned from which onwards 
every remainder is of smaller amount than au arbitrarily small number 
S, for every value of s such that abs \s — a] <abs[Z — «]. For, 

absK(^— «)" + ««+, (2-R)''+i+---]<yI„ JJ" + A+iJ;*'+^+-- ■, 
when A is written for abs a, and H for abs[2 — «]. But since the 
series : 

converges, a value can be assigned to n, for which the right side of the 
above inequality will be always smaller than S, a fortiori we shall have : 

ab3[a„(s-«)" + «„+i(2-ft)''+'---]<A'-'' + X4-i '-''+' + ■•■<<>', 

when abs [« — k] = r < JJ. 

From this results the following theorem: 

When the complex series of powers is integrated from the point z^ 
up to the point Z, that both lie within its convergency, its integral is an 
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analytic function and presents itself as the difference between the 
values for the arguments Z and Sr, of the series of powers that arises 
on integrating the given series term by term: 

j'fiiyU _ jf.cz - «) + J (Z - o)' + -J (Z - af + . ■ .( 

- \<i,('<, - «) + Y («. - «)' + f K - «)' H 1 ■ 

As a particular case we have: 



P 



«»)&_o„(Z-<.)+|!(Z-»)' + -J(Z-r,)'+...___|:j(Z-o)-+' + etc„ 

The circle of convergence of this new series can be neither smaller 
nor larger than that of the original. It is however possible that 
this second series may still converge (conditionally or unconditionally) 
upon the circle itself, whiie the original series diverges in the points of 
the circumference. In this case the series expresses the integi'al of 
the function f{p) for the point on the circle of convergence also. 
For, when Z denotes such a point, we have: 



CfizyU^iAm CfizyU 



,^+«,(Z_d-«)^ + ...l. 



Since a series of powers remains continuous provided it converges in 
the points of the limiting circle (§ 83), this right hand limiting value 
passes over continuously into the series: 

".(2 - «) + f (Z -»)'+"■ (Z- «)'+ ^ .. + etc.. 

When the infinite plane is the convergency of the series, the 
value of the integral is expressed by the series of powers for values 
of Z however great in amount. For the point 2 = oo, the integral, 
meaning thereby the limiting value along a determinate path, may 
possibly remain finite, only its value can no longer be expressed by 
a series of powers. 



vah 


This is exemplified in the case 
5e for every finite value of .^ is : 


ot tht 
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^^+f 
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When we rec(iijre this integral along a path to infinity along 
■which the abscissa x increases arbitrarily negatively and the ordinate y 
positiyelyj we can proceed by describing tbe path of integration first 
up to -- « along the axis of abscissa;, then the path h parallel to 
ordinates, and ultimately causing a and & to increase arbitrarily. 
Conceiving ex. gr. the parabola j/ = 3;^ as path of integration, let us 
consider the point 

upon it. The value of the integral extended to this point is: 

/ c'ds = / e'^dx -\- i f e~"+''Jdy 

- (e--- 1) + e-"{el'- - 1) _ ._ 1 + e-.+" . 

When a converges to infinity, the value of the right side passes over 
into — 1. But it is only along a determinate path of integration 
that a determinate value of the integral is generated. 

In order to study in this example the behaviour of the essential 
singular point in integration generally, we transfer it to the origin 
or point zero by the substitution ^ = -t= and consider the integral 

taken in a negative circuit round the point s'= 0. 

We have here a series advancing by powers of the variable -,-; 
we shall therefore first prove- in general the theorem (see § 131): 

When i'X^) i^ ^ series which advances by powers of a function 
f{s), its integral within a domain wherein the series converges and- 
f(s) is an analytic function, is obtained by integrating its several 
terms. 

With a view to this proof, we have to demonstrate that the series: 

iXi,-a, + »,(fw| + »,(««)!' + ■ • ■ + O.I/WI- + ■ ■ . 

converges uniformly within its convergency. It is obvious that if 
the series converge for a determinate value of Z, it is absolutely 
convergent for every value of s for which fCasfiz) < abs/"(Z'). For, 
inasmuch as the series converges for {{Z), its terms must decrease 
in amount in such a way that, calling A^ ^ abs [a„] , R ^ abs [f{Z)], 
we shall have: 

A„+,M"+' ^^A^Ii", and that, Lim~|-+' li 
shall at most = 1. 



■ills' 
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Accordingly 

is an absolutely convergent series; for, its series of moduli: 
converges, because while r < JJ; 

But as long as the series converges absolutely, it converges also 
uniformly; in fact then, for every value of s, the amount of; 

is smaller than d, provided we choose n large enough to make 

A^R" + A„+iB''+^ -j- ■ ■ ■ <: d, remembering that B > abs f{0). 
We have consequently: 

Since f(s) is a unique aualytic function, the integrals on the 
right are also analytic functions independent of the path of iutegration. 
This series converges uniformly within its convergency. 
Employing this theorem as a Lemma, we can find the value of: 

integrated round the point zero in a negative circuit, since the series 
converges for every finite value of s' but nero. The value of this 
integral is found by the substitution: 

/ = p (cos (p -\- ism q>) , 
to be: 

/U «-"'+ J|, «■""'+ „.',, «-'"'+ - .i, «-l"+"->'+ ■ ■■! (>ie+'«v_0. 

The essential singular point of the exponential function is therefore 
not a branching point of the integral function; but it is an essential 
singular point; for the integral: 

-f'^^ - i + 4- + -4 + • • ■ J,";; + ■ ■ ■ + C 

is an infinite series of powers and has the singular point 5 = 0. 
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But the functions e' and e' ■ — - are inatances in which the 
essentia! singular point g = () is at the same time a branching point 
of the integral. Moreover when a non-essential singular point of the 
function /'(^) is considered in the general form: 

m - yj ;,. 1 «. + ».(«-») + <'!(■■•-«)' + -■ 1 . 

where the series of powers must be convergent in the neighbourhood 
of the point ft, we see that (if m > 1) the point « will always remain 

a non-essential singular point for the integral if{z)dz, and that it 
will at the same time be a branching point, provided the coefficient 
«„j_i in the term 0^^1(2 ~ w)*""^ does not vanish. 

These examples therefore teach us- that the character of an infinity 
point of the function can only alter for the integral function in so 
far as it may possibly become at the same time a branching point. 
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Second Cliupter. 

Expansion of unique analytic functions in aeries of powers. 
General properties. 

183. We have more than once pointed out that, except in the 
case of rational algebraic functions, the definition of functions by 
means of arithmetical operations left the problem of their calculation 
still unsolved; for real functions this problem .found its solution in 
Taylors Theorem: Given the value of an arbitrarily defined function 
and of each of its derived functions at one point, and knowing that 
these are all continuous within an interval, the value of the function 
and of each of its derived functions can be calculated for every point 
of the interval by means of Taylor's series, provided this series 
converges. 

We are now however concerned with the calculation of a function 
in a complex domain; our present investigations will show that this 
is accomplished by means of the following simple theorem: 

Sdng given the value of an ariUrarUy defined function and of each 
of its derived functions at one point, and knotoing that the function is 
analytic within a finite connected domain, i. e. is imique, contimtous, 
and has a determinate finite fi/rst dervoed fwncUon, its Taylor's series 
converges rotmd this point within a circle that is included in the domain. 
Around each point in the domain such an expansion is possible, and hy 
means of it the function and all its derived functions can be calculated 
for every value of the variable. 

Whereas therefore under the restriction to the real interval the 
continuity of the derived functions and the convergence of Taylor's 
series still belonged to the hypotheses that had to be established 
before the problem could be proved to admit of solution, here simply 
the character of the analytic function is seen to be hypothesis sufficient, 
so that we can enunciate the theorem also in the pregnant form: 

Every function that is analytic without exception in a connected 
domain can be expressed for the neighbotvrhood of each point in it by 
an ascending series of positive integer powers. 

To this is owing the fundamental importance of these series, which 
also in our previous investigations always had our special attention. 
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s of powers. BU. IV. th. II. 




Not only do they present the simplest method of calculating any 
function other than a rational algebraic function, but they define in 
general all continuous functions of a complex variable whose first 
derivate is determinate. 

The way of arriving at this theorem was pointed out by Cauchy. 
184. When /'(^) is an analytic function without exception in a 
simply connected domain inclusive of the boundary, and i = it -|- (« 
denotes an internal point, the quotient j^- is in the same domain 
likewise an analytic function, only that the one point s = i is a 
non-essential singularity. An arbitrarily small circle drawn with radius 
Q round ( as centre will be the second 
boundary curve of a domain in which 
the above quotient is analytic without 
, exception. Integrating the quotient along 
n both the external boundary curve and 
this circle q, keeping the ring surface 
on the left, the sum of these two integrals 
is zero. (§ 181.) 

We find the result of integrating 

round the arbitrarily small circle of 

radius p negatively, i.e. keeping its 

interior on the right, as follows: For any point on the circumference 

of this circle we have: 

S — i^ Q (cos ^-{-isia(p) = Qe'V, ii0=^^ic'fdfp=^Q i (cos <p-\-isi-a tp) d<p, 
therefore ; 

ji~t ^' = - \jn^' + Q'^"')^9- 

But since the function f is continuous in the neighbourhood of 
the point s ^ t, we can choose p so small that the difference between 
the values f(t) and f{t-\- pe'f), for all values of (p, shall be smaller 
thaji a number d whose modulus is arbitrarily small. Accordingly 

i I f(l: + &e''P)dg> differs from iif{t)drp = 2inf{t) 

by a quantity whose modulus is smaller than that of the arbitrarily 
small number 2x8 \ i. e. independently of the value p we have the 
integral : 

i lf{i+ &c"i')d'p equal to 2i%f\t). 
'f=i 
Therefore the following equality is established for the integral taken 



y Google 



§ 183^185. The higkur derived iiinetions, D43 

positively vound the outer boundary, and in general along any included 
curve surrounding the point t: 

I. J'l>ij lU - 2»Af) - or: fit) _ ,,',/f!?^ cU. 

This equation asserts that: If we are given the values along a closed 
curve of a function f{p) that is known to be analytic without exception 
in the enclosed space, we can find the value of/'(g) for each internal 
point f by a definite integral.*) 

185. We began witli the hypothesis that the function f{z) has a first 
differential coefficient everywhere within and along the boundary; we 
are now in fact able easily to express this first derived function by 
means of a definite integral. For we have: 

/((_+ At) -m) _ i_ /% , __ d^ 

AS •li-aji^> {z — i — At){a — t)' 

When At converges to zero, since the quantity on the right side of 
this equation is also a continuous function of A(, we obtain: 

where this integration round t may be along any path that remains 
within the domain originally defined. But a further consequence is: 
that the derived function f(t) itself is analytic everywhere in the 
interior; for we have; 



t \t+At)~r(t) _ 



therefore: 
HI. 






ro- Jkf^^w"^- 



In like manner all the successive higher derived functions 
for each point situated within the domain and we have: 



■ff'^=&fr- 



A function that is analytic in a simply amnected a 
is not onbj itself finite and continuous, as is Wcewise its first derivate, 

*) This theorem must not tie taken to mean that we may arbitrarily assumo 
the values of the function f(i] niong the boundary and then calculate tlie value 
tor eai-h internal point by equation I Ou the contrary the values of the function 
at the Tjoundary, as we can easily conceive, must satisfy antecedent conditions 
in order that they may give use to an analytic function toi the inteiioi The 
investigations i,onoernmg this queation — deflnitiun of <i function by conditions 
of boundan and of contmuity — are collectively comprehended nnder the title 
the Pnnciple ot Dirichlet. 
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hut it has also for each point within the domain higher derivates, and 
these all, as many as may he formed, are analytic fimctions. 

186. Equation I. leai^s also to the expansiou of the function f{t) 
iu an infiuite series of ascending positive integer powers. 

Let any point a be selected subject only to the condition : that 
the greatest circle with a as centre which does not go outside the 
boundary curve of the domain shall include the point t for which the 
values of the function are to be calculated. Let this circle be adoptei! 
as curve of integration of Kquation L, then for every point s on its 
circumference we have: 

ahs [t — «] < abs {s — «]. 
Accordingly 

is a convergent series. By the Lemma proved in § 182, 3, therefore: 
and we obtain the equation: 

+ (> - '•rf,%^ '!•■ ■■■+('- «)■/; !':',.„ ■'■. ■ ■ -I . 

that can also in consequence of Equations L— IV. be written in the 
form: 

V. AO - ft"! + (<- «)A») + !nr^'/» + ■ ■ • 'i^ />■«•)•■■+ eio.. 

This series of powers certainly converges absolutely for every value 
of t situated within the greatest circle rouud the centre a that does 
not go out&ide of the boundary curves of the original domain. This 
]& Taylor's expansion for a complex function. 

The contents of equation V. may be stated in the following words ; 

Given the valtie of a function and of each of its successive derivates 
at a point a, if we Imow that the function is analytic mHiin a circle 
roimd the centre a, the value of the function wiU he calculated for every 
point within this circle hy means of the infinite series of ascending 
posiUve integer powers V. ; 

or: The value of a function and of each of its successive derivates 
being given at a point a, it is an analytic function in the neighbourhood 
of this point, only, when a circle of arbitrarily small finite radius can 
be assigned round a as centre, within which the series V. is convergent. 
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The series V, will generally not converge for every vahie t within 
the region originally assumed, wherein f{s) was supposed analytic. 
But we can vary the centre from u so as to arrive at a circle, and 
with it at an expansion, that will include llie required point. For, if 
this point f be at a finite distance however small beyond the boundary 
of the circle, let us draw from the point a to t any curve that keeps 
always at a finite distance from the boundary curves. The circle 
whose centre is a will meet this curve in a point a between a and t. 
The function f and arbitrarily many of its successive derivates can be 
calculated from series V. for a point on the curve and arbitrarily near 
a' within the circle; this point can then be made the centre of a new 
expansion all whose coefficients are known. The point «" in which 
the new circle of convergence crosses the curve is of course nearer 
to t; and the continuation of this process must ultimately lead to a 
circle that iucludes the point t, since the radii cannot become infinitely 
small, because the path a a a" . . .t is always at a finite distance from 
the boundary curves. 

This process of continuation can also be employed in the case of 
an analytic function defined only by a series of powers, in order to 
extend it out beyond its convergeney into any domain not including a 
singular point. (§ 87.) 

Each such series of powers defines the function for a determinate 
circular convergeney and is called an element of the function. 
According to the centre chosen for the expansion, different elements 
of the function are obtained, moreover, one and the same value of the 
argument belongs to different elements. But when the function is unique, 
its diiferent elements must lead to the same value for the same point. 
When iu this extension of the function by its elements we do not 
pass out beyond some limited connected domain, the function exists 
only for this domain. 

Any pair of analytic functions of the complex" variable defined 
ai'bitrarily within given domains are to be considered as belonging to the 
same function^ only, when the elements of one of tlie functions can be 
derived from those of the other. 

In this sense an analytic function is completely determined when 
its value and the values of each of its derived functions at a point are 
known, or in other words, when the values of the function are given 
along a line however short. For then its derived functions can bu 
determined. Functions that are not thus connected, are to be regarded 
as independent of each other.*} 

*) Hankel; Unteraiiclimigen flbot die unendlich oft oaoillirenden und unstetigen 
Funetionen, p, 44 etc., 49 etc.; reprinted. Math. Annalen, XX, p. 104 «tc., 
p. 109 etc., WeieratrasB, Monatsberichte der Berliner Akudemie. 1870 Auguet. 
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187. If we know that a function loses tho property of a unique 
analytic function at certain points c,, Cj, . . . of the plane, and we 
desire to expand this function in a series of powers in the neighbourhood 
of a point a, the circle of convergence may only be so large as to pass 
through one or more of the points c, but must include none of them. 
For, the series of powers is a unique analytic function in the entire 
circle, while by hypothesis tho function loses this property in each point c. 

As soon therefore as we know the properties of a function, we 
are in a position to foretell the extent of the convergencies of its 
elements. This we proceed to illustrate by the functions already studied. 

I. It is known regarding the exponential function 

c^+'n := e" (cos ij -{- ism y), 
that it is analytic in the entire plane, for every finite value of x -\- iy. 
There exists round each point a an expansion with an arbitrarily great 
convergency, the series ia: 

II. The function l{^), which we have defined as the inverse of the 
exponential function, is a many-valued function of 2. Its values can be 
uniquely coordinated to the points of a winding surface with infinitely 
many leaves that are connected along branching sections from the 
point to CO. When we describe with a centre a in any leaf a 
circle including the point aero, the logarithm is not a unique analytic 
function within this domain; moreover the domain itself is not 
closed according to the idea we formed of the winding surface, for 
its boundary circle crosses tho branching section an odd number of 
times and does not lead back to the original point, but into a 
different leaf. But when we describe round a as centre a circle that 
at the utmost passes through the branching point s = 0, the function 
is everywhere analytic within this circle, and the circle itself is closed, 
although parts of it may possibly be in difi'ereut leaves. The function 
i(s) must therefore admit of expansion by powers of {p^ci), and 
because its successive derived functions are — , --^ , — ,- , — , - , etc., 
the series is, for abs [s — a] < abs a: 

!(s)-i(o) + '^"-fc|l' + '-^-'-^ + ■■■ etc.. 
This series expresses that value of the logarithm into which the value 



for l{a) changes continuously along any path within 
circle of convergence. When we extend the function l{s) out beyond 
this circle of convergence, by adopting some new point a within it 
as centre of the expansion: 
l{p) = l {a) + "-J^- — ^^^fi' + -^?' ■> ■I'Js [s — a\ < abs a, 
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we cau calculate tlae coirespondjng logaiithm for each point of the plane, 
and tlie value thus obtamed i^ that ictualiy lying in the same leaf as 
1(a) when we jiin the points i* and ^ by ji curve which does not 
cross the blanching ■section, and then choose successive points of this 
curve as centres of expansion until we ariive at a circle which includes 
the point c, and in which the cuive drivrn from its centre to s is 
not inteihected by the branching section 

III The binomial (1 + i'l", vrhen the number » is a rational 
fraction ji g, is a i; valued function, whose branching points are 
£1 = — 1 and _ = no This is pie^tnted as a unique function of .s by 
means of a surtice with q Icives that aie connected along a branching 
section fiom — 1 to oo Tiking iny ieii and selecting any point a 
in it IS centie ct espm&ion its convergeucy will be a circle that 
at thf utmost passes tliiough 1 ut doe" not include, the branching 
point s = — 1; the series is: 

(i+.)"=(i+ar+^(.-«)(i+«)"-+'*'^^-'^(.~«r^(i+«)''-^ 

This serie? expresses that value of the root at the point s, which 
proceeds by continuous change from the value assumed for (1 + a)" 
along any path within the circle of convergence. In particular, if a 
be the origin of coordinates and wc choose for 1" the simple value 1, 
we have: 
(1 +«)••_ 1+5-8 + "!==^^ 2' + '^-^ j|'-'5=B3» + ^.-,(ilb»S< 1). 

When the exponent w is a complex number, this series still holds 
unchanged; we have then 

(1 -f- 0)« = e"Mi+^) 
an infinitely many-valued function; selecting for s ^ the value 1, 
the above series presents that value of e"'<^+'' which proceeds from 
the number by continuous change when the point e moves ex, gr, 
along a radius from the origin. We can fix this value uniquely in 
the form: 

restricting, as usual, the angle whose tangent is named, to mean a 
quantity between — ^n and -f- y'^- 

188. The implicit algebraic function w, which is defined by the 
equation /'(^'", w") = 0, was proved in Book II, Chapter IV, to be an 
«-valued function with a certain finite number of critical points and 
non-essential singular points. By the word critical we designate all 
those points z for which i ' '" is also aero, because the value of w 
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belonging to each is a multiple root. In tte neighbourhood of any 
other (regular) poiat each branch of w is an analytic function, and 
consequently with any regular point a as centre must admit of an 
expansion whose convergeucy extends at least as far as it can without 
including any non-essential singular or critical point. Denoting by 
Wa one of the values, necessarily simple, belonging to the point a, 
the expansion is; 

.,„ - ,„ ' -L /. „^ ( <^"'\ _L i^ -- ")' (''''"' "l _u (■^ - ")" (^"A 4_ 






where I - ) denotes the value of the n^^ derived function formed at 

the point s = «, jc = tv„'. We know a circle of convergence of 
this series, when we have previously determined all such singular and 
critical points of the function. 

It has now become necessary to find the «'" derived function. 
We showed in § 94 how the first derivate of the implicit function 
is calculated: 

dw S£ 8f 

da" dz ' "gi^ ' 

and that it has a finite determinate value for every regular point 
because -J- is not zero. Every higher derived function is found from 
this by successive differentiation: the partial differential coefficients 
3-^ , -J^ , alike with f, are algebraic expressions in s and w; consequently, 
as long as tv is a unique analytic function of s, they are likewise 
unique analytic functions of s. Therefore also their quotient is an 
analytic function of e, and by the same rule of differentiation we find : 

iPw Jio Koz^'^dtoS^ ds) dASeBty'^dw" dz ) 

m 

The Theorem of the interchange of the order of differentiations holds 
here, for, the algebraic functions ,^^ , tt-I are continuous functions 
of the variables s and w; therefore, inserting its value for ' , 
we have : 

We have then in this expression on the right to substitute for s the 
value a and for w the value Wa- 
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Successive differentiation of this quotient, a calculation without 
difficulty but leading to long formulas, presents as many derived 
functions as we please. It is essential that in all of them the 
only quantity occurring in the denominator is -^ , which does not vanish 
aa long as we keep in a domain of regular points, so that the values 
of all the derived functions are finite and determinate, since the points 
are excluded in which w becomes infinite. 

Although we have thus indicated that which is essential in the 
equations whereby the derived functions are calculated, it is still 
important for a subsequent application of the formulas, to introduce 
some abridgments of notation which give us a comprehensive view 
of the equations that are to be formed.*) Let us denote the 

derivate — ^ by i(?i, the partial derived function //_/ by /^^^^^j,, 

and let us write: 



the 


n, for the ratio — 


= W| 


, which for z = 


= a becomes the <5erivate 


Aw 
An 


, we have the equation 














= *,.+ (s 


-») 


*, + (.- df 


■<!>.+ ■■ 


', 




ascending by powers of s 

as m is greater or is less 

Prom the equation w 


to the term (s ~ a 
than K. 


)"' or {z - 
1 we find 


that: 


iiecording 






C0-( 




'h^^ ■ 






so 


that for s = « we have the 


relation 












Accordingly the higher derived functions w.,, w^, etc., are found by 
differentiating the above equation totally with respect to s, and puttiiig 

ji— 1 1 

z = a. — ;; — r =' T" ■ ^i i° the derived equations. Only the terms 

dfr " 

up to the power (s — af"'^ in the equation are required in establishing 
the recurring formula for the ft* derived function. For the lowest 
values of ft we find the following equations; 

") Pliicker (1801—68): Theorie dar algebraiechen Cutveu, p. 156. Bonu 1830. 
Liouville (1809—82): M^moire sur qaelqnes propositions genotales de geom^tvie 
et Bar la thi5oi'ie tie I'lilimination dans lea liquations algubriquee. J. do math,, T. VI. 
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«, — 0, 






2 gw. ^^ 


+ *; = 0, 




1 «»■„ 




+ *, = 


fI^;- 


+ il5" 


+ ll|^( 


ilJ:» 


+ts» 


+^S 






-, + -, 



It is evident in this form also, that, for the regular poiut, in which 

9* „ f _ K 
'div\— '"•'-— dm 

does not vanisli, all the differential coefficients as many as we may 
form, continue finite. 

Returning to the main result of the investigation of the algebraic 
function in a regular point, we formulate it in the theorem: 

Knomng a single value tVa at a regular point z = a of an algehraic 
fwndion w given hy ({s"^, w) = 0, we can calculate the value of the 
function belonging to any other point s within the regular domain 
round a , on expanding ariitra/rily many terms of the series of powers 
by a determinate succession of possible arithmetical operations. 

We may frame the theorem still more completely: Knowing every 
criUccd and singular point of an algebraic fu/nciion given by f{s'^,vf)°=0, 
and furthermore one of its values at a regular point, we can iy a 
determinate succession of finite arithmetical operations resolve the n-valued 
function by means of branching sections into n branches, each of which 
is discontimtous only along the branching sections a^td becomes infinite 
only in non-essential singular poinis; moreover, for any arbitrary point 
eoery branch can hwve its value calculated hy means of ariilrarily many 
terms of an infmite series of ascending positive integer powers. 

We arrive at this theorem by means of the method of continuous 
extension of a function out beyond its circle of convergence repeatedly 
described in the foregoing examples. Let the value of the function 
given for a be denoted as belonging to the first leaf. From the point 
a let us draw curves, each until it is arbitrarily near to one critical 
point, but keeping at a finite distance from every other, and let ns 
surround that critical point by an arbitrarily small circle. Such a 
curve along with the small circle is called a loop. By expansion we 
can establish whether the circuit of the entire loop introduces a change 
of the value of the function belonging to «; if it do not, the point 
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is not a branching point for this first leaf; if it do, let us establish by 
repeated expansion, employing the newly found value for the point 
z^a, how many leaves are connected with the first in the point. 
Let these be called 1,2,...^, then for each of these leaves the 
significance of any other critical point can bo determined by means 
of the loops. In this way too we shall become acquainted in another 
braiiching point with the value for z'= a belonging to a new leaf 
that did not occur among the values 1, 2, . . . ji. 

If the case were to occur, that the circuit of all the loops does 
not lead beyond the leaves 1 to p, or, in general, that all the in values 
which belong to s = a ace not obtained in this process, this signifies, 
as we shall subsequently prove (§199), that the algebiaic function 
f{f^, w) may be resolved into factors which are rational in s and w 
In the case of an irreducible function this does not occui, the theoiem 
holds good for it as above enunciated. 

189. Having established that analytic functions c^n be expies&i^d 
by series of ascending positive integer powers, it is still necessaiy that 
we should discuss their singular points, in order that we may asceitain 
how analytic functions admit of expansion in the neighbouihood oi 
any singular point according to its kind. 

We must first of all premise that in a domain wherein a function 
is generally a unique analytic function, it can have no other singularities 
than the non-essential and essential points in which it becomes infinite. 
For, if an analytic function f{s) have finite discontinuities in separate 
points K of a domain, the product (s — «)/^('') i^ an analytic function 
in the neighbourhood of and including the point « at which it is 
zero, and its first derived function is equal to Lim /( ) for s ^ k. 
Accordingly there is an expansion of the foini. 
(« - «)««) -Lm/-(2) . (2 - ») + 0,(2 - «)' + 11,(2 " «)» + ■•• 6t<!.. 

Therefore the value of the function /"(s) at the point k must be 
Lim f{p), thus this point is regular. 

It is likewise impossible (see § 181. 3, c) that an analytic function 
while itself finite and continuous in a domain should become singular 
points or along an entire curve in consequence of any 



violation of the equation 4' — [- i ^ = between its partial derivates. 
The integral -jf{£)ds even up to any point « of the irregular curve 
would then be an analytic function; for the integral is continuous 
and its derived function is Lim /'(a) for a ^ k. But an analytic 
function, as was proved, has arbitrarily many successive derivates all of 
which are continuous functions. Therefore /(a) must have a determinate 
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T5k, IV, cli, II, 



derived function even at the point a, and accordingly at that point 
the equation "^ + ''• ^ ^ ^ must be satiafied. 

In the unique analytic function, therefore, only essential and 
non-essentia! singular points have to be considered, and in these all 
the successive derived functions will be seen also to become infinite. 
Let a circle described round the centre « with the radius B, be 
given. Suppose we know that a function /"(s) is regular in the point 
K and is analytic within the entire domain inclusive of the boundaries, 
except at the points c, , c^, . . , c„ vi^ithin this circle which are to be 
singular points, essential or non-essential. When a concentric circle 
is described round a that excludes all the points c, a aeries can 
within this smaller circle, ascending by positive integer 

powers of ^ — a, whose coefficients are the 

derived functions at the point a. We are 
, however, about to show that there also 
exists an expansion valid for the entire 
domain of radius B,, no longer containing 
I only positive integer powers of s with the 
derived functions at the point a as their 
coefficients, but enabling us to calculate 
the function for every point 3 within the 
circle M, so that therefore there is no need 
of estensioaa of the series of powers, as in 
the case of the previous expansion. 
Let us enclose the points c, , c, , . . . c„ in circles of arbitrarily small 
radius p; then within the one-leaved but multiply connected surface, 
/■(s) is an analytic function; and the aum of the integrals taken 
round the circle « and round the circles c, , c,* ■ ■ ■ '^"i keeping the surface 
on the left^ is zero. We can express this by the equationi 

J'mie-J'f{i)<u+J'miu + ■■■ +Jmd!, 

integrating now round each circle c so as to keep its area on the left. 
When t signifi,es an arbitrary point within the multiply connected 
surface, ^^ is in this surface an analytic function alike with f{^), 
only that it has the point n = t m & non-essential singular point. 
Hence we have also; 
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§ 189. Singular points and espansiona in their neiglil)OUi-hoods. 353 

Now on the left aide of this equation we have the integi'al: 

o 
But the integrals on its right can be expressed by series. Since for 
the first of them signifies a point upon the circle li, we have 
mod [s — r\ > mod [( — a]; therefore: 



'+-;- + &:rl. + ---:-« + •■ 



is an absolutely convergent series. Accordingly: 

but the coefficients of this series are no longer the derived functions 
at the point « as before, although they have the same form; for 
the circle of radius JJ, round which these integrals are formed, can no 
longer be arbitrarily contracted about the point a. 

For each integral round a point e: mod [t — c] > mod [s — 6-], 
because t is a point outside its circle 0; consequently: 

g-^t t-e ^_l^2l t-ci'^t-c^it-cf^it-c)"^ J 

is an absolutely convergent series; and we have: - • / _:^i'i'^^= 

Denoting briefly the coefficients of series VI. divided by 2i-m by 
A„, A^, A2, ■ ■ .; likewise those of series VII., referring to the point 
d, by C|'*', Cj**', Cj'*', ■ . ., and in this the definite integrals can be 
taken along a circle of arbitrarily small radius; the result is: For all 
points t within the circle B, in which c^, c^, . . . c„ are singular 
points for the unique analytic function /'(s), we have the expansion: 

VIII. /■(/) ^Ao + A,(t~a)-\- A.,{t ~ ay + A,,{t — ay-] 

+ -^- J ^-i I 9i |_ ..9^.. . _| 



^i-c„^ (f~c„)2^ (t_c„)^-r ^(_cj^-r 
in series proceeding both by positive and negative integer powers oft. 
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From this expansion moreover we realise how the two kinds of 
singular points differ in the nature of their expansions in powers. 

The n on- essential was characterised hy the possibility of assigning 
some positive integer m, for which fip) (s — c)'" at the point c is equal 
to a finite quantity. Hence follows : When c is a non-essential point, 
of infinitude m, all the coefficients higher than C„, vanish for it. In 
fact, because the radius q can be chosen so small that f{s) (z — c)"" 
shall differ inappreciably from a finite number G, the integral 



jf(>)i.^cY'+>di 



will differ in value inappreciably from 

and the value of this integral is zero. Conversely, if for a point c 
all the higher coefficients (7,„+i, Cm+t^ ■ ■ ■ vanish, it must evidently 
be a non-essential singular point, because then (ji — c)'"f(s) remains 
finite for z = c. 

Every other point in which f{d) becomes infinite is an essential 
singular point, and we now see that the essential singular point in any 
analytic function behaves as it did in the exponential series where 
we first took cognisance of it: there exists for its neighbourhood an 
infinite series proceeding by negative powers. 

The value of the reciprocal function -v^- will bo zero at every 
non-essential singular point of f{s). For , when {^ — c)"^f(p) = G 
for s = c, we have j^ = ■ ~^' - = for ^ = r:. But an essential 
singular point remains such also for the reciprocal function. For if 
in the region of an essential singular point the reciprocal function 
-jp- were regular, the same should be the case also with /'(^); and if 
the singularity of -jp: were only non-essential, f{s} should be regular. 
Any essential singular point of f{s') is also essentially singular for the 
function -■ -■ _ - ., ■ , G denoting any arbitrary constant; we conclude 
hence: Round the essential singular point a circle of radius p can be 
assigned, that certainly includes points at which f'{p), -jt-t , ... , _ ,1 
each becomes greater in amount than any arbitrarily prescribed number 
K however great; i, e. points at which the amount of f{e) exceeds K, as 
well as points at which it differs from zero, or from any number 0, by less 
than the arbitrarily small quantity ■ In other words : The value of 
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a function at any essential singular point is completely indeterminate 
between infinite limits, in the vieinitj of the point it converges to 
every arbitrary value. In the ease of the exponential function this 
property was already pointed out. § 82, 4. 

The integral of f(0) taken round the arbitrarily close boundary 
of an essential or non-essential singular point c is zero, only when, 
in the expansion relative to the point c, the coefficient of the term 

is zero. The integral taken up to the singular point always 

becomes infinite; its infinitude is w — 1 for a non-essential point of 
f{ss) of the order m, and for a non-esaential point of the order 1 
the integral becomes logarithmically infinite. 

190. We have now to examine how the domain of /(s) admits of 
extension out beyond the domain R: Let ii' > li be the radius of a 
circle round the centre k, in it let f{s) be generally an analytic 
function, only with the additional singular points d-i-i, . . . Cn+tj 
then in Expansion VIII. the coefficients Ai^, A^, A^ . . . chaoge, 
while aU the coefficients C remain as they were, and new terms arise 
by the points <;„_[_,, . . . c„_|_j:. 

Assuming first that the function f{s) ia not singular at infinity, 
but converges for ,s = tx) to a determinate finite value G, and that it 
has in all eases a finite number m of singular points in the entire 
plane; then the integrals in Series VJ. that determine the coefficients 
A all converge to zero, for Ji can be chosen so great that f(s) shall 
differ inappreciably from the finite number G, accordingly we have also : 

mod f'M^'- < r™*-? d^ 
arbitrarily small. Only, the value of the first term: 



'^JB,^ 



ia equal to 6. 

Therefore a unique analytic function which has j« singular points 
in the entire plane and behaves regularly at infinity is of the form: 

A function which has only finite non-esseniicd singular points and 
is regular at infmUy, differs from a proper fractional rational function 
only by an additive constant. For then the terms that refer to the 
various points c all come to an end, and when we reduce them to 
a common denominator, the order of the numerator is at least one 
less than that of the denominator. 
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When the function f{s) has a non-essential singular point at 
infinity, and when moreover the nuniber of its singular points ii) the entire 
plane is finite, let us convert it bi the Mbstitution s — /? = -;-, or 
by jS = — r if the origin s = be not siugulai , into a function of / 
that behaves regularly at infinity. For this function then, since tlie 
new origin is now a non-essential smgulai point the expansion: 

is valid in the entire plane, i. e. : 



Hence follows : A fui'tction that has a non-cssentiat singular point 
at mfmity , and a ^ite number of finite non-essential singtilar points^ 
is OH improper fractional rational function. When it has no finite 
singular point, it is an integer function. 

Lastly, when the point infinity is au essential singular point, the 
expansion : 

itt the last series does not come to an end; therefore: 
K,0 + K^b'-\ K,e^'-\ 

also is an infinite series that converges for every finite value of s. 
We have thus attained the most general form of the expansion: 

When f{z) is an analytic function that has the non-essential or 
essentia! singular points Cj, Cj, . . . Cm in the finite plane, and also an 
essential singular point at infinity, the expansion; 

/» -iS^ + i0^ + ^. + ■■■ + T^„ + ,y"ii^ 

+ y°'"). H + G + K,i + K.i' + K,i= +-■■, 

is valid for every finite value of s, and its coefficients C and K 
are to be calculated by means of definite integrals, K in particular 
from the form: 
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round the point s 



When there are no finite singular points , f(s) can be expressed by an 
infinite series of ascending positive integer powers; 

f(») _. e + i,2 + K,,' + K,,' + --- 

which converges in the entire plane. In this case f{s) is said to he 
an integer transcendental fimeUtm.*) To this class the exponential 
function belongs. The calculation of the coefficients K can moreover 
then be reduced to any curve round the origin, and as no singular 
points are included, W6 have: 

The following statements supplement the theorems resulting from 
the expansion of the analytic function in a series of the Form VIII. : 

An analytic function that has no singular point, and therefore 
nowhere becomes infinite, is a constant. 

It cannot be an integer function either rational or transcendental, 
because either would have a singular point at infinity, non-essential 
in the former case and essential in the latter. 

Further: An analytic ftmction without any essential singular point, 
that nowhere vanishes, is a constant. 

(The exponential function is zero at no finite point, its vanishing 
point coincides with its essential singularity.) 

An analytic function must assume every arbitrary value at least 
once; otherwise it is a constant. 

The value may possibly belong to the essential singular point. 

An analytic function is determined tvhen its values are given along 
a fimte pottton of a rurve houevei short 

Foi then all the successive deiivates ot the function at i point 
can be calculated, therefore the senes ct poweis in the neighbourhood 
of this point 1? obtained, and this can be extenled out bejond its 
convergency (§ 186) 

An analytic function w. constant when tt is. constant alonj a jimtt 
portion of a cmve howevei bloit 

Foi then all ite derived functions at a point aie zeiD 

*j Tte class fie ation of tran^cendeutal anahtic fnctions iito ntcger anl 
fractional with the subdivision ot these ai,cording to tlie numlie of their casei tial 
singular pointa was giveu bv Wcierstrass \a the Memoir cited in tJie toot note 
p. 130 {Also 1 148) In it hp also showed how thu functions miy be deyeloppd 
analjtie^llj when the aira\ ex of tlieu. lion easentittl 'na,, hi jo i fc> i u LstiiLtel 
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191. Inversion of the unique analytic function. 

When the analytic function f(z) = w has no singular point in a 
finite domain, its inverse function s = ij!{te) is alao analytic. For, 
since there is a determinate derivate: 

S = /». 

thui-e exists also a derived function of s with respect to w: namely 
da ^ J_ 

at each point within the region, and, putting if = it -f ''^i "'' li*i-™ 

This derivate of s witJi respect to «u can beeomo infinite only id 
separate points at which /'(s) = 0, and these will be found to be 
branching points for the function s = ^{«d). 

We may examine this in detail as follows, in order to assure 
ourselves that the derived function -^-- depends uniquely on w. To 
a determinate value =^ a belongs a determinate value tv = ^. On 
inversion, a finite number of different values of can correspond to 
the single value w ^^= /3, Assuming then a determinate value for w 
and considering one of the values s = a belonging to it, we may 
enquire how .s varies when the value of ^ is changed infinitesimally. 
We shall show that this variation is continuous and unique, by 
proving that the value of the derivate -^ — also is determinate as long 
as w does not pass through a point at which the corresponding value 
of s belongs to the equation f{s) = 0, Again it is to be remarked, 
tJiat this equation possesses a finite number of solutions in any closed 
domain; that to each solution belongs a determinate value of w, but 
that inversely to each such value of w can belong different vulues 
. of a of which however in general only one will satisfy the equation 

fW-o. 

The unique and continuous variation of z is perceived iis follows. 
Let « be a point for which f'(a) does not vanish. Then denoting a 
neighbouring value of «u by ^ -f- Aw, let the value a -\- Ae 
correspond to it, thus when the right side of the equation 

^ + Ait; = /■(« + A^) 
is arranged by powers of A^, we have: 

A.t- _ As/-(«) + -£- {'{<') + '"^- /"■(") H «'«■ ■ 

For a given value of Aw within a finite domain for As, different 
values of As may possibly satisfy this equation; but since /"(«) is 
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not zero, only one of tJid'^e valueb of A, cin become zeio when Aw 
converges to zeio The other? eonveiffe to the \aluefa that sd,tisty 

/ «)+ L ' l">+ r' '" + =" 

and the roots of this equation each jncieaaed hy a we the rLUiammg 
values of c that htloii^' to the point w = (3 

Thib one vahie ot As Jepenrls continuously on A?', inasmuch as the 
quotient -^ tends to a determinate magnitude, for wt have 

1 - ii ('■'(«) + f rX") + f^ f "(«) + ■■■ I , 

therefore when As converges to zero, the limiting value is: 

iiw = 'f(«) ' 
This holds for every point at which /"(a) is not zero. The function 
can be continued in a determinate unique manner. 

It is otherwise when -we come to a point a for which /"(«) = 0; 
we have then: 

or more generally 

--[T /■■■(■■) + -£r /■"■+■(«) + ■ - ■. 

and to the point lo = § belongs a value s ^ a \o be counted doubly 
(or JH^ly) as there are at the neighbouring point ^ -|- Aw two values 
.3 = ffi -|- A[S and « = a + ^^^^ (<>' "* values) which converge to 
zero with Aw, Therefore when w arrives at a point for which 
f{z) = 0, a branching point is reached and the function can no longer 
he continued uniquely. 

In fact the point w = ^, in whose neighbourhood we have: 

^« - -|^'- /■"(«) + w' /'"'+■(«) + ■ ■ ■, 

is a branching point for the required function z = ip{w) in which nt 
of its leaves are cyclically connected; or expressed otherwise: The 
point being enclosed by an arbitrarily small circle let Aw go through 
the values corresponding to the points of this circle, then by a single 
circuit, Ag will change from whichever of the m values it may have 
begun with into some other; when Aw repeats the circuit, As passes 
from this second value into a third; after m — I circuits, A ^ assumes 
an m*'' value and only when m circuits are completed does 
the original value. For, from the equation: 
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tj- - -ik''"'W +-ik f"*"^"> + IS? '''""'■°' + ■ ■ •' 

which Tor a vaiiishnig value of As passes ovev coiitiiiuoiislj iuto: 

it follows, that with the centre ^ a circle can be described so small 
that for eacli of its points the yalue of 

shall be smaller than a quantity S whose amount is arbitrarily small ; 
therefore we have also 

^ - i- /■-(«) + « «) - c + « J). 

When we put An; = re"'' and write this last eqaatiou in the form: 

'"'-i -(.' + «*), 



we see that the values of As divided by the positive value of the root 

t™ are expressed with arbitrarily close approximation by: 

e"' -C ™, <; •" ■ C '", ■■■,e •" ■ C '", 

where C ™ means one of its m possible values, the same throughout. 
When (p changes by 2re, i.e. when Atu completes a circuit, each of 
these values passes over into another, consequently the different 

values of As ■■ »"", which come arbitrarily near this value, must also 
interchange cyclically. 

Accordingly: Considering a point a within the circle in which 
the function f{s) is convergent, if we denote those points for which 
f'(s) = by «|, «j, . . . a„ (a itself must not be one of these), then 
round the centre a a circle can be described with radius r excluding 
these n points. Let us interpret the values of w in a second plane. 
To the centre a corresponds the point /3. To all points of the 
circumference must correspond points of a determinate finite closed curve 
in the plane w surrounding the point (5; moreover this curve cannot 
intersect itself, for then two different points s would be coordinated 
to the iutersection w. To each point in the circle r corresponds a 
determinate point in the domain round j5, but also inversely to each 
point in the domain round j3 only a single determinate point in the 
circle *•. There must exist an expansion for s of the form: 
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2 = « + a,(M; - ^) + «,(«; - ^y + a^(w - ^f -\- ^H; 

this is coiiTergent in a circle with the centre j3 that is altogether 
included within the bounded region round ^, hence the radina of 
the circle of convergence is to be specified analytically as follows: 

As 2 travels through all the points « -\- re'i" let us determine the 
least modulus among the values (w ~ (5) = f\i} -— f(a) for these 
points; this minimum is the radius of convergence of the series 
ascending by powers of w. 

The coefficients of the series are the successive derivates of with 
respect to tv formed for the point k; tliey are obtained by successively 
differentiating the equation 

relatively to w, or in the form of the definite integrals (/: > 1 ) : 

„ 1 /' D.(.i.)il» 1 r (>--)/ ■(')<" 

' 2» 7 („ _ j)i+. - 2» J OT.) _ /,„,«+■ ■ 

taiien round the point s = a. In the numerator of the second integral 
we have been able to write (e — a) instead of s, because the integral 
of the part multiplied by a vanishes. 

Since the successive differentiation of s with respect to tv as 
independent variable leads to complicated recurring formulas, it is 
important that we should know how these coefficients may be otherwise 
expressed. Forming the difference w — (5 by means of the equations: 

«y = /'(s) = &, + &,s + t^s^-l and i3 = 6o + 6,« + 62K' H , 

we can arrange it by powers of (2 — cc), and are thus led to the 
problem of inverting the series of ascending positive integer powers: 

193. The function F(0 — k) = - - - - ■- ' ■ does not vanish at the 
point ^ = «, for there its value is 

Limi'4^*>=.r(«), 
and it does not vanish anywhere in the convergency, because m = /3 
only for g= a. Denoting the value of -p-- — ~< Ijy ',p(s — k), this is 
a function which can be expanded in a series in the neighbourhood 
of the point a. Our problem accordingly is reduced to the special 
form of one first solved by Lagrange: Prom tlie equation: 

(w — ^) y (s — «) = 2 — « , or : iv'tp {z) = s' 
to calculate d as a function of w. This problem leads to the former 
series : 

/= a^lv' -\- a.^tu"' -\- U'^w"^ ~\~ ■ ' ' ) 
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aniJ the coefficients . wj are to be determined from the integral: 



Now putting; 






whence; 



we see tliat the integral breaks up into the following two parts: 

The iirst part by § 185 is equal to 

at the point z = a. The second part is equal to 



-^\Wl2-a)Y-^ <p'(^-a)] l_ 1 (i^-'(y(a- «))^ 



for J 



so that; 



'"-!£_> U-t »J d^-> |£ J," ' '"" "■ 

Accordingly we have the above solution stated in Lagrange's form: 
From the equation: w'tpi/) = 8, in which (p sir/nifies a imique 
miakjtic fmidion, the foUowing expansion is found: 



■ etc. 



Since : 

fie) ~ f{a) = --^^^-^ , j^^^ = ^izr^y- 5,"^£7)"^>"— <o ■ 

the manner in which the preceding condition of convergence is bronght 
into relation with the function (p(z') is as follows: 

Whm r signifies the radius of the greatest circle round s' = as 
centre within which fi/) — ^'^>'{^) "^"es not ^cmish, let ms fmd the 
smallest vcdue assvmed hy w = —tjt upon this circle, this ininimtmt is 
the radius of convergence for w. 

The domain of this circle in the plane w can by inversion be 
uniquely transformed into a domain of the plane / included in the 
circle of radius r, wherein also <p(s') is not zero. 

Here the point w' = corresponds to the point .s' = 0. 
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Third Chsiptcr. 

Expansion of ambiguous analytic functions, specially of the algebraic 
function. 
193. Both the problem: of solving for to the implicit algebraic 
function defined by f{s, w) = 0, and that just considered: of forming 
the inverse function of a series of powers, led to ambiguous functions. 
In each case we showed how Taylor's expansion ia applicable within 
restricted domains in which the function remains regular. The algebraic 
function (§ 188) presented two kinds of points in which the function 
w ceases to be regular: first, the points that were called non-essential 
singular points, in which w becomes infinite, although its product by a 
rational algebraic function remains finite; second, all the points that 
were described as critical, in which the valae of w counts as a multiple 
root, for which therefore -^^— ' = 0. It may be, that both specialities 
concur in the same point. In our last problem the ramifications toimed 
the irregular points. Generalising this problem to the inveision of any 
unique analytic function in an arbitrary domain that also contains 
essential and non-essential singular points, such singulaiities will also 
occur in the inverse function. 

Accordingly in what follows we shall investigate the properties 
of ambiguous analytic functions in genera!, and specially those of the 
algebraic function. 

By an w-valued analytic function of :S, defined for the entire plane 
or for a finite domain, is meant a function which generally for each 
value of z has n diiferent values. Each of these values must satisfy 
the differential equation J-'j-'^-J- ^0 — except in non-essential or 



ingular points. But furthermore the function must have 
branching points. By a branching point or ramification is meant a 
point g in which two at least of the corresponding values of the 
function become equal, and in which moreover the values of the 
function have changed when s has travelled round a curve enclosing 
the point (§ 191). The ramification may happen to be also a singular 
point. Now as we have already seen that in any domain that is 
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regular without exception the function eau be expreased by Taylor's 
series, and that the expansion is generalised by the method developed 
in § 189 in case singular points occur in the domain, it still remains 
to he shown that an expansion is possible also in the neighbourhood 
of a branching point and how it proceeds. Then the values of tbo 
derived functions in the branching point must be determined. Lastly 
it has to be shown how the analytic expression of the function is 
modified when the ramification is also an essential or non-essential 
singular point. 

In transferring these theorems to the ambiguous algebraic function, 
the further question specially requires an answer; whether each ofits 
critical points is a ramification. As it will appear that this is not 
always the case, but that the critical point may be merely a multiple 
point without branching, the question arises; what are then the 
values of the successive derivates; a question that for real values of 
the function was already (§ 60) answered in the simplest cases. 

194. In our investigation of an ambiguous function f(2) in the 
neighbourhood of a branching point «, at present supposed not to be 
also sinjvular, in which m branches of the function are connected so 
as to form a cycle, we shall set out from the consideration of a 
definite integral, in accordance with the method we have always 
employed hitherto. The analytical operations can be geometrically 
elucidated by constructing round the point a, instead of the single 
plane of s, a Eiemaun's winding surface of the order m - — 1. This 
consists of m leaves cyclically connected along an arbitrarily drawn 
branching section; superincumbent points in these leaves represent 
the same value of s, but to each of these points is always uniquely 
coordinated only one of the m values of the function. A closed curve, 
ex. gr. a circle, required to surround the point a, must be constructed 
so that starting from a point 2 of the first leaf it is drawn round the 
point a in that leaf, hut then having reached the branching section 
it enters into the second leaf, thence after a complete circuit round 
the point a it enters into the third leaf, and so on, lastly into the m"' . 
From this at the branching section it returns into the first leaf and 
completes its circuit there where it began. 

Substituting in the function /(s) for 2 thi? new variable § connected 
with s by the equation: 

p» = g — K, and therefore, extracting the root: £ = (s — k)™, 

let us begin with some one of the m values of this root belonging to a 
determinate 0, then while b describes a circle round the point «, the 
value of g will change continuously with it; £ however will not have 
resumed its former value on s completing a circuit, but will have changed 
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continuously into another root differing from the original in amplitude 
by ^Tc : m. The first return of i to its initial value occurs when 
z has completed the entire m circuits. Interpreting the yalues of 
g in a plane , g first completes the circle round the point ^ = 
when s has completed its circuit on all the m leaves of the winding 
surface. To the points 3 of a single leaf within a circle of radius r, 

correspond only the points g within a circular sector of radius r"' and 

central angle 'i%\m. Having fixed which value of the radical {z — ft)"' 
shall be chosen initially, we have established a definite relation between 
the consecutive circular sectors and the various leaves. 

The values which the function f{s) assumes in the various leaves 
can be coordinated uniquely and continuously to the points of the m 
circular sectors, so that we can say, the function 

«»)-/«- + «)-?> (8 

is a unique and continuous function for the interior of the circle 
round the point £=0. But it is also an analytic function. For, the 
function f{s) must have a determinate finite derivate at every point, 
except the branchiug point; therefore we have: 

rw - 9(0 ■ £- - ¥(Q ■ .; (3 -«)-"'; 

i. e. the quantity: 

fXt) _ .»/•(,.) . (5 - »)"» ■ 
is everywhere determinate and finite. In the point s = « itself, f{0) 
and therefore also (p[^) must remain finite and continuous; hence this 
cannot be a singular point for the otherwise unique analytic function 
^{t); consequently (§ 189) ip'(i) also has a determinate value. When 
this value is finite and different from zero, the equation: 

shows that the derived function f{s) becomes infinite of the order 
-— — in the branching point. When <p'{i) vanishes, f'{s) may be 
finite or even zero, as shall be more strictly determined hereafter. 

To the integral f f{s)ds formed for the complete circular circuit 
in all the m leaves, beginning in the first leaf with one of the m 
possible values of f(s) and changing this continuously with s, 
corresponds thus the integral 
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along the circle 


with radius r'^ round tho point zero; since 




(Z5 = m5™-'rf£. 



AccordiDg to the fundamental Theorem proved concerning the unique 
analytic function, this iutegral, and in general every integral taken 
along a curve enclosing the point £ ■= and containing no singular 

point, has the value zero. It follows similarly, because j tp{i)d^ 
integrated along the same path is zero, that the corresponding integral : 

m 



U- 



-, (If: 



also vanishes. Hence for the ambiguous function the analogous 
theorem is: 

When the hranchmg poird of an amUguous fmuiion, in which 
w leaves are cyclically connected, is sttrrotmded Vy a closed cv/rve that 
necessarily winds m times round the point, if there be no non-essential 
or essential singular point within this mrve, both tlie integrals 

ff{d)d!: and /'- ■ -^*^'-~, ris'-^) 
-^ -^ (.-»)■"■ 

along this closed path are sero. 

The above Theorem led to the analytical expression of the unique 
function in the regular domain (§ 184); its counterpart does the same 
for ambiguous functions, only it must also first he generalised for a 
domain with a multipartite boundary. 

When there are singular points in the circle round £ ^ 0, 
supposing first that none of them coincides with this point zero, let us 
surround each such point g = c b j an arbitrary closed curve, ex.gr. a 
circle with radius p. The curve corresponding to this curve (c) on the 
winding surface by reason of the equation; 

is likewise closed; it is contained altogether in one leaf, when the 
corresponding curve (c) in the circle £ lies altogether within one of the 
sectors corresponding to each leaf; when this curve (c) enters into 
different sectors, the other is also found in different leaves. But 
always the theorem holds for each unique, analytic function 9 (£) and 
9>(0-^"'~*' ^^i^t *'^^ ^^^ "f "'^^ ^''^^ integrals taken in a positive 

*) Tn goiicral f ^'l'_i_i <'^ = " ^"^ '■ ^ ^- 



"V; 
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circuit along the boundary curves of a domain in which q>{t) has no 
singular points, is Kero. Accordingly the generalisation of the above 
theorem is as follows: 



When we form either integral: 

ffi^ds or: ( —^^-^ ds 

in a positive circuit for all the curves constituting the multipartite 
boundary of a domaim, which consists of m leaves that are cyclicaliif 
connected along a iraneking secUon starting from the point ?. = a, if 
there be no singular pomt within such a domain, the sum of all the 
integrals in each case is sero. 

195. We can now proceed in analogy with the earlier development 
as follows. First, let /'(s) and therefore also (p{^) have no singular 
points within the winding surface round the point a bounded by the 

radius r. With t any value within the circle of radius r"* round the 
point zero let us form the function ^_ * ■ Enclosing also the point 
t by an arbitrarily small circle, we have a domain with bipartite 
boundary without any singular point. Then (§ 184J; 

The integration is to be along the circle with radios r'" enclosing the 
point zero. 

Hence, denoting P" -}- ahj u, so that u is a point on a determinate 
leaf of the winding surface within the circle of radius r, it follows that: 



la. /■(«) 



-J: 



m 



Since the values of s signify the points of the hounding curve, while 
u represents any point within it, we have 

mod [u ■■— a\"' < mod [0 — a]'". 
Accordingly : 



aiid we have (cf. 



-— -i{|+r:f+C:°f+C:3"^ 
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' ■-' {,- «)'" ^ (. - «) '" 

Each integral in this series rei'ers to the closed curve taken 
positively in all the leaves round the point k; in the various leaves 

m + l 

f{£) and (s — a) "* assume their prescribed Tallies. 

The root (tt ^ a)™ and its powers assume their different values 
according as the value of f{iC) is to be determined in one or other 
of the ffi leaves. 

The statement of equation II. in words is: 

When the iranching point in which m values of the function are 
cyclically connected is not also a singular point, each of the m valites of the 
function in its neighourhood can be expanded « an ascending series of 

positive integer powers of (u — «)"'. This neighhourJwod is coextensive 
with a domain wherein there is neither a singular point nor another 
branching point of the ftmction. 

The significance of the coefficients in II. can be shown otherwise. 

Putting Jt = K, we have: 

Cfi^)d, 



/■(' 






If further we differentiate the equation with respect to u, which 
in case of a series of powers is done by differ en tiating terra by term, we 

obtain, on multiplying both sides by {u — a) '" and putting u = a: 

Lio,jr(..)(.-#*j-,^.p»|^- 

By the same process is found: 

•.(^-•>) . _J_ r_C?M?_ , . . . etc.. 
Writing series II, briefly in the form: 

«») - o. + (•' ~ «)" «, + («-«)" o, + •■ •, 
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we see that the derived functions /"(m) , f'(u) , . . . become infinite at « in 

the respective orders --~--, ^^,..., provided «, is not zero. 

But when some of the coefficients following «„ vanish, so that 
the series presents the form: 

/-{m) = r„ + (m ^- k)"' a,, -f (m — k) "' «^+i + (w — r) "< «„+a + ---, 

the expansion of f'{u) begins with the term -^ {u — a) '" a^ , and 
for M = K this expression becomes either infinitely great of the order 

^ , or infinitely small of the order ^-^ — , according as m is 

greater or less than ft. For m ■= ft the term is finite. The first derivate 
of a function in a branching point can therefore also be zero or finite, 
But, whether it be infinite or not, a number /c can always be aeeigued such 
that every derivate of order equal to or higher than ft shall become 
infinite in the branching point. For, the fc"' derived function begins 

with the term (m — a) "" . We have accordiugly the theorem: 

When the lowest power occurring m the expansion oftlie m-valued 

function is {u — tt)™; 

The k*^ derived function hecomes infinite of the order ■- -- '^ in the 
hranchmg point a, when h is chosen >- — ; 

When h == — is an integer, the ft*'' derived fimction is finite at a ; 

All derived functions of order ft < —- , vanish in the branching 
point a. 

196. According to the process shown in § 189, the expansion 
can also be generalised to a domain wherein there are essential or 
non-essential singular points of the function f{0) and therefore also 
of the function (p{t)i o^ the hypothesis, that none of these points 
is also a ramification. 

Let c^, C2,---Ci be the singular poiots of f{^), the corresponding 
singular points of g)(0 being respectively 

yi = (Ci — «)"■ , n = (Ci ~ «)"', ■ ■ ■ J-* = (C:6 — k)% 
where in each ease it needs only one of the m possible values of 
the radica! to determine a point y that is an infinity point for the 
function fit); thus we have the equation: 

ITT ^frt 1 ) r<¥(t)ds C'Pimt r'»(i':dt /"q.(S)<;£( 

ill- ^^-2i.\J-s-t -j £-t J t-t ••■J-s--f\- 

m (n) 'V.I (VI.-) 

The integrals are to be tairen ronnd the point zero and round the 
points y, so as to keep each of them on the left. 



y Google 



370 Expansion of ambiguous auaijtic functions. Bk, IV. cl:. III. 

From this equation, substituting £ = (s' — ■ a)"', i = {ti — a)"', we 
find for the function /'(«) the relation: 

iiu. «») = ^j f'-i'%.:., — -T-^ — T 

The first integral is to be formed for the external boundary of the 
winding surface ; the others refer severally to each curve that encloses a 
(non -branching) singular point c. The first integral can consequently 

be expanded by powers of \~ ^ — ) , since w signifies a point within 
the curve to which the values of refer. In any of the other integrals, 
s signifies a point on the curve round the point c, and u lies outside 
this curve; therefore we have 

nod [f::j] _ mod .t--n" <«-.")" < 1 _ 

and the quotient 

cau be expressed by a series beginning with the terms: 



— p — r 1 + '— ^ ^' \ + r \ ' -T + 

Accordingly, from equation llla. we liave the following expansion; 



& I?-') " I 

1 j 1 r_fmi_ 
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+ 



The singular point Cf is non-essential or essential, according as 
the expansion relative to it is finite or not. In tlie former case an 
integer n can be assigned such that the product: 

f(«)(;-.«i -;,—«.'.)" 

is finite for u = d. 

197. When the ramification « in which m leaves of the function 
are cyclically connected is also a singular point, the point £ = is 
likewise singular in the function rpf,^) that results from f{z) by the 

substitution %== {z — k)™. Hence the expansion (§ 189) within a 
domain in which there are no further singular points, is: 

fC) - sf, I ffii + t ff ''i + ''ff « + ••■! 

(El (u) {•,] 

+ 2-b It/'p®''^ + i- ^''pm^n+^J'pm'dt, + ■ ■ ■ I ■ 

Ifi) (0) ((I) 

To this corresponds for f{ti) the formula; 
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Here tLe curve of integration must surrouni) the point a and be 
dosed by completing the circuit in all the leaves, it can proceed 
arbitrarily near the branching point. 

This aingular point a is non-essential or essential according as 
the number of terms in the second part of the expansion is finite or 
not. When finite, an integer n can be assigned such that the product 

continues finite for » = «. In the brandling point, f(it) then becomes 
infinite of the order n ; m. 

The integral ( f{z)dz taken, in a closed circuit round the branching 
point is zero, only when the coefficient of the terra — -^^^ is zero; 
for this coefficient is the integral itself. When this condition is 
fulfilled, the branching point, notwithstanding that it is also singular, is 
not a logarithmic branching point for the ambiguous integral function. 

The value of the integral up to the branching point is finite, 

only when ( tp{^)i,"'~'- d% also eontinaea finite. This requires (§ 181) 

to vanish. Therefore in the second part of the above expansion every 
term, whose denominator contains a power of (m — ■ k) with exponent 
equal to or greater than unity, must vanish ; therefore in the branching 
point, which can only be a non-essential singular point, the infinitude of 
the function must be less than unity. 

198. If the point infinity « = oo be a branching point in which 
m values of the function are cyclically connected, and if all the singular 
points of the function lie within a finite domain, then by the substitution 
g->=-r, f{s) becomes f\-rj = ii>{/), and this function has the origin 
/ ^ as its branching point and it has no aingular points within 
a finite domain round the origin. 

Accordingly (§ 195 II.) for an arbitrary point u' of this domain: 

^0 



'""""" ij . +''J-j^ +" J j^ +■■■]■ 

The integrals are to be taken in a positive circuit round the origin, 
Hence, the following mnat be the expansion for the original function: 

/■(M)=-..i- / fM^j^-^ rm^i^j- rm^j^...\. 
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The integrations refer to the point infinity, i. e. they are to be taken 
along an arbitrarily remote curve enclosing the point zero, and in the 
direction that keept, the finite surface likewise on the left. 

When the point = 00 is at the same time a singular point, we 
obtain by the same substitution from Formula V. § 197 the expansion : 

+^—iu-f'c^!i^+«- r('-!^+u' /■«'».! +,.4. 

When infinity is a non-essential singular point, an integer n can be 
assigned for which the value of 

is finite. The function then becomes infinite of the order n : m in 
the branching point, and the second part of the above expansion 

contains only the powers from tC" to W". 

The value of if{£)dz integrated round the point infinity is zero 
when the coefficient of the term — vanishes. 

The same integral taken up to the point infinity is finite when 

\fim 

vanishes for s'=;0; therefore also [f{z)z] = 0. In the {m — l)-branching 

point s = 00 therefore the function must vanish in a higher order 
than the first, i.e. this cannot be a singular point, and the first 

part of the espansion must begin with the term 1 : m ■" . 

199. The investigations of the constitution of ambiguous functions 
in the neighbourhood of a branching point are necessary in order 
that we may attain a definitive insight into the theory of algebraic 
functions. 

As a culmination to these investigations we may establish a 
theorem by which algebraic functions are completely characterised as a 
special class among ambiguous functions. 

For, in a similar manner as among unique analytic functions 
rational algebraic functions admitted of being defined as those which 
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have only non-easential singular points, either finite or at infinity, we 
have the following theorem respecting ambiguous functions:*) 

When a function w has n values for each value of a, and in the 
entire mfmife plane its only irregular points are non-essential singular 
points and hranrhing points such as have been above discussed, the 
functwn must I root of an algebraic equation: 

f{B"\ M;«) = 0, 

of the K**" degtefi in w, and of a degree m in s that is equal to the 
lum of the itdets (infinitudes) of the infmUy points. 

Let the n values of the function be denoted by Wj, mij, . , . Wnj 
and fuithei let k, , «j, . . . «^, be the finite singular points that are not 
brinchmg points, in each of these points one branch of the function 
becomes infinite let the orders of becoming infinite be denoted respectively 
by *, , i2,...t,i, so that therefore the products: 

remain finite; where w in each signifies that branch which becomes 
infinite in the point a involved. Moreover points a may be coincident. 
Further let (3, , ^j, . . . ^„ be the finite branching points that are 
also infinity points; in these several points let fc,, Aj, . . . ft^ leaves of the 
function respectively be connected; and let the respective infinitudes 
(cf. § 197) be denoted by i,, Jj, . . . ly■^ the products: 

w{^ - ^,)\ w(0 - fi,ji; . . . «>cs - p.y^ 

are therefore finite. Lastly let the point ^ = c» be a branching point 
in which k leaves are connected Eind let its infinitude be I, so that 

"(if 

is finite. Let us put 

(i, + i + . . . i,) + (i, + !, + . ^ . i,) + ! „ ,„. 
Forming now the symmetric function of the values of w: 
S_(o-.»,)(<r-»,). ..(«-».), 
this, as in general every symmetric function of the quantities w, is a 
single-valued function of S; for, even the paths along which certain 
values of w interchange cyclically lead always to the same value of 
the function &'. S becomes infinite of the order i^ in each point k,„ 
of the order I, in each point ;?„, and lastly of the order / in the point 
5 ^ oo. Thus as the single-valued function S has only non-essential 
singularities, it must be a rational fractional function of .s (§ 190) 
that can be set down in the form: 

*) Riemann: Thoorie der Abel'sclievi Punctionen, Werke (pp. SI— 135), p. 101. 
Briot (-t 1882) et Bouquet (t 1886): Theorie dea fonctions elliptiques, 2. dd., p. 216, 
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where / is some function of the order' m with respect to s, and 

V(l) - (S - «,)'■ (« - «,)'• ... (2 - «„)',. (3 - (J,y. . . . (S - fi,)'. 

Aeeordingly 

S.,pW-/-(2,.) 
is an integer funetioii of the jra*'' degree in s and an integer function 
of the w*'' degree in a. 

Hence, inasmuch aa this polynomial /'(s"", e") of the n'" degree 
in 6 vanishes whenever e assumes one of the values w, , ic^, . . .w,r, 
to must satisfy, or, as the enunciation asserts, be root of the algebraic 
equation : 

fir, »•) - 0. 

This algebraic expression is irreducible, i. e. it cannot be 
resolved into rational factors of a lower degree in w, provided the n 
generally different values of the function w are connected in such a 
way that, by suitable choice of paths which enclose the branching 
points, any value lOi of the function can be carried over continuously 
into any other ivi,\ in other words: when the «-leaved surface requisite 
for exhibiting the function w uniquely is connected not only in separate 
points but along entire branching sections. 

For, if fif, w") break up into the product (;(g, w) ■ h{0, w), since 
each of these factors is of a lower degree than the n*'' in w, neither 
of them can vanish for all the n values of w, they must therefore 
both vanish for every value of 0, ex. gr. 

g (s, if j) = , h (s, tHk) ^ 0. 

Now since w is determined by any algebraic equation as a 
continuous function of 0, round each point can be assigned a finite 
region throughout which g{s, wi), and likewise A(«, tVi,), each regarded 
aa a function of 0, has the value zero. But hence follows that each of 
tliese functions must be zero in the entire connected u-leaved surface ; 
for, the function can be extended out from the finite domain into 
each leaf by means of the expansion in series of positive integer 
powers. But since by hypothesis Wi can be carried over continuously 
into every other value of the function, we have therefore: 

Sfe »,) - 0, sr(«, »,) _ 0, . . . g(l, «..) = 0, 
which is only possible when g is of the w**" degree with respect to 
w. When the sum of the infinitudes of the function w is m, (/ must 
also be of the m*'' degree in s, i. e. the factor h {s, w^') is of the order 
with respect to s also. We have therefore: 

fis"', W) = Const. (/(s% w). Q. E. D. 
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It is evident conversely: If the algebraic equation /"(»,w) = be 
such that we cannot pass from any one arbitrary initial value w by 
arbitrary circuits of the branching points to every other value of the 
root, the algebraic form must break up into rational factors; for, each 
connected cycle satislies an irreducible equation of lower degree with 
rational coefficients. 

200. Supposing now the irreducible equation f{s"\ tC') ^ given ; 
it is required to establish criteria for estimating the properties of 
each critical point and also a method of obtaining the expansions 
valid in its neighbourhood. 

In this investigation we may restrict ourselves to points in which the 
values of e and w are finite; for, those points in which they are not 
finite can be transformed by substituting s = ■— and tv=' —. respectively, 
into points with finite values. 

We shall first show how certain simple cases can be settled 
without recourse to special methods. Prom this will emerge the most 
general statement of the problem under any conditions whatever, and 
its solution is presented in § 202. 

Suppose the function tv is known to assume the value b for a 
determinate value s = a, then the algebraic form f{s, w) can be 
expanded by powers of {s — a) and (w — b) (§ 94). The coefficients 
of this expansion are the partial derived functions of f with respect 
to 2 and w formed for the point z = a, w = h; we shall briefly 
denote them by: 

{s^-'s,.')^ ''-'•'■ 

Then we have: 

f(8-,«,")-|/;,(»-«) + f..,(»-6)j 

+ 4 K-jI" - »)' + '^f'-''." - ») (» ~ 6) + fc(»"~ t)'j 
+ ■ • ■ + ^ jfi.«(« ~ «)' + '',/■.-.,.(«-»)•-(" - 4) + • ■ ■ 
+ t,/;-„,(« - o)'-' (» - 6)f + . . . + /;,.(» - !,)•! 
+ , 

a sum concluding with terms in which (s — a) rises to the )»"' and 
{w — h) to the w"' power. 

When the system of values s = a, w =b, is a regular point 
foe the function w, ^,I is not zero; in this case an expansion in a 
series of ascending positive integer powers : 
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- ('- "'(;&)+ £''- '•'{ji-) + -II- <"- »'(») + ■ ■ ■ 

is Yalid for the neighbourhood of the pointj as was developed la 
§ 188. 

The derivates — -r- are obtained from the formula ^i— ^= — -4- 

by successive differentiation. In particular, if fi.o, /a.o, - ■ ■ /i— i,o 
ali vanish at the point s = a, w = h, the expansion begins with 
the term: 

\£- \dz^ I At fo.i 

If for illustration we consider the relation as one between an 
ordinate (wj and an abscissa (s), the tangent to the algebraic curve 
at the point s = a,w ='b,\% then parallel to abscissEe and has a contact 
of the order ft — 1 ; it meets the curve in li consecutive points. 

The point s '= a, w ^='b is a critical point, when for it 
jfo J ^ 0. We proceed to examine what expansions are then valid. 

As a first case we have to consider the critical point when /i,o 
is not zero. Then s can be expanded by integer powers of w in the 
manner jnat described, and assuming, in order to mention at once 
the most general eventuality, that all the partial derived functions 
fo.i, fa,i, ■ ■ ■ f'i.k-\ also vanish for the critical point, we obtain the 
expansion; 

which we may write: 

{p~a) = {w~ &)*«! 1 + a,{w - 6) + u,{w ^by+.--B,{w-by], 

{Urn B„ = 0). 

Extracting the 7s*'' root on both sides, and arranging the right 
in powers of (w — b) by means of the Polynomial Theorem, we find : 

Denoting (?-^^-) by t, we have now to solve the problem discussed 
in § 192: to invert the series 

( _ (» - 6) 1 1 + .;(.„ _ t) + „,'(„ _(,)>+...]. 

By this means we find au espansion of the form: 
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This critical point is accordingly a branching point of the 
order k — 1 ; in it A of the n leaves required to exhibit the function 
w uniquely are cyclically connected. When the point in question is 
a real point of an algebraic curve with real coefficients, the real 
figure of the curve has here a tangent with contact of the order 
ft — 1 as before, hut parallel to ordinates. The curve also crosses the 
tangent at the point (of inflexion) when k is an odd number. 

301. The critical point has next to be investigated for the case 
that /o,i and fifi simultaneously vanish. We briefly denote henceforth 
g ' — a simply by s, and to ■ — b by w, merely expressing thereby that 
the origin of coordinates replaces the point B = a, w = & ; further 

we shall write the value of — -- at that point = iVr. When all the 

partial derived functions of the 2"^, 3^*, . . . (Ji — 1)'^ orders vanish 
besides the first two, the expanded equation is: 

o-/{2+o,.i.+s)-i|/;,i>+!),/;^,,,s'-%+...i,/i_,,,#-w+.-+/i,.»»| 

In this case the point considered is called a ^-elementary point*), 
inasmuch as the system of values, s ^ 0, w = 0, along with the 
several series of systems of values which satisfy /" = in its 
neighbourhood , form h elements of the function defined by jf = at 
that point. In fact putting 3 =0 in this equation, we obtain an equation 
of then* degree forw; assuming for the present that /o,t does not 
vanish, h of its roots are zero. For, w' can be taken out as a 
factor. Therefore h leaves now meet in the critical point, and the 
question arises whether they branch in it. 

This requires us to investigate the quotient w : s near the 
ft-elementary point, in order to establish what values the first derived 
function — = Lim— , as well as the higher derived functions assume 
in that point. Dividing by s* let us form the equation: 

- -^ jf.,. + '<,f.-,., (f ) + • ■ ■ *,/.--„ ©'+••■+ /.,. (" )'! 
+ iiVi|/i+w + '- ■! + ■■■' 

which is of the «"■ degree in the quotient, but gives only k finite values 
of it when s ^ as roots of the equation : 

*) Nstlier, Matli. Annal., Vol. IS, p. 169. 
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4- tfw + '=,/;-.,.», + ■ ■ ■ Kh-,.,''t' + ■■■ + /;..!»,') - "p. - 0. 

By our hypothesis the ft roots of this equation sire determinate 
quantities not iniinite; we shall fnrthei: aasume, that they are also 
all different. 

In the /t-elementary point there is then no branching; 
for, all the higher derived functions, belonging respectively to the 
various values of tv, remain finite. These are to be deduced from 
a system of equations which are obtained, in analogy with those 
established in § 188, by successive total differentiation. 

Denoting the quotient ~ by iUj, because Lim (• -) = tv^ = -^- , 
we should have in general: 

— — = s ■+■ n p , theretore when s = 0; - --- ^ ■ 

rfs" rfj" ds" ' rfs" ™ dz 

Now the equation for ic, arranged by powers of s is: 

and from this we obtain for determining the successive derivates at the 
point s = the equations; 



11 dwi 



- **+, = 0, 



+ (^?+f^('?)>^ £?(:■)■) +*--»• 

These equations present successively finite determinate values for 
if 2 , MI3 , , . . , since the factor -=— does not vanish. Corresponding to 
each different value of w, they give uniquely a different value of each 
higher derived function, and accordingly h different expansions. 

The result is formulated in the Uieorem: 

When in the k-elementary point all the values of the first derived 
function m-e finite and different, h elements of ike function meet in 
this point and each of these is only a simple element, i.e. each can Tje 
expressed hy a series of positive integer powers. 

When the point considered is real, and the k values of the first 
derivate likewise real, Ic branches of the algebraic curve with distinct 
directions of tangents pass through the ft-elementary point, and each 
right line through it w = ks has in it at least 7c points common with 
the curve; it is then called a multiple point of the order /c without 
ramification. 
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When one root of the equation (|>j. = becomes iiifimte, this 
means that /o,t = 0, and the degree of <t'i reduces to li — 1. In order to 
obtain that element of the function which belongs to the one infinite 
root, let us first expand .r as a lumtion ot w, a^ at the end of § ^0') 
The series begins with the teim m", or with uome highei power ol w 
when further consecutive values of the derivates of d with ies»peet 
to w also vanish. When u^ is the first teim, we obtain b> mveision 

a ^'-branched element of the function, having the initial teim .3' 
The geometric statement of this case is In the multiple point one 
of the k branches of the curve has a tangent piiallel to oidmates 
having h' consecutive points on it 01 having a contact ot the radei 7 — - 1 
with that branch of t!ie curve 

The theorem still holds toi each simple lOot ot (Ji^ = even 
when there are multiple luots besides But, foi a multiple loot it does 

not hold : for, because „ — vanishes for such a root, the values of the 
higher derived functions toi it aie no loni>ei generally finite. Thus 
the question finally outstanding is What is the form of the expansion 
for a multiple value of lO^, finite 01 mfanite? 

203. Although this question can also be solved by successive 
substitutions*), a process having the preference; that it employs only 
the Theorem for the possibility of the expansion in a regular point 
of an algebraic function in order to deduce from it the existence and 
nature of the expansions in the singular point, still, since the general 
investigations in this chapter establish the existence of the expansion, 
it appears suitable that we should go back to the method given by 
Newton, which has been elaborated by Puiseux.**) 

Suppose the equation f{z -f- ra, w + 6) = 0, which defines the 
function that is to be investigated in the neighbourhood of its 
/e-elementary point ^ ^ 0, w = 0, arranged by powers of s and w. 
Since we must henceforth assume that some partial derivates of the 
&"* order (specially /"o.j) also may vanish, let us conceive the terms of 
the equation arranged as foUows. Take first the term independent of 
w in which s occurs m the lov\est powei, theie must be such a teim, 
for otherwise the factui u could be sepai ited ind the equation w ould 

*) See Hamburger: Uebei die Eatwi:.kelung iilt,elitai6cliei Functionen m 
Beihen. Zeitschrift f. Mith u Phjsik Vol XVI Mother Ueher die ainguiarPn 
Werthsjsteme eiuer algehiai chen Function Mith Annil Vol IX pp liG— 18 

**) Newton in tlie letters to Oldenburg, June 13 and October 24, 1676. 
Newton's metbod was esplained and proved by Stirling, who aaya of it: "quae 
est omnium quam quis escogitave potest, generalissima et elegaatisaima", Lineae 
tertii oi-dinis, 1717; Cramer: Analyse des lignes courbea, 1750; Puiseox, see seference 
in foot-note §01, p, 154. Compare also the exposition given in Briot et Bouquet. 
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not be irreducible. Let this term be s', its coefficient Ai^o- Let us 
then take the term independent of s in which w occurs in the lowest 
power. Let it be Ao^i^w''. Between these two let us arrange all those 
terms of the form Aa^^z^wf whose exponents a and ^ are respectively 
lower than I and A, while of terms with the same power s" (or w^) 
we always take only that one in which the exponent of w (or s) is 
lowest. The terms thus selected can then be so arranged that the 
series of numbers k shall decrease from I to 0, and that the series 
of numbers ^ shall increase from to h- All the rest of the terms, 
in case there be any OTer, may be denoted by ip{s, w) so that we 
shall write down the aggregate in the form:*) 

Since the point is by hypothesis /c-elementary, a term of the h^ 
dimension is certain to occur among the bracketed terms. For 
3 = 0, A values of w vanish, what is required therefore is to obtain 
expansions of these }t roots in series of ascending powers of s. 

Such an expansion begins with the term: to = vs'' . . ,, where ft 
must be a positive number, integer or fractional. If the series were 
known, all the powers of w could be expressed by series valid within 
the same circle of convergence, the expansion for w^ beginning with 
the term: v^s^>^. Substitutiug then these series io the above form, the 
expression should vanish identically: i.e. the coefficients of its various 
powers of s should be separately zero. But when we substitute 

the form of the above expression becomes: 

the substitution of farther terras of w only introduces terms whose 
dimensions exceed those written down. But even among those written 
down, in consequence of our selection, the dimensions of the terms in 
fpiZjVSt') are certainly higher than of those bracketed; for, if there 
be a term s"w? in fp, there is a term inside the brackets in which 
at least one exponent is less than the corresponding k or j5. If the 
value of (t were known, those terms within the brackets for which the 
exponent is lowest could easily be pointed out; but as j* has first to be 
found, the inverse questions arise: What assumption as to terms of equal 

*) Example; From the equation: Ay^mv" -\- A-^^i'w^ -\- A^f^ew^ -\~ Ai^^w^ 
+ A^^^z^v^ + A,^^z'w^ + A^^^w^ ^ A.^^d' + A.^^z^m*' + A^^^zh,^ + A,^_,/'' = 0, 
in wiich 3 = 0, ic =i is a 6-eloinejitary point, the terms; 

have to be singled out; all the rest belong to the ag-gregate <fi{z,w). 



h>^ +2''^ 
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I. IV. ch. Ill, 



lowest dimensions within the brackets leads to a rational determination 
of ft? and ninst a value of (t found in this way necessarily be the 
exponent of the initial term of an expansion? 

The first question can be solyed graphically: Draw the rectangular 
stem of coordinates having OX and OT as axes, and, adopting any 
unit of length, mark the values of 
« and j3 which occur as exponents 
in each of the bracketed terms by a 
point with the coordinates x = a, 
J/ = ^. Thus the first term gives 
the point on the asia of abscissae: 
x = l, y^O; then from those 
that follow we have certain points 
with decreasing values of x and 
increasing values of y; lastly the 
point upon the axis of ordinates 
X = 0, ?/ = /i. Kig, 20 records the 
I the last foot-note. 
If now two terms ex. gr. A„^^s''w^ and j4„'^(5 ■«"'«?(*' are to become 
of equal dimensions when r'' is put for tv, remembering that only 
positive values of ^ are considered, a -\- ^(i must be ^= a'-{- /5'ft, i. e. 




points belonging to the example i 



But from this relation the following theorem results : When the points 
«, ^, and a, ^', are joined by a right line, whose equation therefore is : 



- -^- ^ ^ ■ 



= 0, 



(x^ 



) + ^(y^ 



- 0: 



points a", j5", belonging to terms whose dimensions become the same, 
lie upon this right line; while points whose terms become of lower 
dimensions lie on the side of it towards the origin, and the rest, whose 
dimensions become greater, lie on the other side of the right line. 
For, if k" + ^"(t^ « + j3[i^«' + ^V for a point a", §", its coordinates 
satisfy the equation of the right line. When a" -{- ^" \i <, k -\' ^ ^, 
the result of substituting x = a", y = (5" in the expression 

«-« + (■(!/-« 
is negative, as it is also for the origin; when 

the result is positive. Hence the rule, on any assumption as to (t: 
Only those of the bracketed terms can be of equal lowest 
dimensions whose corresponding points are joined by a 
right line that leaves all the other points on the aide 
remote from the origin. Accordingly the solution depends on 
drawing through the given points only such connecting lines from 



y Google 



g 202. Newton's rale for espanding at an arbitrary point. 383 

the point a; = i, y •=>() to the point a: <= 0, j; = A as shall form a 
polygon convex to the origin (ft > 0) but concave to all the remaining 
points. Hence : turn a right line clockwise rounij the point x = I, 
y = 0, from being along the axis of absciasEe, untii it first meets 
one or more of the points marked down. Let k, , /3| be the most 
distant of these from the turning point, then the terms of lowest 
dimensions are: 

and the corresponding value of (i, found from the equation 

is a rational number; to indicate that it is not necessarily an integer, 
let it be denoted by 

l-"! Pi 

^- h =■.;' 

where p^ and j, are relatively prime. Substituting the value ^y = vs^-, 
we find an expression from which the factor s' can he separated, and 
since the term independent of s must vanish of itself, we obtain for the 
determination of si the equation of the degree ^^^. 

This presents ^, values for v, finite but not all necessarily distinct; 
30 that from this first assumption we should obtain the initial terms 
of ^j series. 

Let us now consider a second side of the polygon, rotating the 
right line further from left to right round the point Kj , (J, , till it meets 
one or more of the points marked down. Let the farthest of these 
from Ki,(3,, be a.,, ^j. The corresponding terms: 

are then of equal dimensions when we put: 

and for determining the coefficient v in the expansion w == vz'2^, on 
substituting this value for w, we find the equation of the degree ^^^ &\- 

Continuing this process, we ultimately obtain from the last (i"') side 
of the polygon, which must pass through the point x = 0, y = h, the 
combination : 
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and from this for daterminiug the coefficient v in the expansion 



-.+2^.,. 



w^v-n"" we find the equation of the degree h — ^j-i: 

The result ia therefore stated: When the polygon consists of i aides, 

i different initial terms of expansions w = v , s^ are possible; and if 
the coordinates of the vertices of the polygon are called: 

1,0; «,,,3,-, «j,,3,; ...Ki_i,i3;_,; 0,1%, 
the numbers of such possible expansions belonging to the values: 

p, ^ l-a, p^ a,- a , J*'-!^ "i-S — ^i-l Pi ^ " ,-1 

are respectively: 

ft; A -ft; ... ft.-, "ft-.; 7. -ft-,, 

on the whole therefore h expansions of the h values of w that vanish 
for s ■= have been proved possible. 

The quotients Pi '■ Qi, p^ '• Qi, ■ ■ • !Pi '• 3; form a decreasing series 
of numbers, as a glance at the figure shows, because the tangents of 
the angles between the sides of the polygon and the positive axis of 
x are the negative values of these numbers. 

It must also be shown that these expansions are all actually 
necessary in order to obtain the h expansions of w. 

Let us consider the ^, possible expansions belonging to the first 
side of the polygon, and so to the ratio p^'-qi', this number |3j is 
either equal to g, or is a multiple of it, suppose ^, = fti^i- Now since 
for each point «, (3 that lies upon this side of the polygon, 

we have: 

l~ a p, 

''--r—i- 

therefore also each such ^ is equal to q, or to some multiple of g, , 
suppose (3 = /eg,. 

In the equation from which the corresponding value of v is 

calculated let us substitute X*" for v, thus it becomes: 

This presents k^ finite values for X, some of them moreover may be 
equal. Then to each simple root of such an equation corresponds a 
cycle of g, values; the expansion begins with the term: 
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in wliich we can retain lor tlie root 2.''^ some one of its g, values, 

while s*' assumes all its 3, different values. 

Accordingly, when all the roots of the equations for A are simple, 
the ^, , ^j — - ^, , . . . ft — ^,_i expansions which belong to the i sides of 
the polygon resolve respectively into fc, cycles each having 5, values, 
into ^2 cycles each having q^ values, . . ., into fe,- cycles each having 
3i values; so that in fact all these expansions are necessary in order 
to exhibit the h values of w that vanish for 2 = 0. 

Kelatively to each simple root )., the next term in the expansion : 



' +v,. 



.^.^(1+1^; + ...), 



is obtained by attending to the term of the next dimension of s in 
substituting this series for w. The coefficient of this term equated 
to zero, presents a linear equation for determining v^. 

To investigate the signification of a multiple root of the equation: 

we suppose it to have j roots equal to A ; then each of the forms : 



must be initial term in q^j expansions; but these again will resolve 
into certain cycles. In order to perceive that they do, let us substitute 

in the original algebraic equation. This is thereby converted into 
an equation between s' and w, which, developed by powers of these 
quantities, must have j roots w vanishing along with s' = 0. In fact 
{ Aif)S^-\'IIA„_^s'w^ + Ao,,g,s''-wi^- } + { rA'„« 2°'m~*'+ At,,hW''-\- (p{z,w) I , 

in which the first brackets contain all tlie terms of lowest dimensions, 
passes over, as regards these terms, into: 

or, dividing by the lowest power of /, the value of whose exponent is 
?5i = K2| + jSji, = «|5] + (5,^1, into: 

and of these, the term independent of w vanishes, because A is a root 
of the equation : 
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But because j roots ai'e to be equal to I in this equation, its liist 
j — 1 derivates with respect to A also vanish. 

Now let the equation between / and w' be investigated, as was 
the original equation between s and w, by constructing the polygon 
corresponding to the dimensions of its terms. Each side of the polygon 
leads to a selection of terms of equal lowest dimensions, and each 
simple root corresponding to this selection leads to the initial term 

iv ^ X'' s^ 
of an expansion, for which the denominator 5' specifies the number 
in the cycle. Now since 

s' = $f'^ and MJ=\i^'-|- w) z'P', 
the first two terms of the expansion of to in powers of s are: 
1 p< i_ p'-i-'fp. 



Here we can retain for each root ki^ and k''i some one of its 
values, while the roots of s assume all possible g,g' values, 
cycle of §,2' branches arises from this simple root; the nest 
the expansion is to be found by substituting: 

ii)= k'^'g'i' -|- Xi'z '■'' -f" "^ *'' -)---■ etc.. 
But when there is a multiple root in the equation between w 
let us similarly introduce the variables z" aud w"; then 
substituting 



[j'=(a''/. 



provided this new substitution leads to a cycle between 
we shall have: 

w" = X''i" s"''' , 



■esult of 

aud z" , 



h Si L ?i?>i 1 p'-^fp '+P^n''!' 

IV = Xl'S''' + X^'Z t'l^ + A"*"« '''9''" + ■ • ! 

a cycle of q^qg" values arises. 

Now several such substitutions may be necessary, but ultimately 
a finite number of them nnist lead to a simple root. 

This we sec as follows: Since A is a multiple root of the equation 
of degree 7;,, j will be less than or at most equal to /t, . Therefore there 
is generally a decrease of multipHciiy, and as the process is continued 
we generally reach a simple point that presents a root also only 
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341, 363. 
applications of arithmetic. Hi. 
approximate discontiiiuously, 17. 
,, infinitely, 16. 



appro ximatio | 



value 52 GT 



181 239 

;; smaft' or little, 8,a,-34, 149. 

arc taken positively, 313, C. circuit, 
area, 21, 128, 179, 297, 303, 313. 
Argand, lian* 113, 153n*. 
argument, 19, 125, 129. 

„ Oauchy's usage of term, 113, 

arithmetical operations, 1, 8, 67, HI, 

128, 143, 321, 350, 
Aronhold, 207*, 208, 
arrangement of factors, 67, 290, 

„ ,, summanda, 123, 146. 

ascending positive integer povjers, 115. 
„ powers, 84, 381. 

,, series, 368. 

assignable, 10, 22, 30, 258. 
assigned, 8, 9, 27, 97. 
assumes a value, 30, 174, 239, 254, 297. 
asymptotes, 107, 208. 
at infinity, 127, ISO, 148n, 206-8, 355-7, 

374. 
Atkinson, 39 u. 
ausserwesentlicii, 148u, 
axes of conies, 206, 217, 
„ „ coordiiiatea, 24,87, 113,294,382, 

Baltzer, 2n*. 
bank, 131, 162, 3.34. 
base of exponential or power, 6, 53, 113. 
„ ,, logarithm, 13, 120, 



Bernoulli, James, 180 u. 
Bernoulli, John, 19b*, 180ii*, 136n*. 
beyond all limits, 9, 96, 107, 127, 136. 
„ any finite amount, 39, 124, 126. 
binomial coefficients, 50, 62, 09. 
„ integral, 197-9, 236, 284, 

series, 79, 139n, 347. 
„ theorem, 50, 377, 
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Bombelli, llln. 
Bonnet, 254n*. 
boundary between values, 60. 

curve, 125, 397,305,311,328. 
„ of a curve, 331. 

„ „ domain or region, 87, 160, 

294, 318)1, 342, 366-7. 
, point, 1&7, 329, 362. 
boundrng Lircle or curve, 1S8, 367. 
bran^-h limb) of curve, 104,309,379, 380. 
ot hmction, 131-5,164-63,348,364. 
btant-hed element (espansion), 380, 388. 
blanches conneoted, 364. 

[cycle of 
brtmehmg 364, 379, s. ramification, 
point, 132, 162, 207,351,359, 
„ at infinity, 163, 372, 
„ at a aicigiilat point, 
329, 372, 
„ „ [logarithmic 

„ „ [neighbourhood of a 

„ „ of integral, 330-40. 

„ ,, „ logaiithm, 13ti, 

162, 346. 
section, 134, 329, 364, 375. 
„ „ of binowial, 347. 

„ „ ;, logarithm, 334. 

breaches of continuity, 347. 
break, 16, 43, s. diacontinuous. 

off, 103. 
Briotaiid Bouquet, Ulu, 154ii'',374ii% 



calculation, 10, 67, '288. 

by infinite series, 99, 341, 
350, 352. 
„ of a numlier, 8, 51, 83-4. 

„ ,, fiinotions, 23, 121), 321. 

„ with variables, 17, 43. 

calculus, 23, 179n, 
,, [differential 

,, [integral 
Cantor,G.,Un^-,a21n,244n*,246n*,296. 
carried on coutmuously, 103, 875. 
Cartesian, 24, 35, 86, 112-3, 206, s. 

Diiscartes. 
casual, 19. 

Cauohy, 44a»-, 46* 60a* G7ii*, llln, 
113, 121n, laan*, 1241!* 133. 
■ ' 154n*, 258n, 272n* 



332 q' 



342. 



Cauohy's theorem, 152, 342. 
central eonics, 217. 
centre of expansion, 147, 160, 345-8. 
change of v^ues in ramitlcatiou, 1G2- 
363, B. interchange. 
„ [sudden 
cbanged arrangement or order of term 
73. 121-3. 



rational function, 74u, 



character of an analytic fiinctioo, 333, 
341, 
„ „ ,. infinity point, 155,310. 

circle in integration, 323, S33, 363. 
„ of convergence, 138, 146, 153, 337, 

346, s. conver^ency. 
„ surrounding infinity, 163, s. curve, 
circles in the process of extension of 

functions, 160, 159, S45-7. 
circuit of branching point, 136-7, 162-4, 
c. 336, 359-60, 364-5, 372. 
„ „ loop, 360. 

„ positive or negative, 314-5, c. 151. 

circular: fimctiona, 22-3, 54, 63, 83-5, 228. 

„ ring, 126, 294. 

,, sectors, 21, 365. 

cipcumferenoe of circle, 126, 337, 360. 

olaeetfication of functions, 19, S6, 128, 

Uln, U8n, 210li. 367, 373. 
Clebscli, 207*. 
closed at infinity, 1-27. 
,. circuit, 373. 

„ curve, 134-7, 161, 311, 329, 364-6. 
„ domain, 346. 
,, form, 8, 16, 163. 
coefficient, [binomial 

,, [differential 

coincident infioitj points, 165, 260, 374. 
combination in a complex, 113, 143. 

„ of partitions, 175,343,395. 

common logarithms, 83. 
complete circuit, 364-5, 372. 
„ elliptic integral, 229. 

„ group of complex numbers, 

114, 120, 
completely (quite) indeterminate, 5, 30, 
37, 120, 233, 238, 258-9, 262, 273, 365. 
complex argument, 125, 282, 337, 346. 
domain, 129, 321, 841. 
function, 141, 331, 326. 
„ integral, 323, 326. 
„ limiting value, 158, 323, 359, 
„ unmber, 14, 110-21, 

plaae, 321. 
„ points, 206-7. 

quantity, 114, 126, 140,189, 194, 
,, roots of equations, 163, 167, 

189-93, 212-3. 
,, „ „ numbers, 117, 347, 

„ scries, 121-5, 

„ „ of powers, 138-40, 

145-53, 336-51. 
„ solutions, 104, 153. 

„ value, 126, 135, 167, 282. 

„ variable, 125-6, 333. 

„ „ [function of a 

complexes, [con jugate 
conoentratiou in a point, 127, 246-6. 
conception extended, llO-lUj 244, 

„ introduced, 4, 7, 16-7, 121ii. 

of influite number of poiute, 
244. 
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3 aiiratierB or units, 1. 
condensation iu k\ point, 245. 
condition, for convergence, GO, 122. 
„ „ differentiation, 179, u.4 



double integraiion, 
exact differential, 31 
integmtion, 240. 



I continuity, 1, 4B, 87, 101, 137, 343n, 

,, at a point, 26, 33, 129, U21, 

I ,, [breauUes of 

I „ [condition of 

„ [criterion of 

,, of complex, 126. 

I „ ,, convergent infinite eeiit's, 

220. 
,, „ convergent infinite series 

( of powere, 74-n, 139. 

,, implicit function, 101, 156. 
,, tonus ofasei-ie9,74n, 219. 
[uniform 
continuous along a curve (path), 132, 



374-5, c. 378. 



375. 







1,29,87,129. 


156, 163, 324. 






tal differen- 


change, 16, 101, 126. 






50311. 


fnncfion, 26, 30, 38, 102, 






integral be 


129, 139,164jia9,173,2a0, 






. 3i6. 


256, 311, 321. 






bo analytic, 


,, [generally (in general) 






H. 


in a domain, 87, 300-1. 






1 be inter- 


,, an interval, 16, 28, 69, 






)le, 300. 


181, 225. 


condition 




73-4, 80-2, 


„ neighbont-hoodofapoint. 


123, 138 






34-6, 90, 93, 95. 


cone, 93. 






„ inclusive of a value, 36. 


conies in 






„ increase or decrease, 170. 


eoMjwgate 




, 153, 167, 


„ on both sides of a point, 


189, 192 






26, 31, 70. 


oonnectet 




ig Bcotionii, 


[restricted ly 
series, 231W. 
,, „ of iininbors, 1, 15-6, 


I 






32, Bl, 244. 
„ „ pointe, 42, 291. 
„ „ values, 101, 160, 



vaUiLS of function, 375. 
between doflnit* and inde- 
finite iutegrab. 
178,181.a56,318. 
„ „ elementary func- 

tions, 23, 114 n, 
119n, 130. 
constant, 17, 40, 66, 169-72, 25G, 357. 
conatituentB of complex, 118, 126, 136, 

140-2, 153, 321. 
contact, 377-8, 380. 
oontente of an equation, 69, 98, 344. 
continually approaeh, 43. 

,, cuange si^n, 36ii. 

continuation of mnotion, 103, 150, 345, 
359, s. extension. 
„ ,, partition, 176, 243, 295. 

continued arbitrarily, 239. 

„ subdivision, 5, 60, 175. 

,, uniguely, 103, 359. 

,, unlimitedly, 68. 

„ unrestrictedly, 219, 289. 



184, 2 

,, towards one side, 43. 

„ transition, 76, 91, 25.5. 

„ [unrestrictedly 

„ variables, 17, 43, 59, 126, 

,, without exception, 301, 316. 

continuously variable, 16, 126, 
continuum, 5, 15. 
contracted about a point, 353. 
converge, 16, 24, 72, 93, 137, 337, 356. 
absolutely, 138, 221, 292. 336. 
,, conditionally, 73, 123, 138. 

„ continuously, 25, 265. 

more rapidly, 59, 84, 230, 292. 
to inflnity, 3S8. 
„ aero, 17, 39, 124-6, 140, 
170-!, 239-41,295, 324-5. 
,, unconditionally, 73. 

„ unequably, 221-2n, 225, 227, 

„ uniformly, 219-28,231-2,249; 

336, 338-9. 



circle of 
condition lor 
conditional 
criterion of 
domain of 
equable 
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a, 68, 123, 

2iy. 

1, ,, ,, „ OfpOWCVK, 

n. iss. 

„ ,1 integrals, 264. 

,, [unconcRHoniil 

„ [tiniform 

eonvergency, 151, 220-1, 228, 339. 

„ of series of powers, 73-e, 

133,146,150,227,336-8, 



Darbous, 22 In, 225', 227. 
deoinia,ls, 8, 5'2, 84. 
Dedekind, Uii*. 

definite double integral, 270, 296, 314. 

integral, 176, 243, (simple, 296). 

„ ,, a ooiitim\ou6 function, 

177, 253, 256, 301. 
„ „ (liseontiniiouB function 



345-8, 
[radius of 



convergent, > 

„ in tqual degree ol- uni- 

formlj, 74n. 

series, 73, 104,121,139,219. 
coordinated, 127, 138-4, 161-2, 346, 

3fi0, 364-5. 
coordinates, s. Carteaian, homogcueous, 

of points on conic, 200. 
course of a function, 24-5, 33, 86, 128. 
correspond uniquely, 128, 184, 331, 
Cramer, 380 n*. 
Orelle, 39 n. 

criterion of continuity, 28, 89, 231. 
„ ,, con-vergonee, 76, 219, 290. 

,, „ differentiation of series, 333. 

„ „ integrability, 263. 

„ ,, unilorm conTergcnco, 219, 

critical points, 155-65, 347, 350, 363-4, 
316-89. 
,1 „ nith ratnificatioe, 163, 

361, 378, 330. 
crossing a branching section, 131-7, 
161-7, 329, 334-5. 
„ iJong a branching section, 134. 

cubatuxe, 00, c. 296-n. 
cubic equation, 104, llOn. 
curve, [algebr^c 

„ defined in two ways, 42, 294. 
„ illustrates implicit function, 104, 
377-80. 
[irregnlai- 
„ ot integration, 321, 344, 372. 
„ „ Bingularities, 307, 331, 351. 
„ representing function, 24, 37, 86, 

93, 179. 
„ aur rounding point infinity, 332,373. 
„ with angles, 43, 323. 
curved surfaces, 296n. 
curves intersecting, 144, 303. 
cycle, 163-4, 376, 385-6, 

„ of branches, 364, 386, 3Sa, 
„ „ leaves, 162. 
„ „ values, 163, 334-6. 
cyclically connected, [leaves 

„ „ values, 368, 372. 

„ [interchange 

„ , [ramify 
cylinder, 296. 



ot ( 
276 
fo medf on ndeflu te. 



,, n tvo va bles 3 7. 

,, of con jlex tun t on 

alon^ 1 path 6 . 
definition o mbe 1 9 

,, n t al ope it one, 

,, ontn ty 27 8 

u p 4 
„ 1 hty 10 1 

„ a UODs 19 " bj 128, 

3 ii 
,, i,he de vate 56 7 

,, uho elj g eat 16 

„ t g il a 1 176, 

"4 2o7 61, 
2 6 32 5 
,, 10 t ely along 

acu e 31 -4. 
,, gOQOmet G f c ons, 

53 71 
B 2 17 
degree of u to 155 874 6 

„ „ e>.i ess on fun t on polyno- 
m al 20 155 3 5 
Aaj, increment of a; 33 o 1 9 140 
De Moivre, Ufin , 118. 
dependence, 19, 68n, 97, 101, 138. 
dependent variable, 19, 23, 25, 43. 
derivate, 39-n, 55-7, 94, 158, 171, 356, 
321, 327, 331, 360. 
„ of a term, 147, 226. 

„ „ an equation, 156, 386. 

„ [partial 

derived (derivate), 46, 65-6, 70, 143, 
178, 232. 
,, equations, 349. 

function, 39, 53, 141, 172, 325. 
„ „ [partial 

„ „ [total 

„ of il function, 39, 40, 45, 48, 
96, 99, (diflerential quo- 
tient) 90, 141. 
„ „ „ series, 223, 238. 
„ series (or terms). 223-6, 292. 
sets of points, 245-7. 
Bescartes, 15-h, s. Cartesian, 
deaoending powers, 84. 
determinant, 156. 
determinate, 8. 16, 35, 108, 148u, 
determinately finite, 3!, 305. 

,, infinite, 16, 23, 23-32, 

37,39,43-5,108, 148 n,257-8, 260, 306,312. 
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development, 85, 130, 148, 151, 153. 


discontmuouB derived aeries, 224. 


difference, 2, 73. 114, 150. 




function, 38-32,239,272, 


of terms in series, 7, -JT, 




330. 


37, 68, 14e-7. 




„ [discretely 


,, „ values of a function, 25, 




integrable 180, 


28,33,74,87,102,170-1, 




247-9,356,290, 


175, 240. 




„ [linearly 


differences, 58-9. 




[inhnitely often 


„ [equation between 




aeries of numb era, 16, 51. 


[quotients of 


discrete 


m IBS of points, 24S, 


differential, 59, 60, 97-8, 158, 17a, 303, 




nmltiphcity of carves, 311, 


320-1. 




o 296 


Ciilculus, 23, 33, 42, 46, 




[lomta, 26G-7, 259, 323, 325, 


GO. 65, nOr 






„ coefficient, 3' 




SO 1-2, 322. 


343, 350. 




-8, 265-6, 



equation, 92, 
[exact 
[partial 
quotiejit, 34-n 



indeterm 



,, ,, [total 

(total 

differentia,tion, 40, 47, 5 

158, 17 

, , impossibl 

„ must be 

318-9, c 

,, of infinite 

147, 22 

,, of integr 

meter, 64 
aoa, 31 
dimensions of domain, 125 6, 12,, 29(). 

„ term, 103, 158, 381, 
XHai, a44n*, 261n*. 
direction of circuit, 137, 162-4, 314. 
,, „ curve, 37, (tangent) 42-3. 

,, „ differential quotient, 104, 

141, 324. 
Dirichlet, 121ll*, 124n, 193n*, 262n", 

disconnected, 128. 
discontiumties,29,46,247-8,e.bieache3. 

,, [finite 

discontinuity (point), 180, 

„ [intervals of 

„ [points of 

discontinuous along a lino, 88-9, 133, 
296,311,332,834-6,350. 

,, at points, 29, 89, 126, 

169, 172, 221, 227,216, 
307, 351. 
„ between finite limits, 

(iinitolj) 296, 



Drobisob, 

Du Bois-Reymond (1831-69), 46% 
221 n, 225*, 239n*, 25011*, 252n»,255u*, 



e donotea baae of natural logarithms, 

52-3, 68, 71u, Hi. 
eccentric anomaly, 217. 
element of a function, 345-6. 378-9. 
„ „ ., „ branched, 380. 

,, ., iin arc, 313. 

elementary functions, 47, 157. 

„ sui-faoe, 297. 

elements, [superficial 
ellipse, a06, 209n, 217, 299, 
elliptic aro, 217. 

„ integrals, 209, 229. 
entire plane, 130-1, 135, 151, 294, 308, 

346, 355-7, 363, 374. 
equable, (in equal degree 74n), s. uui- 

ibrra convergence, 140, 210, 
equal, 2-3, 
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equality, 10. 39, 43, 249, 270, 314. 
equation, 2-4. 

„ [algetiraie 
„ between diffecences, 60. 
„ defining analytic property, 
141-3, 321, 3-Z7, 
331-2, 351, 353, 363. 
,, „ defloite integral, 249. 

„ ,, gamma function, 282. 

„ „ implicit algeoraic 

function, 19, 154, 
347, 363, 374, 380. 
of curve, 42, 294, 321. 
eBsential difference between: 

,, „ — rational and oth 

function^ 68 1 

„ ,, — real and complex 

tegrale, 326,8.1 

,, or II on- essential singu 

points. S40, 351-7, 363 

„ Bingalar point, 135, 148n, 3 

„ ,, ^ [mdeterminateueB 

,, „ — in espansion. 1 

354-7, 371-2. 
,, „^ in integration, 338 

„ singularity, 357. 

eHsentially singular point, 148n, 3 
Euclid, 3, 7, 15, 20. 
Euler, 52n*, 68', 71n, 99u% 101 
llln. llSn", 114n*, 166, 176, 180 
136n*, 193n», J96n*, 197n*, 199 
21011*, 333n*, 28011*, 281n*, 283 
284n*, 293n. 
Sulerian constjint, 235, 287, 29:i-n. 
„ integrals, 281-8, first kind, 

even funotiona, 86. 

„ root, 6, 110. 
everywhere dense, 216. 

„ finite, 30,70, 240,294, 

evolution, 6-8, 110. 
exact difTerential, 317-9. 
exceptions removed, 3, 14, 17, 110 
expansion, s. Taylor's series, 
[centre of 

in integration, 199, 236 
of ambiguous analytic t 
tioii, c. 104: 

— noEU- a critical point, 

— ,, „ ramiflcaiion., 

— „ „ regular point 

— I, „ singular point, 

— „ any multi^e p 
380. 

— vvlion infinity is a i ra 
ficauon, 37 

— I, infinity is sing 
373. 

— „ a raniiflcatio 
singular, 3 

of inverse function, 36 
of unique analytic functi 
361-7. 



explicit form, 86, 164, 332, 

function, 19, 25.49, 61,87, 128. 
explicitly irrational function, 55, 131-6, 

144, 154, 161, 197-8, 208. 
exponent, 6, 11-3, 17, 110, 116-20, 347. 
exponential, 17, 118~9. 

„ function, 20, 23, 50, 135, 

346, 356, 357. 

„ „ differentiated, 53, 

61, 146. 
„ „ is periodic, 136. 

series, 71, 114, 125, 
f t' generali- 

296, 325. 



e form, 
branciiing 



9, 242. 

67, 248. 
n, 245, 269. 
nts, 248. 
356-7, 374. 



154, 
tegrals, 109, 
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function, [implicit 
„ [integer 

„ [iiitegrable 

„ [iutegral 

[odd or even 
„ of a complos variable, 12S, 

139-44 n, 321. 
„ „ „ continnoaa variable, 19. 

„ „ two variables, 86, 102. 

„ [rational 

regular. U8n, 333, 352-5, 3G3. 
„ represented at a point by 
a cvirve or Gurface 24 93^ 
., that is to be integrated, 181, 
214, 229, 267, 268. 
functional, IS, 42. 
functionality, 196. 
fundamental definite integrals, 182, !95. 
,, elliptic integrals, 210-2. 

,, formulas of integration, 

181, 185. 
„ integrals, 188-9, 207. 

,, principle for multiple 

integrals, 296i!. 
„ problem of integral eal- 

culns, 169. 172, 239. 
„ property of the eiponen- 

tM, 118. 
„ proposition of addition, 

1, 112, 123. 
„ theorem concerning the 

unique analytic func- 
tion, 366, c. 328, 342. 
„ theorem of algebra, 15.^. 

„ theorems concerning the 

definite integral, 249, 
259, s. 296, 323. 

gamma functions, 2S1 95 

Qa-aaa, 110, lUli, 112n, 113u*, IIG, 

Uia", 153n*, 288 n*, 293n« 
general rules of diiftrentiation, 47, 54. 
„ „ „ mtogration, 183 

„ Iheoiema concerning aeiies of 
powers, 72, 138, 146 
generalisation, 252,367, fi extension, 
generaliae, 9, Uln, 150, 364. 
generally (= in general)! 

analytic, 256, 324, 351, 365. 

„ contmiioua, 162, 246, 248, 

266, 301-2, 312, 314. 

integrable, 298. 

geometric definition, 20,42,53,6311,71. 

„ interpretation, 20, ill-2n, 

179, 296. 
„ inversion, 163, 

„ meaning, 42, 218. 

„ problems, 179n, 209o,280ii, 

296 n. 
„ representation of a fnnctioii, 

24, 37, 86, 93, 128. 
„ statement, 133, 138, 380. 

,, transformation, 128, 113. 

geometry, 1, 16, 20, 60, 127, 206-7, 



given along a curve, 343-5, 357. 

goniometrie, 20. 

grapliie solution, 382. 

greatest integer in cc. 6{x), 22, 29, 169. 

Green's theorem, 811-H*, 314, 326. 

Gregory, 81n'. 

Hamburger, 380 u*. 
Hankel, 112n*, 246u% .346n*. 
harmonic series, 82n. 
Harnack, 27 n*. 
Heine, 14n*, 28, 219n*. 
Hermite, 52n*, asSn*. 
homogeneous coordinates, 207. 
Hoppe, 63 n*. 
Hoiiel, 113n*. 

hyperbola, 184, 206, 209n, 217, 309. 
hypothesis, (data, iii), 38-9n, 172, 
240, S4l. 

i denotes imagiaary unit, 110. 
identical curves in different planes, 161 
„ differential ijuotients, progres. 

sive and regressive, ^^-41. 
141, 169, 178, 255. 
„ limiting values, 95, 242-3. 
series, 85, 147, 150, 232. 
identity, 39 n 59, 169, 232, 333. 
image of a complex number, 127. 
„ „ „ conianuum, 15. 

„ „ function, 24, 86. 
,, ,, ,, motion, 15. 
imaginaries. 111. 
imaginary constants, 189, 202. 
,, numbers, 110-2. 

„ [purely 

„ quantities, 233. 

implicit algebraic function, -17, 104, 
153-68, 347-61, 363, 373-! 
functions, 19, 86, 101, 128. 
importance of series of powera, 341. 
impossible, 2, 5. 62, 89. 111. 
improper fractional rational function, 

356, 
inappreciably (=ai'bitrari!y little), 162, 

224, 278, 28S-9, 354-5, 
inclusion within limits, 7, 47, 67, 153. 
increment, 33, 97, 129, 140. 
indefinite integroJ, 178, 180-1, 

208 -'06 318 
independent iorniilia tor diiferentia- 
tion Ij3, hi 
lin its of doul le Integra- 

don '70 300 
of path of integration, 

316 320 326 7, 339. 
variable 19 25 49, 58-9, 
S6 7 97 9 361. 
indetei mmate 5 30 1 c oscillate, 
ilong \ (,utve 311. 
t a point 29 89. 
1 ptween finite limits, 
238,244,246,262,296. 
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nd 


n te 
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fl 


1 c etppo nts 7 9 
leavea 135 ii46 
1 es 29r 




te 




Yiixina and m a 









w th t te fluct a 




ft nti q ti 




to 1 35 244 "lb 
256 '>9b 




g 69 




ml ers 244 
Obcillations 30 tr n 




n 24 




26 32 




d te 9 




1 nts 4r 14J 50 244 6 
114 s et 


ind 








d 


mn n ti 




„ summands, 123. 

„ values, 22, 118-20, 151. 




m 40 




many-valued, 135-6, 189, 334, 


nfir 


P a 




346-7. 




e e 26 flmte 




numerous, 24. 




agb-a 




often discontinuous, 847, 296. 




S 




small, 16-8, 21, 25, 126, 144. 




g m 




„ [order of becoming 








,, quantities, 59-60, 92, 




d tem te 




126, 176, c. vanishes. 




d mm te 3 
u a rt d 


fi 


mally, 358. 




flu 


. 155, 207. 




69 S 3 6 3 S 

[ rmna 


flu 


de, 130, 3B4-6, 374-5. ■ 






integer, 354-6. 




tm tegi 




having a limit, 306. 




22 6 8 




lower than unity, 258, 308, :-l72. 




g n hm 11 


fin 
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I lr<inc]lUlg point lb4 37 

, teg Ui point 131 163 
'■ingilat pi nt esseutil 13 




„ ,, points, 241-n. 




1 on e ^e t 




of it fimction, 148b, e. Kingular 




1 1 




or intiaity point. 




tj n 




„ to be integYiiteil, 




3 34 




181,207,229,257. 




[Imu .A 




267, 271, 395 D. 




point, 132-3, J36, 148n, 155-6, 




„ derivate,3B,41,362,368,3e5. 




258U-60, 305, 331, 340, 369, 




„ i[itegi'alfunction,331,339-4tt. 




374. B. infinite, infinities. 




[oi-dei- of becamicg 




[point 




plane, 1S3, 294, 337, 




[point or points at 




[positively or negatively 


inflexion, 378. 




pi'Oceas, 27, c. 160. 


integer nuraliei-s, I, 111. 




product, 67-8, 79, 278-n, 288-9!, 




rational function, 130, 151, IS6. 




quantity, 127. 




transcendental function. 357. 




series, fcontimiity of 


integrability, 260, 320, 328. 




, „ [convergence of 






„ in general, 68, 121,219 




240, 347-54, 256, 259-60, 




> ,. [integration of an 




370-1,298, 300, 319. 




,, of negative powera, 35 1, 




, [not 




„ of powers, 69,72,99,1:58, 




rationally, 237. 




146, 153 n. 




, series, 2211. 




[terms of ivn 




, within a domain (donbly), 




sets of joints 44e 




296, 302, 311, 314-5. 




metem of points .44 5 


integral ulons n,: 




[the 




— circuit (closed curve or 




values ot a f motion "i 




path), 314, 328, 343, 


iafi 


nitely distant remote 16 7 




363, 365 8, 372. 




gieat 16 18 1^6 6 inflnite. 




— conic, 206. 




mat V (as m my as may be for- 




~ curve or path, 313, 32-3, 




med 69 219 344 M9-50), 




32G, 3,S3, 




diBContinuitieB 248. 


„ 


[binomial 
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[aefia t on of 
[do lie B letnte 
fo wd by expana on 199 218, 
235 281 86 



173, 
discont ouB funct o 180, 

39 2i9 272 
f net on that be ome'! in- 
hnte 181 "ot 
[eal 

ound a t o nt 829 35J 372. 
c r le ndependent of 

■ts 1" 334 S4" 



oj:. 399 

interval of integvation, 172-3, 250-7,311. 
intervala of diseontinuity, 3*4. 

„ ■ (partial 
tntuition, 2, 60, 86, 113, 125, 180. 
intuitive, 15, 111, 127. 

J fnuctions, 33, 54, 129, 346, S58. 
opecationa, 112, U5. 



„ of an arithmetical operation, 

2, 13, 68n, 120. 
„ difEerentiation, 172, 176. 
„ „ function or series, 358, 

363, 377, 380. 
involution; 6, II, 110. 
irrational exponent, 12, 20, 118, 136, 
c. tranacendental f imctto na. 
„ function, [explicitly 

number, 8, 62,60,67,246,280. 
du ble, 1&4, 351, 375-6, 381, 337. 



gua 



, 361. 
point, 363, 374. 
point, 104, 126, 172, 3 
discrete. 



that tute 1 it 

c 20t 
[smgola 
integrated [f net on that 
integration 1 y i a -ts 181 ' 
Gubstit t on 
[domain of 
[ t val of 
[I n ta of 
of a 



ntegr 1 "bJ 77, 300. 
[p'kth oi 
'1 n mult ply counectod 



integrat o 



Ion a 



j29 



nte hai geable 251, 272, 
79 285 300 300. 
not nte cl ange 1 le, 272, 
06 309 
inter cliange 164 a change 

cy 1 ally 3o 174 
oi ntegiat on ■wid diffe- 
rent at on 6 , 319. 
o ier of d fferentia- 
tioQB "87 301, 348. 
,, „ order of integrations 

272, 276, 283. 
interchange ability of factors, II 

„ „ integrations 308 

interpretation, [geometric 
interval, 7, 15-6, 2. '16, 65, 169, 323 
„ [conf.inuouH in an 

„ [linear 

„ of conirergenco, 73. 



elliptic integrals, 'Hi, 218. 
g 4n*. 
g erger, 217a*. 

inotes natural logarithm, 53. 
Lagrange, 39, 67n*, 99, 361-2. 
Laplace's integrals, 276. 
Laurent, 148n*. 
leaf of Bdemann's n- leaved surface, 134, 

162, 346, 350, 361, 375. 
leaves cyclically connected, 359, 364, 
366-7, 371, 378. 
„ meeting in a critical point, 378. 
„ [plane 
Legendre, 210 u*, 212, 216, 217, 218-n*, 

2:i0*-n*, 281-n*, 284, 292, 293-n. 
Leibnitz, 42*, 80n, 176, 180n, I8Gu*. 
Lim, briefly for limiting value, 10. 
limiting circle of convergence, 140, 337. 
I, points of infinite set, 246-6. 
„ position, " '" 



vah 



1 of a function or series, 
8-9, 25, 34, 172. 
„ „ sum, 121, 176, 239, 
394-6, 322, 



limits, 7, GO, 1 



176. 

'nteg ation, 311. 
magntide, superior and in- 
fer o , 9, 84n, 240-1. 
line at S ty 127, 207-8. 
lineal 66 131 186, 197, 212, 217u. 
h^ute l'> 6. 

terva 296 -n. 
mass o set of points, 245 6, 29G. 
,, set, .44n 7, 259, 266, 315. 
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linearly discontinuous function, 247; c. 

i>9(i, 307-S, 311. 
IiiouviUe, 849 n*. 
IiipseMtz, 14n*. 
logarithm, 13, 83, 119, ISS, 334. 

differentiated, 54, 63, 145. 
logaritliinio branching point, 373, c. 
136-7, 346-7. 
„ differentiation, 55. 

„ integral, 234, 26-2, 287 n. 

„ operation, 151-2, 157. 

„ seriea, 81, 139n, 346. 

logaritliinio»ny infinite, 207, 307, 355. 
loop, S50-1. 

Machin, 84 n. 

Mao Laurin, 69 n*, 99, 293, 
many-valued function, 19, 22, 138, 131, 
!45; m-valued, 164,363, 
„ point, 163, 

many-elementary point, 379, ft-, 378-9. 
Maseheroni, 293n*. 
masB of points, 244-6, 296. 
maxima and minima, 35, £44-7, 254-6, 

309, 0. osdliate, 
maxlmiim value, 31, 80. 
mean value, 33, 263, 282, 286-7, 319. 

„ „ [theorem of the 

meaninK, 3, 92, 105, 111, 257, 359, 298, 
meaenre of change of function, 33, 40. 
measurBment of surface, I79n, 396n. 
meehanieal, 42-3, 60. 
Mereator, N., 81 n*. 
Meyer, I93n». 
Minding, 235 n». 
minima, 89, 159, 184, 361-2^ 
mixed differential coefficients, 94, 320. 
Mobiua, 128n,*. 

m.od[]=modulue of complex, 129, ^ab«. 
modulus of complex, 113-30,166,332,328. 
„ „ elliptJc iutegrtvl, 216, 230. 
Moigno, 272a*. 
monotropic, 128. 
motion, ), 15, 42-3, 46. 
multipartite boundary, 300-7, 
multiple, 2, 20, H3. 

int>-grals. 296n, 304. 
point, 105, 364, .179-30. 
root, 156-7, 188-93, 34S, 363, 
380, 385. 

116. 



mutually nqerelfco 181 

natural logar thn s Bs 66 si 

se e of n be a 1 
nature I 14 !i>46Bpl3 c 
negative o rcn t 338 9 4'> 

n mbers 3 6 21 4t> 



■ighliourhood of a branching- point, 

364-73. 

„ „ „ line, 308, C. 331. 

„ „ „ point, 26, 87, 129, 

158, 244, 348. 

neighbouring points or values, 31, 9S, 

106, 248, 368. 
net, 86, 294, 297, 303- 
Ifewton, 11, 15, 48-Mi^S 71n, 80i!*, 

I80n, 380-n«. 
Nieolai, 29;Jn*. 
non-essential infinity point, S55-6. 

„ singular point, 130-1, 148n, 

156,331-3,364. 

„ „ „ and brim ching 

point, 340, 372. 

„ singularity, ISO, 168, 342. 

normal elliptic integrals, 212-8, 232. 

„ to bonndary cnrve, S13. 
not conTCrgent, 69, 80-2, 138, 222, 234, 
345, a. divergent. 
„ integrable, 227, 247, 253, 262, 277, 
309. 
notation, 39, 42, 63, 176, 349, 
N6ther, 378n* 380n*. 
nvdlltude, 149, !5I, 153, 261-2, 309. 
nulUty, 149. 261. 

number as a limiting value, 9, 16, 118. 
„ [complex 

„ in a closed form, 3, c. IC. 
„ in the aVstract, 3, 111. 
„ [irrationiiJ 

„ of a given logarithm, 13,22,288, 
[pure 
numbers, [real 

numerical conception, 3, 4, 16, 1-20. 
„ equations, 153. 

„ values, 8, 22. 

numerically greatest, 75, 79, 219. 

odd functions, 85. 

Oldenbvirg, 380ii. 

one-valued, 19, 26, 39, 87, 128, 139, 
s unique, 

operation [logirithmic 

operations f ilgeh i 

„ [ r Uin et cal 

„ t tl e calc lui i 

order, 2 73 I'll 3 c r^ngpne t 

of algeb a expr ss o for 
f net on 151 154 J 5 c 
degree 
„ I mng ufi to 130 "578 

269 36 J 
„ nfln tely smil! 34n 

59 9 86 1 J 
, „ brandling point, 378. 

„ contact, 377-8. 
, „ derivates, 85, SC9. 
I „ differentiations, 95-6. 
, „ integrationa, 270, 300. 
„ „ multiple point, 379. 
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order of sat of points, a45-6. 
., „ summation, 297. 
„ „ vanishing, 149, 261, 309, 373. 
„ „ winding surface, 162-3, 364, 

origin or point zero, 15, 334, 838. 

o3(^l»te, 17, arbitrarily (infinitely) often 
in. region of a point, 30, 34-7, 69, 
135, 267, 259, 261, 309, 322. o, indeter- 
minate, infinitely many, masima etc,. 

overleap, 26-7, 174, 252, 254. 

parabola, 206, 208, 308, 333. 
parabolic curves, I80n. 
parameter, 19, 86, 321. 

„ of elliptic integral, 217-8. 

,, under integral sign, 264, 

274, 300i in the limits, 267. 

part, 121, 141, 157, a. constituent. 

partial derivate, 91, 314, S37, 351, 380 

„ derived function, 90, 93, 141 



„ Eero or origin, 85, 245, 3SS-4, 367. 
points infinitely numeioas, 24, s. aet 
of points. 
„ of discontinuity, 38-9. 
„ „ division, 31, 177, e. dividing 
points, 
polar coordinates, 113, 143, 303. 
pole, 148 n. 
polygon, 20, 383-7. 

I, represents a function, 24, 
35-0, 46, 86, 179-80. 
polynomial, 20, 47, 1S3. 

,, theorem 377, s. binomial, 

positions, 24) 6 
positive urouit, 314 5, a28, 343. 
,, numbers, i, 11 



„ differentials, 92, 99. 
„ fraotioaa, 186, 333. 
,, integration, 233, 251. 
„ intervals, 173-4, 184, 242, 247,263. 
partition of linear intervals, 174-5, 
241-3, 247, 249, 257. 
„ „ snperlicial elements, 295, 

297, 303, 
parts of a domain, 149, 294. 
patli of complex argument, 158-62, 375, 
„ „ integration, 322-9, 332-5, 338-9. 
peculiarity, 93. 165, o. irregular, sin- 
gular, special, 
perforated plane leaf, 133, 136, 144-5, 

162, 334. 
period of exponential functJoii, 119, 130. 
„ „ trigonometric function, 21-2j 
78, 84. 
periodic decimals, 8, 62, 

„ functions, 21, 136. 
periods of algebraic integrals, 16S. 
physical quantitieg, 3, 19, 111. 
Ji a definite number, 20, 78. 
„ expressed by infinite product, 278. 

Picard, 148n. 

place in a product, 289. 

„ „ „ series, 9-11, 16, 18,. 68-9, 72, 
84n, 138, 220, 242. 
places, 950, 296, o. positions. 

„ of decimals, 84a, 293-n. 
plane, 86, 93-4, 112, 127, 321. 

,, leaves, 133-4. 

„ set of points, 296. 
planes, 60, 128, 143, 161, 36n. 
Plueker, 849n*. 
point (or points) at infinity, 206-7. 

„ corresponds to system of values, 
15, 24, 86, c. 112, 376. 

,, iafinity, or, at infinity, 127, 130-1, 
135, 156, 161-5, 33i-4, 356, 374. 



legatiiply infinite, 16, 



positively or 

29,- 39, oO 
possible, 2 4, 6, 8, iiO, 369. 
power, 6, HO 

,, differentiated, 49, 56, 61, 144. 
power-series ^infinite series of ascen- 
ding positive integer powers. 
prime numbersj 3, 247-8. 
principle of Dirichlet, 343 n. 
„ ,, Eiemaim, 296n. 

problem of calculation, 23, 47, 168. 
„ „ integral calculus, 172, 239. 

„ tangents, 42, 180n. 
of continuation, 150, c. 159, 345, 



„ „ evolution. S. 
„ „ subdivision (partition) of 
intervala, 2S-7, 31, 174-5, 
243, 295. 
product, 2-6, 17, 32, 110, 116. 
„ [infinite 

„ of infinite series, 118, 124-5. 

„ „ integrable functions, 259 -60, 

296. 
„ „ simple integrals, 310-1. 

,, [rule ai the 
progreasive and regressive, 34, 37-43, 
65-7, 92, 103, 108, 141, 
172, 323. 
„ differential quotient, 37, 

39n, 77, 169-71,224,255. 
projective geometry, 137, 206. 
property ol analytic function, 143, 346, 
9. analytic property. 
,, „ essential point, 136, 364-5. 

proper fractional rational function, 186, 

335. 
Puiseux, 154u*, 3S0-n. 
pure number, 20. 
pvirely arithmetical, 15, 78, 244. 
„ imaginary, 118, 141. 
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quadrature, 179n, 296n. I 

quotients, 2, 17-8, 32-S, 115. 
, I [differential 

„ indeterminate, 6, 21-2, 28, 

106-9. 
„ of differences, 33-8, 60, 140, 

158, J69, 222-4. 

radical, 8, 914, 365, 369, s. root. 
radiuaofconvergeucy, 188,146, InU, 361-2. 
ramification, 379. 

„ (branchinjj point) 132, 

363-4, 369, 371. 
ramify, 388. 
range, 6, 125, 194. 
rapid convergence, 81. 
ratio of two eomplexeB, 158. 

„ ,, „ inflnitesimala, 59, 258n. 
rational algebraic functions, 49, 67, 
186, 341-2, 373. 
,, approsimafions, 12, 67, c. H8. 

„ form, 8, 197, 209, 
„ fimctione, 129-31, 148n, 154, 

355-7. 
,, integer function, 74n, c, 357 n. 
„ integral, 196, 206, 233, 

mimbera, 6-16, 246, 383. 
„ „ used to express irra- 

tional,li,)18,153. 
rationalisation, 196, 200, 
real integral, 182, 322, 326. 
„ linear subBtitution. 212. 
,, numbers, 14, 19, m, 1-25. 
reality. 111. 
reciprocal, 22_, 118, 123, 354, s 

version, BubstitutiOQ . 
rectangle, 86-7, 294, 297, 299, 30 

310-1, 316-8. 
rectangular cooi'dinates, 24, 35, 

112, 128, 294, 382. 
rectification of conies, 209n, 217. 
recurring formulas, 63, 85, 231, 
361. 
„ ,, of integration, 

200-5, 210, 2 
reducible form, 164, 351, 376. 
reduction of double integral to simp 
along the boundary 
„ , , simple integrals , 1 

196, 198-217. 
region, 25-7, 87, so, 99, 149, 182, 297 

303, 328, 368, 361. 
regreesive, 76, b. progressive. 
regular domaiii, 350, 364, 366. 
„ [function 
„ points . ' 



representative point, 156, 
resolution, 294, s, partition. 

into factora, 154, 351, 375. 
„ ,, partial fractions, 187, 

restrictedly continuous variable, 126. 
resultant, 164n, 156. 
Biomann, B., 4G, 124a*, 128n*, 133, 
141n. 161, 239-n* 248-ii* 268n*-n, 
31111* 322n* 326, 374n». 
Biemann's surface, 134-5, 163, 364, 

„ theorem, 247, a96n, 

right line, 15, 24, 36, 125, 206, s. line, 
ring swfaoe, 126, 294, 306, 329, 312, 
Bolie, 41 II. 

root of a number, 6-8, 11, 110, 116-7. 

„ „ „ variable, 66, 347, a. radical, 

„ „ an algebraic equation, 52n, 153, 

186, s, YBnisbiug point or 

„ „ „ algebraic equation, s. ira- 
plicit algebraic function. 
Bouiauet, loan*, 
rotation, 21, 43, 113, 313, 383. 
rule of the product. 62-3. 
rules of differentiation, 47-9, 64-5, 
,, ,, integration, 133, 



Salomon, 280n*, 281n*. 
SeheUbaoh, 217 n*. 
Schlomlloh, 63n*, 67n. 
section, a. branching section, perforated, 
sector of circle, 21, 365. 
gm nt ** ■'4' 



163, : 



5-51, 3 



156, 158, 161, 



relation.s, connexion between functions, 
relatively iirime, S, 6, 116-7, 197. 
remainder, 2. 

„ of series, 51, 69, 85, 219-27. 

,. ,. Taylor's series, 70, 100. 

remarkable points of a fnnctnon, 33. 
representation, I, 24, 111, 127, 161. 



g in ■, point or 

7. 31, 118. 

! derived, ^ of denvates 
divergent 
exponential 
logarithmic 

not defining a number, 16, 30, 
of continnous functions, 74n,219. 
„ functiona, 46, e. 225, 249. 
I, moduli or absolute values, 

122, 138, 336, 339. 
„ numbers, [continuous 
„ ,, [discontinuous 

,, „ baving a limiting 

value, 40, 242. 
„ points, 42, 247. 
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series of powers, i. e, of ascending 
positive integer 
powers, 72, 33-2. 
,, „ „ identical for iiniqiie 
function, 85, 148. 
Serret, £7n, iln*. 
set (derived 
„ [discrete 
,, llmeav 

„ of numbers, 67. 125. 
„ „ points, Ui-S, 2%. 
., [pkue 
aton (integral 

„ of infinity, IS. 
mgna +or — , 2, 15,73,60-1,90, 121-4. 

„ [I'ulea of 
Biniilar smallest parts, 114, 
.simple branch, 159. 
„ element, 373. 

„ forms in integration, 198, 316. 
„ integral or integration, 295-7, 
309-14. 
root, 156, 161, 380. 
simplest value of a logarithm, 119-20, 
136, 152. 
,, „ „ „ radical, 117. 

,, „ ,, an espouential, 120, 

125. 
simply connected, 316, 317, 326-9, 342. 
sine, 20-3, is eonynuoQB, 26, except 

at inflnity, 30, 23S, 244. 
single-valued, 19, 131,374, s, one- valued, 

singuiar, c. irregular, peculiarity, re- 
in ark able, special. 
„ along a curve, 331, 351, 

c. 307, 311. 
„ double integral, 306, 309. 

„ integrals, 258n. 

„ poim (in general), 130, 141, 
148u, 155-6,256,321, 
329, 351. 
„ „ [essential 

„ „ [non-essential 

„ „ of curve, 105-6, s. mul- 

tiple point, 
,, „ a. infinity point, 

singialarities, 25, 104, 106, 130, 155, 

330, 342, 361, 363, 374. 
slow convergence, 84. 
solutions of equations, 104, llln, 153. 
Space, 1, 15, 86. 
special points, 55. 
specialities, 363. 
species, 20, 153, c. 5. 

„ of sets of pointe, 244n, 246n, 
sphere illustrates complexes, 127, 144, 

163. 
StirUng, 380n*. 
Stolz, 44n*, lOSn* 
Strips, 136, 309, 
subdivision, 6, 15, 60. 

„ of intervals, 31, 175, 

239-40, 0, 26, s. partition. 



403 

subdivisions, 174-5, 241-2. 
subordinate units, 4, 
substitution in integration, 196-7, 209, 
212, 233, 320, 
„ ,, ,, geometricallv 

treated, 184, 
206, 303, 
,, Oi reciprocal variable, 

127, 130-1,262,328, 
334, 338, 356, 372. 
subtraction " 10 67n 110 



p nts 4 '"14 c. ae- 

q e ce 
B mmauds o95n 
eivatee 66 65 145 343, 
i49 357 361 369 379. 
„ ntegrat s 299n 304,308, 

312 
sudden c a "o 2j "9 "44 
sum, 1,17 47 61 10' Hi 114 5 121-5. 

,, [doable 
summands, 2, 123, 176, 181, 239. 
summation, 67n, 146, 196, 297. 
superficial elements, 294-7, 303. 
Buperineumbent porats, 364. 
superior or inferior limil^ 157,240-1,248. 
superposed planes, 134, c. 161. 
surface, a. area. 
,, [connected 

(curved), 86, 93, 112, 144n, 
296- n, 
„ [elementary 

„ [winding 

symbol, 4. 60, 67, 68n, 114, 120. 

„ of integration, 176, 181, 243. 
symbolic, 10, 22, 78, 288, 297. 
symmetric function, 374. 
symmetrical, 92. 97, 136, 213. 
syneetic, 141 n. 
system of numbers, 110, 127. 

„ „ points, 244, 

„ „ values, 24, 86, s. point. 

table, fi, 19, 22, 71. 
tangent line, 36n, 40n, 41n, 42, c. 37, 
43, 103, 207-8, 303n, 377-80. 
„ of an angle, 22, 36, 43, 
plane, 9.^. 
Taylor, Cfl-n'i'. 
Taylor's series, 71, 77, 85, 103, 147, 

168, 191, 341, 344, 363-4. 
terms of an infinite seriea, 74n, 319, 249. 
the infinite, 127-8, 130, 332. 
theorem of addition of angles, 77, 
,, ,, ,, „ complexes, 114, 

122. 

„ „ „ „ elliptio inte- 

grals, 210n. 
„ ,, interchange of differen- 

tiations, 301, 348. 
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11, 6(i, ( 



95-G, 100, 105, 169, "266. 
„ „ the mean value for definite 
integral, 252, 254, 260, 
263. 276, 296, 324. 
,, „ the total differential, 92-4, 
142-S, 301, SOSn. 
theory of eciuatione, 153. 
„ „ fanctions, 85, 129. 
,, „ trigonometric series, 222, 224. 
Thom», 8911*, 2e4n*. 
time, 1, 43. 

total derived fanctioii, 96. 
„ differential, 92, 98-9. 102, 141, 320. 
„ „ [theorem of the 

„ „ quotient, 92, 96, 143, 

transcendental functions, 19-23, 47, 

55, 8H, 128, aiOn, 233, 357-11, c. S7. 
trajiscendents, 210n. 
transformation, s. inversion 

„ by substitution, 209. 

„ of plane apon plane, 

las. 143, 362. 
„ upon two spheres, 144. 

tranBition, [continuous 

,, to complex values, 167. 

,, „ differentials, 60. 

• „ the definite integral, 189. 
,, „ „ infinite region, 308-9. 

,, ,, „ limit, 296n, 310n. 

trigonometric form of comples, 116. 
„ functions, 20, 53, 61, c. 

sine, tangent, 
series, 71, 77, 222, Sai. 
Tsehebychef, 198n*. 
twisted near a point, 21. 
two-leavod surface, 134. 
two-valued function, 19. 

unclosed ciirvo, 308, c. 132. 
unconditional convergence, 73, 122. 
wnequably, [converge 
uniform continuity, 29, 88, 169-71. 

„ convergence, 74n, 140, 219, 

221-11, s. eq^uable. 
uniformly 



„ convergent, 220, 249, 287. 

uninterrupted, 1, 24. 
unique, 19, 139, s, one-valued, single- 
valued. 
„ analytic function., 145, 148ii, 

325, 332-9, 341-8, 351-62, 366, 
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exposition, 133, 161, : 



375. 



uniqueness of branch of function, 161, 
„ limiting value, 175, 243. 






of a 



, 179. 



length, 15, 382. 
unity, 1-3, 53, 72-3, 257-8, 261. 
unlimited senes, 3, 6, 7, 8, 31. 
unlimitedly continued, 9. 

,, indeterminate, 31. 

unmeaning, 306-7, c. 310. 
unreal. 111. 
unrestrictedly continued, 219, 289. 

,, continuous, 126,129,133. 

,, variable, 126. 

upper and lower limits of integral, 176. 

validity of integral, 182, 303. 
value, 2.2l', 27, a. point. 
„ [limiting 



small, 
vaniahing, 150 154 c zeio 

„ diffeiential q^uotient, 34, 

170 2, >56 

,, [oi'dei ol c uullitude 

,, pomt 149 53, 186, c root 

„ quantity, o9, 92 

values, 149, 138, 192, 209, 
vanish algebraically, 261. 

„ identically, 148-51, 381. 
variable, 15, 43. 176. 
,, [complex 

„ [dependent 

„ [independent 

„ parameter, 13, 86. 

„ quantity, IG. 

variables, 17, 86. 
velocity, 43. 
vicinity, 355. 
volume, 60, 296-n. 
von Staudt, 111*. 
Wallis, ISOii, 278n*-9. 
Weierstrass, 46', 74n, 113% I30n*, 148n*, 

217n*, 225*, 291n*, 345n*, 357n. 
winding point, 162. 

surface of first oi'der, 134, 162. 
„ „ „ infinitely many 

leaves, 346. 
,, „ ,, order ot— 1, S64-7, 

X70. 



4, 347, 



expression by series of powers, 
148, 150. 

„ function, 34, 40-1, 65, 148-n, 

150. 311, 315, 326. 
niquely determined, 112-3, c, 15. 



„ 5. Rie: 
zero, 3-6, 176, 245. 
„ as a limiting value, 10, 16-7, 34. 
., identically, 149. 
„ [point, ^ origin 
„ point, 133, 136, 149, 261. c. infi- 
nitely small, nullity, vanishing 
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